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Preface 


In modern world, mathematics, particularly algebra, has come to play an important 
role. From computer science to coding theory and cryptography, among many areas, 
all utilize algebra as a useful tool. While algebra is a vast subject, it is our belief that 
there are important connections between various branches of algebra. To emphasize 
those connections, the Department of Mathematics at Aligarh Muslim University, Al- 
igarh, India, held an International Conference on Algebra and its Applications (ICAA- 
16) during November 12-14, 2016, under the UGC-DRS (SAP-II) programme. The confer- 
ence provided an important forum to bring together experts from India and abroad in 
various fields of algebra and enabled younger mathematicians to benefit from their 
interactions with the experts. The conference included 12 plenary talks and 26 in- 
vited talks from world renowned algebraists who not only provided new research res- 
ults in their talks but also presented open problems for future investigations and re- 
search. There were 72 research paper presentations from enthusiastic younger math- 
ematicians. The well-attended conference had over two dozen participants from 18 
countries including India and it served most of its objectives. The countries repres- 
ented included Brazil, China, Egypt, France, Germany, Guatemala, Iran, Italy, Japan, 
South Korea, Morocco, Saudi Arabia, Slovenia, Spain, Taiwan, Turkey, United Arab 
Emirates and the U. S. A. We are thankful to all participants for their active participa- 
tion. It is hoped that the conference will help foster future new connections and pos- 
sible national and international collaborations. This refereed volume consists of re- 
search papers by renowned algebraists and invited speakers as well as some others 
who could not make it to the conference. All research papers were peer refereed by 
experts in various subjects. The papers present the latest research work being done 
on the frontiers of the various branches of algebra as well as showcase the cross-fer- 
tilization of the ideas and connections between these branches. The various topics 
covered in this volume include derivations in rings, category theory, Baer module the- 
ory, coding theory, graph theory, semi-group theory, HNP rings,Leavitt path algebras, 
generalized matrix algebras, Nakayama conjecture, near ring theory and lattice the- 
ory. The variety of the topics, methodologies and the depth of the research presented 
distinguishes this research volume from many others. We believe the volume will be 
useful not only to experts but also to the beginners of research in algebra. 

We are very grateful to the following institutions and agencies for the partial 
support they provided to this conference: Aligarh Muslim University (AMU), Aligarh, 
Department of Science and Technology (DST), New Delhi, Indian National Science 
Academy(INSA), New Delhi, and the National Board of Higher Mathematics (NBHM), 
Bombay. 

We are indebted to the expert referees who meticulously, and promptly, provided 
their reports to us despite their busy schedules. 


https: //doi.org/10.1515/9783110542400-201 


VI —— Preface 


Without the help of our Mathematics Department colleagues, an international 
conference of this magnitude could not have been successful. We express our grat- 
itude to the chairman of the department, Professor Mursaleen and all other faculty 
members of the department who actively participated to make the conference the suc- 
cess it was. 

It will be injustice, if we do not express our many thanks to the research scholars 
of the department and other colleagues, especially in algebra, who worked hard to 
help take care of the many aspects of the conference. Professor M. A. Quadri’s help 
and guidance, in spite of his health problems, was an inspiration to us and for which 
we express our gratitude to him.While we will like to list a number of names, we are 
especially grateful to Prof. Asma Ali, Dr. Nadeem ur Rehman, Dr. Shakir Ali, Dr. Mujee- 
bur Rehamn, Dr. M. Aslam Siddeeque, Dr. Ghulam Mohammad and Dr. Aisha Jabeen, 
whose hard work before, during and after the conference, helped make it so success- 
ful. 

This volume would not have been possible without the active cooperation we re- 
ceived from De Gruyter. We express our thanks to Dr. Apostolos Damialis, Ms. Nadja 
Schedensack and Ms. Nancy Christ for their helpful cooperation which made the pub- 
lication of this volume easier. 


Mohammad Ashraf (Aligarh, India) 
Vincenzo De Filippis (Messina, Italy) 
S. Tariq Rizvi, (Lima, Ohio, U.S.A.) 
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Asma Ali and Md. Hamidur Rahaman 
On Structure of «-Prime Rings with 
Generalized Derivation 


Abstract: In this article we investigate structure of a »—prime ring R satisfying certain 
algebraic identities with generalized derivation F: R — R. Moreover we character- 
ize F. 


Keywords: Generalized derivations; Involutions; Prime rings; «-Prime rings. 


1 Introduction 


In all that follows, unless stated otherwise, R will be an associative ring with centre 
Z(R). For any x, y € R, the symbol [x, y] and xo y stand for the Lie commutator xy — yx 
and Jordan commutator xy + yx, respectively. An additive map «: R — R is called 
an involution if « is an anti-automorphism of order 2; that is (x*)* = x forall x € R. 
A ring equipped with an involution is called a *-ring or a ring with involution. Recall 
that a ring R is prime if for any a, b € R, aRb = {0} implies either a = O or b = 0 
and «-prime if for any a,b ¢ R, a*Rb = aRb = {0} or aRb* = aRb = {0} implies 
that either a = O or b = O. An element x in a ring with involution (R, *) is said to 
be hermitian if x* = x and skew-hermitian if x* = —x. Collection of skew-hermitian 
elements and hermitian elements of R will be denoted by S(R) and H(R), respectively. 
The involution is said to be of the first kind if Z(R) ¢ H(R), otherwise it is said to be 
of the second kind. In the later case S(R) N Z(R) # {0}. By a derivation we mean an 
additive mapping d: R —> R such that d(xy) = d(x)y + xd(y) forall x, y € R. An 
additive map F: R —> Risa generalized derivation if their exists a derivation d such 
that F(xy) = F(x)y + xd(y) forall x, y € R. If d = 0, then we have F(xy) = F(x)y for 
all x, y € R which is called left multiplier mapping of R. Thus generalized derivations 
generalize both the concepts, derivation as well as left multiplier mapping. A well- 
known theorem of Posner [8] states that if R is prime ring and d is a derivation of R 
such that [d(x), x] € Z(R) for all x € R, then either d = 0 or R is commutative. This 
result of Posner was generalized in many directions by several authors in [1, 2, 3, 6, 7] 
and references therein. They studied the relationship between the structure of prime 
or semiprime ring and the behaviour of additive maps satisfying various conditions. 


Asma Ali, Department of Mathematics, Aligarh Muslim University, Aligarh-202002 India, E-mail: 
asma_ali2@rediffmail.com 

Md. Hamidur Rahaman, Department of Mathematics, Aligarh Muslim University, Aligarh-202002 
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In [4] Daif and Bell proved that if R is a semiprime ring with a nonzero ideal IJ and 
d is a derivation of R such that d( Ix, yl) = +[x, y] for all x, y € I, then J is central. 
In particular if J = R, then R is commutative. Later in [9], Quadri et al. discussed 
the commutativity of prime rings with generalized derivations. More precisely, they 
proved that if R is a prime ring, J a nonzero ideal of R and F a generalized derivation 
associated with a nonzero derivation d such that F ( [x, yl) = [Xx, y] forall x, y € I, then 
R is commutative. Further, this result of Quadri et al. is studied in semiprime ring by 
Dhara in [5]. He proved that if R is a semiprime ring with a nonzero ideal J and F is 
a generalized derivation of R associated with a derivation d of R such that d(J) # 0 
and F( [x, yl) = +[x, y] or F(x cy) = +(xcy) forall x, y € J, then R contains a nonzero 
central ideal. In case R is a prime ring then, R must be commutative, provided d + 0. 

In the present paper, we study the situations when (i) F(x ° x*) = a(x  x*), 
(ii) F([x, x*]) = a[x, x*], (iii) [FQO), F(x*)] = alx, x*], (iv) F(X) © F(x*) = a(x o x*) for 
all x, y e I, anonzero left ideal of a «—prime ring R with generalized derivation F and 
ae {0, +1}. 


2 Preliminary results 


Before starting our results, we state some well known facts which are very crucial for 
developing the proof of our main results. 


Fact 2.1. If R is a 2 — torsion free «—prime ring and H(R) Nn Z(R) # {O}, then d(x) = 
0 forall x € H(R) N Z(R) implies that d(x) = 0 forall x € Z(R). Indeed if d(x) = 
0 for all x € H(R) M Z(R), replacing x by y* where y € S(R) N Z(R), then we get d(y)y = 
0 forall y € S(R)N Z(R), so d(y) = O forall y € S(R) n Z(R). As conclusion, we have 
d(y) = Oforally € Z(R). 


Fact 2.2. IfR bea « — prime ring with involution of second kind, then Z(R)NH(R) # {0}. 


Also throughout the present paper we shall make use of the following identities 
without any specific mention: For all x, y, z € R; 


[xy, Z] = x[y, z] + [x, zly and [x, yz] = y[x, z] + [x, y]z 


xo(yZ) = (xoy)z — y[Xx, Z] = y(xoz) + [x, y]z 


(xy)oz = x(yoz) — [x, z]y = (xoz)y + x[y, Z] . 


3 Main Results 


Theorem 3.1. Let R be a 2 — torsion free «-prime ring with involution of second kind 
and I a nonzero left ideal of R such that I* ¢ I. If R admits a generalized derivation 
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F with associated derivation d such that F(x ° x*) = a(x o x*) forall x € I, where 


a € {0, +1}, then one of the following holds: 
(i) Id(I) = {0}; 
(ii) R is commutative and F(r) = ar forallr € R. 


Proof. By hypothesis 
F(x x*) = a(xox*) forallx el. 
Replacing x by x + y, we have 
F(x oy*) + Fly ox*) = a(xoy*) + a(yox*) forallx,y el. 
Substituting y* for y, we get 
F(x cy) + F(y* ox*) =a(xcy)+a(y* °x*) forallx,yel. 
Replacing y by yh where h € Z(R) N H(R) \ {0} and using (3), we get 


(xoy+y* ox*)d(h) = Oforallx,yel. 


(1) 


(2) 


(3) 


(4) 


This can be written as (x oy + y* 0 x*)Rd(h) = {0} = (xo y+ y* ox*)* Rd(h). Since R is 


a « — prime ring, we have either x > y+ y* ox* =Oord(h) =0. 


If d(h) = O forall h € Z(R)NH(R), by Fact 2.1, we get d(z) = O forall z € Z(R). Replacing 


y by ys in (3), s € Z(R) N S(R) \ {0}, we get 


(F(x 0 y) — F(y* ox*)-a(xcy)+a(y* ox*))s = Oforallx,y eI. 


That is 
F(x oy) — F(y* ox*) = a(xey) -—a(y* ox"*) forallx,y el. 
Equation (3) and (6) together give that 
F(xcy) =a(xcy)forallx,yel. 
Replacing y by yx in the above equation (7), we have 
F((xoy)x) = a((x ec y)x) forallx,y el. 
That is 
F(xoy)x + (xoy)d(x) = a((x cy)x) forallx,y eI. 
Using equation (8), we get 


(xoy)d(x) = Oforallx,yel. 


(5) 


(6) 


(7) 


(8) 


(9) 
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Again we replace y by zy, z € J in equation (9), to have 
[x, zZ]yd(x) = Oforallx,y,zel. (10) 


Since I is a left ideal, it follows that [x, z]Ryd(x) = {0} = [x, z]* Ryd(x) for all x, y € I. 
Since Risa «-prime ring, either [x, z] = 0 or yd(x) = 0. Nowyd(x) = Othatis Id(I) = {0} 
which is part (i). Let [x, z] = O for all x, z € I. Replacing z by r,z, where r; € R we 
have [x,71]z = Oi.e [x,r1]Rz = {0} = [x,1r,]Rz*. Since R is a  — prime ring, we 
have either [x, r;] = O or I* = {O}. If I* = {0}, then J = {0}, a contradiction. So we 
have [x, 11] = 0. Again replacing x by r2x, where r2 € R we have [r2, r,]x = 0 that is 
[r2,71]Rx = {0} = [r2,7,]Rx* = O. Since R is a » — prime ring, we have [r2, r;] = 0 
that is R ia commutative. Then equation (7) becomes F(xy) = axy for all x, y € I. This 
gives that 


F(x)y + xd(y) — axy = (F(x) — ax)y + xd(y) = Oforallx,yel. (11) 


Since R is commutative, xr € I. Replacing x by xr in equation (11), we get 0 = (F(x) - 
ax)ry + xrd(y) + xd(r)y = {(F(x) — ax)y + xd(y))}r + d(r)yx. Using (11), we find that 
d(R)I* = {0}, implying that d(R) = {0}. Then from equation (11), we have (F(x)-ax)I = 
{0}, which gives that F(x) = ax for all x € I. Replacing x by rx, r € R and using 
d(R) = {0}, we get F(r) = ar forallr ¢ R.Ifxoy+y*ox* =0 foranyx,y ¢€ IJ, then 
replacing y by yk, where k € Z(R) MN S(R) \ {0}, we find that (x o y — y* ox*)k = O that 
isxoy-—y* ox* = 0. Together these two equation give that xo y = 0 forall x,y ¢€ I. 
Replacing y by r,y, where r; € R we have [x, r;]y = Oi.e [x, 4 ]Ry = {0} = [x, 4 ]Ry*. 
Since R is a * — prime ring, we have either [x, 7] = 0 or I* = {0}. If I* = {0}, then 
I = {0}, acontradiction. So we have [x, r;] = 0. Again replacing x by r2x, where rz € R 
we have [r2, 11]x = 0 that is [r2, r,]Rx = {0} = [12,7] Rx* = 0. Since Risa « — prime 
ring, we have [r2, 7;] = Oi.e R is commutative. 


The following examples demonstrate that R to be « — prime can not be omitted in the 
hypothesis of Theorem 3.1 


O x y 
Example 1. Let R= | 0 0 z [ayzeZ} and I= R. Define maps F dy: R- 
0 0 O 
O x y O -x O O x y O -x O 
RbyF({0 0 z]})={0 0 -z]},di0 0 2z]) ={0 0 and 
0 0 0 0 0 O 0 0 O 0 0 O 
O x y . O z -y 
0 0 Zz =|0 0 -x 
0 0 O 0 0 O 


It can be verified that Z(R) N S(R) # {0} and F(x x*) = a(x o x*) forall x € I. However, 
neither Id(I) = {0} nor R is commutative. 
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Theorem 3.2. Let R bea 2 — torsion free *-prime ring with involution of second kind 
and I a nonzero left ideal of R such that I* ¢ I. If R admits a generalized derivation 
F with associated derivation d which commutes with + such that F(x) ° d(x*) = a(x 
x*) for all x € I, where a ¢€ {0, +1}, then either F() ¢ Z(R) or [[F(x), x], d(x)] = 0. In 
particular if I is an ideal, then either R is commutative or F acts as a left multiplier. 


Proof. By hypothesis 
F(x) o d(x*) = a(x o x*) forallx el. (12) 
Linearization of the above equation (12) yields that 


F(x) d(x") + F(x) e d(y") + F(y) ¢ d(x") + F(y) e d(y*) 


= a(xox*)+a(xoy*)+a(yox*)+a(yoy*)forallx,yel. (13) 
Using equation (12), we have 
F(x) o d(y*) + F(y) e d(x*) = a(x coy*) + a(yox"*) forallx,yel. (14) 
Writing y* in the place of y, we have 
F(x) o d(y) + F(y*) ¢ d(x*) = a(x coy) + a(y* ox*) forallx,yel. (15) 
Replacing y by ys, s « Z(R) Nn H(R) \ {0} and using equation (15), we find that 
(F(x) oy + y* eo d(x*))d(s) = Oforallx,yel. (16) 


This can be written as (F(x)oy+y* od(x*))Rd(s) = 0 = (F(x)oyt+y* ed(x*))Rd(s)*. Since 
Risa «—prime ring, we have either F(x)oy+y* od(x*) = Oforallx, y € Iord(Z(R)) = {0}. 
If F(x) oy + y* o d(x*) = 0 for all x, y € I, replacing y by yk, k € Z(R) N S(R) \ {0}, we 
have F(x) ey — y* o d(x*) = 0 forall x, y € I. Adding these two equations, we have 


F(x)y + yd(x) =O forallx,y el. (17) 
Replacing y by ry, r € Rand using yF(x) = —F(x)y, we get 
[F(x), rly = Oforallx,yelandreR. (18) 
That is 
[F(x), RJRI = {0} = [F(x), RJRI* . (19) 
Since R is a « — prime ring and J is nonzero left ideal, we have 


[F(x),r] =O forallx elandreR. (20) 
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That is F() ¢ Z(R). In particular if J is an ideal, then replacing x by xr in equation (20), 
we find that [xd(r), r] = 0. Again replacing x by zx, z € R, we find that [z, r]RId(r) = 
{O} = [z, r]* RId(r). Since R is a «-prime ring and J is nonzero ideal, we have either R is 
commutative or F acts as a left multiplier. If d(k) = 0 for all k € Z(R) nN H(R), by using 
Fact 2.1, we get d(z) = 0 for all z € Z(R). Replacing y by ys, where s € Z(R) M S(R) \ {0} 
in (15), we get 


F(x) oe d(y) -— F(y*) ° d(x*) = a(x cy) - a(y* ox") forallx,yel. (21) 
Now adding equation (15) and (21), we get 
F(x) ° d(y) = a(x cy) forallx,yel. (22) 
Replacing y by yx in the above expression, we have for all x, y € I 
F(x)(d(y)x + yd(x)) + (d(y)x + yd(x))F(x)) = a(x e y)x) . (23) 
Now using equation (22) in equation (23), we get 
F(x)yd(x) + d(y)[x, F(x)] + yd(x)F(x) =0. (24) 
That is 
a(y)[F(x), x] + [F(x), yld(x) = 0. (25) 
Again replacing y by xy in the above equation (25) and using (25) we have 
d(x)y[F(x), x] + [FOd), x]yd(x) = 0 (26) 
Replacing y by d(x)y in the above expression, we have 
d(x)’y[F(x), x] + [F(x), x]d(x)yd(x) = 0 (27) 
left multiplying equation (26) by d(x) and subtracting from equation (27), we have 
[[F(x), x], d(x)]yd(x) = 0 forallx,yel. (28) 


This can be written as [[F(x), x], d(x)]RId(x)I = {0} = [[F(x), x], d()]RUd(x)D*. 
Since R is a « — prime ring and I is nonzero, we have [[F(x), x], d(x)] = 0. 


Theorem 3.3. Let R bea 2 — torsion free «-prime ring with involution of second kind 
and I a nonzero left ideal of R such that I* ¢ I. If R admits a generalized derivation 
F with associated derivation d such that F([x, x*]) = a[x, x*] forall x € I, where 
a € {0, +1}, then one of the following holds: 

(i) IU, 1] = {0}; 

(ii) R is commutative; 

(iii) F(x) = ax for all x € I. 
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Proof. By hypothesis 
F([x, x*]) = a[x, x*] forallx el. (29) 
Replacing x by x + y, we have 
F([x, y*]) + F(ly, x*]) = al[x, y*]+ aly, x*] for allx,y el. (30) 
Writting y* in place of y, we get 
F(x, y]) + F(ly*, x*]) = alx, y] + a[y*, x*] forallx,y el. (31) 
Replacing y by yk where k € Z(R) N H(R) \ {0} and using (31), we get 
([x, y] + [y*, x*])d(kK) = Oforallx,yel. (32) 


This can be written as ([x, y] + [y*, x*])Rd(k) = {0} = ([x, y] + [y*, x*])*Rd(k). Since 
Risa « — prime ring, we have either [x, y] + [y*, x*] = O or d(k) = 0. 

If [x, y] + [y*, x*] = 0 for any x,y ¢€ I, then replacing y by yk, where k € Z(R) Nn 
S(R) \ {0}, we find that ([x, y] - [y*, x*])k = 0 that is [x, y] - [y*, x*] = 0. Together 
these two equation gives that [x,y] = 0 forall x,y ¢ I. Replacing y by r,y, where 
r, € R we have [x, ri ]y = Oi.e [x, 1, ]Ry = {0} = [x, 1] Ry*. Since R is a « — prime ring, 
we have either [x, 7;] = 0 or J* = {0}. If J* = {0}, then J = {0}, a contradiction. So we 
have [x, r;] = 0. Again replacing x by r2x, where rz € R we have [r2, r,]x = 0 that is 
[r2, 11 ]Rx = {0} = [r2, 71]Rx* = 0. Since Ris a « — prime ring, we have [r2, 71] = Oi.e 
R is commutative. 

If d(k) = 0 for all k € Z(R) nN H(R), by using Fact 2.1, we get d(z) = O for all z € Z(R). 
Replacing y by ys in (31), s € Z(R) N S(R) \ {0}, we get 


(F(Lx, y]) - F(fy*, x*]) — a[x, y] + aly*, x*])s =O forallx,y eI. (33) 
That is 
F([x, y]) - F(ly*, x*] = a[x, y] - aly*, x*] forallx,y eI. (34) 
Equation (31) and (34) together gives that 
F([x, y]) = a[x, y] for allx,y el. (35) 
Replacing x by yx, we get 
F([x, y])y + [x, y]d(y) = a[x, yly for allx,y el. (36) 


Now using (35), the above equation yields that [x, y]d(y) = 0. Again replacing x by 
2x, we get [z, y]xd(y) = 0 that is [z, y]RId(y) = {0} for all x,y,z € I. Since Risa 
*-prime ring, we find that either [z, y] = 0 for all z,y € I or Id(J) = {0} that is R 
is commutative or Id(I) = {0}. Now let R be noncommutative. Then for any x,y ¢€ I, 
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F(xy) = F)y+xd(y) = F(x)y that is F acts as left multiplier on J. Then for any x, y, z € 
I, replacing y by yz in equation (35), we get 
F([x, y]z + y[x, 2]) = atl, y]z + yLx, z]} (37) 
Since F acts as a left multiplier on J, we have 
F([x, y])z + F(y)Lx, Z] = atlx, y]z + y[x, 2]} (38) 


Now using equation (35), we get (F(y) — ay)[x, z] = 0. Again replacing y by yu, u ¢€ I, 
we find that (F(y) — ay)u[x, z] = 0 which gives that (F(y) — ay)RI[x, z] = {0}. Since R 
isa « — prime ring, either F(y) = ay for all y € J or J[J, I] = {0}. 


Theorem 3.4. Let R be a 2 — torsion free «-prime ring with involution of second kind 
and I a nonzero left ideal of R such that I* ¢ I. If R admits a generalized deriva- 
tion F with associated derivation d which commutes with « such that [F(x), d(x*)] = 
a[x, x*] for all x € I, where a € {0, +1}, then either F(J) ¢ Z(R) or [[F(x), x], dd] = 0. 
In particular if I is an ideal, then either R is commutative or F acts as a left multiplier. 


Proof. By hypothesis 
[F(x), d(x*)] = a[x, x*] forallx el. (39) 
Linearization of the above equation (39) yields that 


[F(x), d(x")] + [F(x), d(y")] + [FY), d(x")] + [F(Y), d(v")] 


= a[x, x*] + a[x, y*] + aly, x*] + aly, y*] forallx,y eI. (40) 
Using equation (39) in the above equation (40), we have 
[F(x), d(y*)] + [F(v), d(x)*)] = al[x, y*] + aly, x*] forallx,y eI. (41) 
Writing y* in the place of y, we have 
[F(x), d(y)] + [F(y*), d(x*)] = a[x, y] + aly*, x*] for allx,y eI. (42) 
Replacing y by ys, s € Z(R) N H(R) {0} and using equation (42), we find that 
(LF(x), y] + [y*, d(x*)])d(s) = Oforallx,yel. (43) 
This can be written as 
([F(x), y] + [y", d(x" )])Rd(s) = {0} = (LF(x), y] + [y", d(x" )])Rd(s)* . 


Since R is a « — prime ring, we have either [F(x), y] + [y*, d(x*)] = 0 for all x, y € I or 
d(s) = 0 forall s € Z(R) N H(R). If [F(x), y] + [y*, d(x*)] = 0, then replacing y by yk, 
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k € Z(R)N S(R) \ {0}, we have [F(x), y] — [y*, d(x*)] = 0 for all x, y € I. Adding them, 
we have 


F(x)y - yF(x) = 0 forallx,y el. (44) 
Replacing y by ry, r € Rand using yF(x) — F(x)y = 0, we get 
[F(x), rly =Oforallx,yelandreR. (45) 
Replacing y by wy, w € R, we find that 
[F(x), r]RI = {0} = [F(x), r]RI* for allx elandreR. (46) 


Since R is a « — prime ring and I is nonzero, we have [F(x), R] = {0} that is FU) ¢ Z(R). 
In particular if I is an ideal, then replacing x by xr in equation (46), we find that 
[xd(r), r] = O. Again replacing x by zx, z € R, we obtain that [z, r]RId(r) = {0} = 
[z, r]* RId(r). Since R is *-prime ring and I is nonzero ideal, we have either R is com- 
mutative or F acts as a left multiplier. If d(k) = O for all k € Z(R) nN H(R), by using 
Fact 2.1, we get d(z) = 0 for all z € Z(R). Replacing y by ys, where s € Z(R) M S(R) \ {0} 
in (42), we get 


[F(x), d(y)] — [F(y*), d(x")] = alx, y] — aly", x] forall x,y <I. (47) 
Now adding equation (42) and (47), we get 
[F(x), d(y)] = al[x, y] forallx,yel. (48) 
Replacing y by yx in the above expression, we have for all x, y € I 
[F(x), a(y)]x + d(y)[FQO), x] + [FCx), yld(x) + y[F(x), dQ)] = alx, y]x . (49) 
Now using equation (48) in equation (49), we get 
ay) (F(x), x] + [FQX), y]d(x) =0. (50) 
Again replacing y by xy in the above equation (50) and using (50) we have 
d(x)y F(x), x] + [FQd), xlyd(x) = 0 (51) 
Replacing y by d(x)y in the above expression, we have 
d(x)?y[F(x), x] + [F(x), x]d(x)yd(x = 0 (52) 
left multiplying equation (51) by d(x) and subtracting from equation (52), we have 
[[F(x), x], d(x)]yd(x) = 0 forallx,y el. (53) 


This can be written as [[F(x), x], dQ)]RId(x)I = {0} = [[F(x), x], d(x)]RUd()D*. 
Since R is a « — prime ring and I is nonzero, we have [[F(x), x], d(x)] = 0. 
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The following examples demonstrate that « to be involution of second kind can not 
be omitted in the hypothesis of Theorem 3.4. 


Example 2. Let R = | ‘ ,) |a,b,c, dé z| and I = R. Define maps F,d, *: RR 


a b a O a b 0 -b a b\ d -b 
by F(? “) ~ & =) a(2 “) ~ t 3) and . 4 7 & -) 
Obviously Z(R) = Ae 4) | a é€ Z|. Then x* = x forall x € Z(R) and hence 
Z(R) ¢ H(R), which shows that the involution « is of the first kind. It can be verified 
that [F(x), d(x*)] = a[x, x*] for all x € I. However neither R is commutative nor F acts 


as left multiplier. Hence, in Theorem 3.4, the hypothesis of second kind involution is cru- 
cial. 
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Shakir Ali, Husain Alhazmi, Nadeem Ahmad Dar, and 
Abdul Nadim Khan 


A characterization of additive mappings 
in rings with involution 


Abstract: The main purpose of this paper is to characterize some additive mappings 
satisfying certain functional equations in rings with involution. In particular, we 
prove that any Jordan «-centralizer on a 2-torsion free semiprime «-ring is a reverse 
*-centralizer. As an application of this result, Jordan «-centralizers of semiprime rings 
are characterized. Further, we establish that if R is a (m + n)!- torsion free noncom- 
mutative prime ring with involution « and D, G are Jordan «-derivations on R such 
that D(x™)x" + x"G(x™) = 0 for all x € R, where m, n are non-negative integers, then 
D = G =0. This result is in the spirit of the classical result of Posner [21], which states 
that: Let R be a prime ring and D a derivation of R such that xD(x) — D(x)x = 0 for all 
x € R. Then R is commutative or D = 0. 


Keywords: Prime ring; semiprime ring; involution; «-centralizer; reverse «-centralizer; 
Jordan *-centralizer «-derivation; Jordan «-derivation. 


1 Introduction 


Throughout this paper, R will represent an associative ring with centre Z(R). We de- 
note by Qmr, Q;, Q; and C the maximal ring of quotients, the right Martindale ring 
of quotients, the symmetric Martindale ring of quotients and the extended centroid 
of R. For the explanation of Qmr, Q,, Q; and C, we refer the reader to [6]. For all 
x,y € R, the symbol [x, y] stands for the commutator xy — yx and the symbol x  y 
denotes the anti-commutator xy + yx. We shall use the basic commutator identities: 
[xy, Z] = x[y, z] + Lx, Z]y, [x, yz] = [x, y]z + y[x, Z] for all x, y,z € R. Aring R is said 
to be n-torsion free, where n > 1 is an integer, when nx = O implies x = 0. Recall that 
R is prime if aRb = (0) implies a = 0 or b = 0, and is semiprime if aRa = (0) implies 
a = 0. An additive map x + x* of R into itself is called an involution if (i) (xy)* = y*x* 
and (ii) (x*)* = x holds for all x, y € R. A ring equipped with an involution is known 
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as ring with involution or «-ring. An element x in a ring with involution * is said to be 
hermitian if x* = x and skew-hermitian if x* = —x. The sets of all hermitian and skew- 
hermitian elements of R will be denoted by H(R) and S(R), respectively. The involution 
is said to be of first kind if Z(R) ¢ H(R), otherwise it is said to be of the second kind. In 
the later case, S(R) N Z(R) # (0). If R is 2-torsion free then every x ¢ R can be uniquely 
represented in the form 2x = h+k, where h € H(R) andk € S(R). An additive mapping 
T: R — Ris called a left centralizer of R if T(xy) = T(x)y holds for all x,y € R. For 
a semiprime ring R, all left centralizers are of the form T(x) = qx for all x ¢ R, where 
q is an element of Martindale right ring of quotients Q, of R. In case R has identity 
element, T: R > Risa left centralizer if and only if T is of the form T(x) = ax for all 
x € Rand some fixed element a ¢€ R. The definition of a right centralizer should be 
self-explanatory. An additive mapping T is called a two-sided centralizer in case T is 
a left anda right centralizer. Incase T: R —> Ris atwo-sided centralizer, where Risa 
semiprime ring with extended centroid C, then there exists an element A € C such that 
T(x) = Ax for all x € R (see [6, Theorem 2.3.2]). Some more related results concerning 
centralizers on rings and algebras we refer the reader to ([18, 19, 20, 22, 23, 25] and [26], 
where further references can be found). 

Let R be a ring with involution «. According to [4], an additive mapping T: R — R 
is said to be a left «-centralizer (resp. reverse left «-centralizer) if T(xy) = T(x)y* (resp. 
T(xy) = T(y)x*) holds for all x, y € R. The definition of a right «-centralizer (resp. 
reverse right «-centralizer) should be self explanatory. An additive mapping T: R — 
R is called a «-centralizer if T is both a left anda right «-centralizer. Note that for some 
fixed element a € R, the mapping x +> ax* is areverse left «-centralizer and x + x*a 
is a reverse right «-centralizer on R. We call Jordan centralizer T on R is an additive 
mapping T: R — R satisfying T(x ° y) = T(x) °y = xo T(y) forall x, y € R. Following 
the above convention, we define a Jordan «-centralizer to be the additive mapping 
T: R — Rsuch that T(x ey) = T(x) y* = x* © T(y) forall x, y € R, where R is ring 
with involution «. It is easy to check that every «-centralizer is a Jordan *-centralizer. 
However, the converse is not true in general. The following example justifies this fact: 


Oa O 
Example1. Let R = 0 O O |/a,b€ Zz +. Define mappings T: R — R, and 
a bO 
0 a 0 0 0 0 0 a0\ /0a0 
*:R— RsuchthatT| 0 0 O]J={0 0 0O],{0 0 O] ={0 0 0 
a bO 0 b O a bO a boO 
Then it is easy to verify that T is a Jordan «-centralizer on R. However, T is not a *- 


centralizer. 


In Section 3 besides proving some results on Jordan «-centralizers, we establish (The- 
orem 3.4) set of conditions under which every Jordan *-centralizer on *-ring is a *- 
centralizer. 
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Following [13], an additive mapping D: R — R is called a «-derivation (resp. 
Jordan «-derivation) if D(xy) = D(x)y* + xD(y) (resp. D(x?) = D(x)x* + xD(x)) holds 
for all x, y € R, where R is ring with involution. Let S be a nonempty subset of R. A 
mapping f: R — R is said to be centralizing on S if [f(x), x] € Z(R) for all x ¢€ S, 
and is called commuting on S if [f(x), x] = 0 for all x € S. Over last some decades, 
several authors have investigated the relationship between the structure of the ring R 
and certain specific types of derivations on R. The first result in this direction is due to 
Posner [21], who proved that if a prime ring R admits a nonzero derivation D such that 
[D(x), x] € Z(R) for all x € R, then R is commutative. This result was subsequently re- 
fined and extended by a number of algebraists (see [7, 8, 10], where further references 
can be found). Recently, Argac [5] generalized Posner’s result [21, Lemma] in the set- 
ting of semiprime ring involving pair of derivations. The last section of the present pa- 
per deals with the study of «-derivations and Jordan «-derivations satisfying certain 
functional equations in rings with involution. In particular, we study Argac’s result [5, 
Theorem 3.1] for pair of Jordan «-derivations in the setting of prime rings with involu- 
tion. 


2 The necessary preliminaries 


We begin with the following lemmas which we needed for developing the proof of our 
main results. 


Lemma 2.1 ([2, Lemma 2.1]). Let R be a prime ring with involution ' *', of characteristic 
different from 2. If S(R) ¢ Z(R), then R is commutative. 


Lemma 2.2 ([2, Theorem 3.2]). Let R be a noncommutative prime ring with involution 
of the second kind such that char(R) # 2. Let D be a Jordan «-derivation of R such that 
[D(x), x] = 0 for all x € R. Then D = 0. 


Lemma 2.3. Let R be a prime ring with involution '+' of the second kind such that 
char(R) # 2. If H(R) ¢ Z(R), then R is commutative. 


Proof. We have H(R) ¢ Z(R). This gives [h, x] = 0 for all h ¢ H(R) and x ¢ R. If 
k € S(R), then k? € H(R) and therefore we have 0 = [k2, x] = [k, x]k + k[k, x] that is, 


[k, x]k +k[k, x] =0 (1) 


for all k € S(R) and x ¢€ R. Replacing k by k + ky, k, € S(R) M Z(R) in (1), we get 
[k, x]ky + ky[k, x] = 0. That is, 2k,[k, x] = 0 for all x € R. This further implies that 
k,[k, x] = 0 for all x € R. Nowsince the center of a prime ring is free from zero divisors 
and S(R) nN Z(R) # (0), we finally arrive at [k, x] = 0 for all x € R. That is, S(R) ¢ Z(R). 
Therefore in view of Lemma 2.1, we get R is commutative. 
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Lemma 2.4. Let R be a semiprime ring with involution '«' and d: R — R be additive 
mapping such that d(xy) = d(y)x* + y* d(x) and a € R some fixed element. 

(i) d(x)d(y) = 0 for all x, y « Rimplies d = 0. 

(ii) ax* — x*a € Z(R) forall x € Rimplies a € Z(R). 


Proof. (i) By our hypothesis, we have 
d(x)d(y) =O forallx,yéeR. (2) 


Replacing y by xy in (2) and using (2), we obtain d(x)y* d(x) = d(x)d(xy)-d(x)d(y)x* = 
0 for all x, y € R. This implies that d(x)Rd(x) = (0) for all x ¢ R. Hence the semiprime- 
ness of R yields the required result. 

(ii) We set d(x) = ax* — x*a for all x ¢ R. Then it is easy to verify that d satisfies the 
relation d(xy) = d(y)x* + y*d(x) for all x, y ¢ R. Therefore by the hypothesis we have 
d(x) € Z(R) for all x € R. This gives d(y)x* = x*d(y) for all x,y € R. Also we have 
d(yz)x* = x*d(yz) for all x, y, z ¢ R. Therefore, we obtain 


d(z)y*x* + 2z* d(y)x* = x*d(z)y* +x*z*d(y) 
for all x, y, z €¢ R. This implies that 
d(z)[y*, x*] = d(y)[x*, 2*] 


for all x,y,z € R. Replacing z by a* in the above relation and using the fact that 
d(a*) = 0, we obtain d(y)[a, x*] = 0 for all x, y € R. This implies d(y)d(x) = 0 for 
all x, y € R. Hence, in view of part (i) we get the required result. 


Lemma 2.5. Let R be asemiprime ring with involution'«' and a € R some fixed element. 
If T(x) = ax* + x*a forall x € Ris a Jordan «-centralizer, then a € Z(R). 


Proof. Assuming T to be a Jordan *-centralizer, then we have T(xy + yx) = T(x)y* + 
y* T(x) for all x, y € R. Thus our hypothesis yields that 


a(xy + yx)* + (xy + yx)*a@ = (ax* + x*a)y* +y*(ax* + x*a) 


ay*x* +ax*y* +y*x"a+x*y"a=ax*y* +x*ay* +y*ax* +y*x*a 


* 


(ay* —y*a)x* — x*(ay* —y*a) = ax*y* +y*x*a-ax*y* +y*x*a=0 


for all x, y € R. In view of Lemma 2.4(ii), we conclude that a € Z(R), as desired. This 
proves the lemma. 


Lemma 2.6. Let R be a semiprime ring with involution '«'. Then, every Jordan *- 


centralizer of R maps Z(R) into Z(R). 


Proof. For any element c € Z(R), set a = T(c). Then we have 


2T(cx) = T(cx + xc) = T(c)x* + x*T(c) = ax* +x"a. 
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Let S(x) = 2T(cx) for all x € R. Then we see that 


S(xy t+ yx) = 2T(c(xy + yx)) 
= 2T(cxy + ycx) 
= 2T(cx)y* + 2y*T(cx) 
= S(x)y* +y*S(x) 


for all x, y € R. This shows that S is also a Jordan «-centralizer. Hence by Lemma 2.5, 
we obtain T(c) € Z(R). 


Proposition 2.1. Let R be a semiprime ring with involution '«' and let f: R > R bean 
additive mapping. Suppose that either 


f(x)x* = Oorx*f(x) =0 
holds for all x € R. In both the cases f = 0. 


Proof. We first consider the case f(x)x* = 0, for all x € R. Linearizing it we have 


fody* + fly)x" = 0 (3) 
for all x, y € R. Replacing y by y in (3), we have 
fog")? + fly*)x* = 0 (4) 
for all x, y € R. Right multiplying (3) by y*, we obtain 
foo")? + foyx*y* = 0 (5) 
for all x, y « R. Combining (4) and (5), we get 
fly*)x* — fly)x*y* = 0 (6) 


for all x, y € R. Substituting f(y)* x for x in (6), we find that 
fly?)x* fl”) — for)x* fry* = 0 
for all x, y € R. In view of our hypothesis, we conclude that 
fly?)x* fly) = 0 (7) 
for all x, y € R. Right multiplying (6) by f(y) gives because of (7) 
fly)x"y"fly) = 0 


for all x,y ¢ R. This further implies that y*f(y)x*y*f(y) = 0 for all x,y € R. The 
semiprimeness of R yields that 


x* f(x) =0 (8) 


for all x € R. Right multiplying (3) by f(x) gives because of (8) that f(x)y* f(x) = 0 for all 
x, y € R. Thus by the semiprimeness of R, we conclude that f(x) = 0 for all x € R. 
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By the same argument, we obtain the similar conclusion in the case x* f(x) = 0 for all 
x € R. This proves the lemma completely. 


Proposition 2.2. Let R be a 2-torsion free semiprime ring with involution ' «'. Suppose 
there exists an additive mapping T: R — R such that T(xyx) = x*T(y)x* forallx,y € R. 
Then T is a reverse «-centralizer. 


Proof. Our hypothesis yields that T(xyx)* = xT(y)*x for all x,y € R. Taking S(x) = 
T(x)*, then we get S(xyx) = xS(y)x for all x,y ¢€ R. In view of [23, Theorem 1], we 
conclude that S is a centralizer on R. That is, S(xy) = S(x)y = xS(y) for all x,y € R. 
This intern implies T(xy) = y* T(x) = T(y)x* for all x, y € R. Thereby showing T isa 
reverse *-centralizer of R. 


Proposition 2.3. Let R be a semiprime ring with involution '«' and let f,g: R > Qmr 
be additive mappings. If y* f(x) + g(y)x* = 0 for all x,y € R, then there exists a unique 
qd € Qmr such that f(x) = —px* and g(x) = x*p for all x € R, where p = q*. 


Proof. By the assumption we have y*f(x) + g(y)x* = 0 for all x, y € R. This implies 
f(x)*y+xg(y)* = 0 forall x, y € R. Define the new mappings S, T: R > Qmr such that 
S(x) = f(x)* forall x ¢ Rand T(x) = g(x)* forallx ¢ R. Then S and T are additive, since 
f and g are additive. Therefore the last expression can be rewritten as S(x)y+xT(y) = 0 
for all x, y € R. In view of Lemma 2.5 in [27], we conclude that S(x) = —xq for all x « R 
and T(x) = qx for all x € R, where gq € Qmr. This further implies that f(x)* = —xq and 
g(x)* = qx for all x € R. Taking involution on both sides we obtain f(x) = —q*x* and 
g(x) = x*q* for all x € R. That is, f(x) = —px* and g(x) = x*p forall x € R, where 
p =q* € Qnr. This completes the proof of the proposition. 


3 (Jordan) «-centralizers on (Semi)prime rings 


Following [3], an additive mapping T: R — R is called a reverse left (resp. right) «- 
centralizer if T(xy) = T(y)x* (resp. T(xy) = y* T(x)) holds for all x, y € R. In Propos- 
ition 2.8 of Section 2.2, we proved that if there exists an additive mapping T: R — R 
where R is a 2-torsion free semiprime ring satisfying the relation T(xyx) = x*T(y)x* 
for all x,y € R, then T is a reverse «-centralizer. It is easy to see that any reverse «- 
centralizer T on an arbitrary ring R satisfies the relation 


T(xyx) = x*y* T(x) — x* T(y)x* + T(x)y*x* (1) 


for all pairs x, y € R. It seems natural to ask whether the relation (1) characterizes 
reverse «-centralizers among all additive mappings on 2-torsion free semiprime rings. 
The answer to this question is negative. Namely, a routine calculation shows that for 
any fixed element a € R, where R is an arbitrary ring, the mapping T: R — R defined 
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by T(x) = ax* +x*a for all x € R satisfies the relation (1). More precisely, we prove the 
following theorem. 


Theorem 3.1. Let R be a2-torsion free semiprime ring with involution ' «'. Suppose there 
exists an additive mapping T: R — R such that T(xyx) = x*y*T(x) — x*T(y)x* + 
T(x)y* x* for all x,y € R. Then there exists p € Q; such that 2T(x) = px* + x*p for 
allx € R. 


Proof. Suppose an additive mapping T: R — R satisfies the relation 
T(xyx) = x*y* T(x) — x* T(y)x* + T(x)y*x* (2) 
for all x, y € R. Invoking involution on both sides to (2), we get 
T(xyx)" = T(x)" yx — xT(y)"x + xyT(x) (3) 


for all x, y ¢ R. Define anew map S: R — R such that S(x) = T(x)* for all x € R. Then 
(3) can be written as 
S(xyx) = S(x)yx — xS(y)x + xyS(x) 


for all x, y € R. Further, since T: R — R is an additive mapping and so S: R — Ris 
too. Thus in view of Theorem 2.1 in [27], we conclude that 2S(x) = qx+xq forallx € R, 
where g € Q, and hence 2T(x)* = qx + xq. This implies that 2T(x) = x*q* + q*x* for 
all x ¢ R. That is, 2T(x) = x*p + px* for all x € R, where p = q* € Qs. This completes 
the proof of the theorem. 


The next result is motivated by Theorem 4 in [24] 


Theorem 3.2. Let R be a prime ring with involution '«'’ having a nonzero centre such 
that char(R) # 6mn(m+n),m>1, n=1.Let T: R — R be an additive mapping such 
that (m + n)T(x*) = mx* T(x) + nT(x)x* for all x € R, then T(xy) = T(y)x* = y* T(x) for 
allx,yéR. 


Proof. Consider a new map S: R — R defined by S(x) = T(x)* for all x € R. Then 
it is easy to verify that S is additive. By the given hypothesis we have (m + n)T(x*) = 
mx* T(x)+nT(x)x* forall x € R. Taking involution on both sides we get (m+n)T(x2)* = 
mT(x)*x + nxT(x)* for all x ¢€ R. That is, (m + n)S(x2) = mS(x)x + nxS(x) for all 
x € R where S(x) = T(x)*. In view of Theorem 4 in [24], we are forced to conclude that 
S(xy) = Sy = xS(y) for all x,y € R. This gives T(xy)* = T(x)*y = xT(y)* for all 
x,y € R. This yields that T(xy) = y* T(x) = T(y)x* for all x, y € R. This completes the 
proof. 


An immediate consequence of the above theorem is the following result. 


Corollary 3.1. Let R be a prime ring with involution '«' having a nonzero centre such 
that char(R) # 6mn(m+n),m>1, n>=1.LetT: R > R be an additive mapping such 
that (m + n)T(x?) = mx* T(x) + nT(x)x* for all x € R. Then there exists q € Q;(R) such 
that T(x) = qx* forall x € R. 


18 — S.Ali, H. Alhazmi, N. A. Dar and A. N. Khan 


Proof. In view of Theorem 3.2 and Proposition 2.2 in [1], we get the required result. 


We conclude this section with the following theorem, which outlined at the begining 
of this paper. 


Theorem 3.3. Let R be a 2-torsion free semiprime ring with involution '«'. Then every 
Jordan «-centralizer of R is a reverse *-centralizer. 


Proof. By the assumption, we are given that T: R — Risa Jordan «-centralizer i.e., 
T(xy + yx) = T(x)y” + y* T(x) = x*T(y) + Tly)x" (4) 
for all x, y € R. Substituting xy + yx for y in (4), we obtain 
T(x(xy + yx) + (xy + yx)x) = x" T(xy + yx) + T(xy + yx)x" 
for all x, y € R. Application of (4) forces that 
T(x)(xy + yx)" + (xy + yx)" T(x) = x"(TOdy* + y* T(x) + (TOdy* + y*T(x))x* 

for all x, y € R. This implies that 

[T(x), x"]y* + y"[x", T(x)] = 0 
for all x, y € R. This can be rewritten as 

[T(x), x" ]y* = y*[T(x), x"] 


for all x, y € R. In view of Lemma 2.4 we have [T(x), x*] € Z(R) for all x €¢ R. We now 
prove that [T(x), x*] = 0 for all x € R. Take any c € Z. Then for any x € R, we have 


2T(cx) = T(cx+xc) 
= T(c)x* +x*T(c) 
= 2T(c)x*. 


Since R is 2-torsion free, we obtain T(cx) = T(c)x* for all x €« R. Also, we have 


2T(cx) = T(c)x* +x*T(c) 
c* T(x) + T(x)c* 
= 2T(x)c*. 


This gives T(cx) = T(x)c* for all x ¢ R. Hence, we obtain T(cx) = T(x)c* = T(c)x* for 
all x ¢ Randc ¢€ Z(R). Thus, we have 


[T(x),x*]c* = T(x)x*c* — x*T(x)c* 
= T(x)c*x* —x*T(x)c* 
= T(c)(x*)* —x*T(c)x* 
= T(c)(x*)? - T(c)(x*)? 
= 0. 
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Since [T(x), x*] € Z(R) for all x € R, so we have [T(x), x*] = 0 for all x € R. From 
relation (4), we find that 2T(x2) = T(xx + xx) = T(x)x* + x*T(x) = 2T(x)x* = 2x*T(x) 
for all x ¢ R. Since R is 2-torsion free ring, the last expression yields that T(x*) = 
x* T(x) for all x € R. Thatis, Tis Jordan left «-centralizer on R. In view of [3, Proposition 
2.3], we conclude that T is a reverse «-centralizer of R. Thereby the proof is completed. 


A special case of the above theorem, which is of independent interest is the following 
corollary: 


Corollary 3.2. Let R be a 2-torsion free semiprime ring with involution '«'. Let T be the 
Jordan «-centralizer of R. Then T(x) = qx* for all x € R, where q € Q;(R). 


4 (Jordan) «-derivations in (semi)prime rings 


Let R be a ring with involution +. An additive mapping D: R — R is said to bea 
*-derivation if Dixy) = D(x)y* + xD(y) holds for all x, y € R, and is called a Jordan 
«-derivation if D(x?) = D(x)x* + xD(x) holds for all x € R. The concept of Jordan 
*-derivations appears for the first time in [13]. The notion of Jordan +-derivations 
arise naturally in the theory of the representability of quadratic forms with sesqui- 
linear functionals (see Semrl’s work [15] and [16]). More related results on Jordan 
*-derivations can be found in [4, 14] and [28]. 

A mapping f of aring R into itself is called commuting (resp. skew commuting) on 
a subset S of R if f(x)x — xf(x) = 0 (resp. f(x)x + xf(x) = 0) holds for all x € S. The study 
of such mappings was initiated a number of years ago by Posner [21]. In [21, Lemma 
3], Posner proved that if a prime ring R admits a commuting derivation D on R, then 
R is commutative or D = 0. Over the last some decades, numerous papers concerning 
commuting and some related mappings have been published (see [9, 10, 11] and [12] for 
refrences). In [10], Bresar showed that if a prime ring R admits a nonzero derivation D 
such that D(x)x—xD(x) € Z(R) forall x € U or D(x)x+xD(x) € Z(R) for all x ¢ U, where 
U is a nonzero left ideal of R, then R is commutative. Further the above mentioned 
result was extended by Argac [5] as follows: Let R be a semiprime ring and D, G are 
derivations of R such that at least one is nonzero. If D(x)x = xG(x) for all x ¢ R, then R 
has a nonzero central ideal. Moreover, if R is prime, then R is commutative. Our next 
aim is to study similar problems in the setting of rings with involution involving pair 
of Jordan «-derivations D and G of R. We begin with the following theorem. 


Theorem 4.1. Let R be a noncommutative prime ring with involution ' «'. Suppose there 
exist Jordan «-derivations D, G: R — R such that xD(y) + yG(x) = O forall x,y € R. 
ThenD =G=0. 
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Proof. First we consider the case 
xD(y) — yG(x) = 0 (1) 
for all x,y € R. Replacing y by y? in (1), we get 0 = xD(y?) — y*G(x) = xD(y)y* + 
xyD(y) — y?G(x) for all x,y € R. Using the given hypothesis we obtain xD(y)y* + 
xyD(y) — yxD(y) = O for all x, y € R. That is, 
xD(y)y* + [x, y]D(y) = 0 (2) 
for all x, y € R. Replacing x by zx in (2), we get 
zxD(y)y* + 2[x, y]D(y) + [z, y]xD(y) = 0 (3) 
for all x, y, z € R. Left multiplying (2) by z, yields 
zxD(y)y* + z[x, y]D(y) = 0 (4) 


for all x, y, z € R. Comparing (3) and (4), we obtain 


[z, y]xD(y) = 0 (5) 


for all x,y,z ¢ R. Thus for each y ¢€ R, by the primeness of R either [z, y] = 0 or 
D(y) = 0. Now, let A = {y € R|[z, y] = 0 for all z € R} and B = {y € R|D(y) = O}. Then 
A and B are additive subgroups of R and R = AUB. Buta group can not be a union of 
two of its proper subgroups and hence either R = A or R = B. Since we have assumed 
R to be noncommutative. So we are force to conclude that R = B. That is, D(y) = 0 for 
all y € R. This intern implies G = 0 by (1). 

The same argument can be adapted in the case xD(y) + yG(x) = O forallx,y € R. 
This proves the theorem. 


Theorem 4.2. Let R be a noncommutative prime ring with involution '«' of the second 
kind such that char(R) # 2. Suppose there exist Jordan «-derivations D,G: R — Rsuch 
that xD(x) + xG(x) = Oforallx ¢ R. ThenD =G=0. 
Proof. First we consider the case 
xD(x) — xG(x) = 0 (6) 

for all x € R. Linearizing (6), we get 

yD(x) + xD(y) = yGx) - xD(y) 
for all x, y € R. This can be further written as 

y(D — G)(x) — x(G - D)(y) = 0 


for all x, y € R. Nowif D and G are Jordan «-derivations on R, then D- Gand G-D are 
also Jordan «-derivations on R. Therefore in view of Theorem 4.4, we conclude that 
D-G = OandG — D = O. That is, D = G. In view of (6), we get [D(x), x] = 0 for all 
x € Rand [G(x), x] = 0 forall x € R. Thus by Lemma 2.2, we obtain D = 0 and G = 0. 
The same argument can be adapted in the case xD(x) + xG(x) = O forall x € R. 
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Theorem 4.3. Let R be a noncommutative prime ring with involution '«' of the second 
kind such that char(R) # 2. Suppose there exist Jordan «-derivations D, G: R — Rsuch 
that D(x)y + yG(x) = O forall x, y ¢ R. Then D = G=0. 


Proof. First we consider the case 
D(x)y — yG(x) = 0 (7) 
for all x, y ¢ R. Replacing y by yz in (7), we get 
D(x)yz — yzG(x) = 0 (8) 
for all x, y, z € R. Right multiplying (7) by z, we obtain 
D(x)yz — yG(x)z =0 (9) 


for all x, y, z € R. Comparing (8) and (9), we get y[G(x), z] = 0 for all x, y, z € R. This 
further implies [G(x), z]y[G(x), z] = 0 for all x, y,z € R. Hence, the primeness of R 
forces that 


[G(x), z] =0 (10) 


for all x, z € R. Replacing x by x? in (10), and using the fact G is a Jordan +-derivation, 
we get O = [G(x2), z] = [G(x)x* + xG(x), z] = G(x)[x*, z] + [x, z]G(x). This further 
implies that G(x)[x+x*, z] = Oforallx, z ¢ R. Replacing z by zy in the last expression, 
we obtain G(x)z[x + x*, y] = 0 forall x, y, z € R. Thus for each x € R, by the primeness 
of R either G(x) = 0 or [x + x*, y] = 0. Now let A = {x € R|G(x) = O} and B = {x € 
R|[x+x*, y] = O for all y € R}. Thus A and B are additive subgroups of Rand R = AUB. 
But a group can not be a union of two of its proper subgroups and hence either R = A 
or R = B. Suppose R = B, then [x+x*, y] = Oforallx, y € R. Replacing x by h+k, where 
h € H(R) and k € S(R), we get 2[h, y] = 0. Since char(R) # 2, we obtain [h, y] = 0 
for all h ¢ H(R) andy € R. That is, H(R) ¢ Z(R). Thus R is commutative by Lemma 
2.3. Which gives a contradiction. Therefore we must have R = A. That is, G = 0. This 
intern implies that D = 0 in view of equation (7). 

The same argument can be adapted in the case D(x)y + yG(x) = 0 forallx,y € R. 
Thereby completing the proof of the theorem. 


Theorem 4.4. Let m, n be fixed non-negative integers, and R be a(m + n)!-torsion free 
noncommutative prime ring with involution '«' of the second kind having the identity 
element e. Suppose there exist Jordan «-derivations D,G: R — R such that D(x™)x" + 
x"G(x"™) = 0 forall x ¢ R. Then D = G = 0. 


Proof. First we assume that 


D(x™)x" — x"G(x™) = 0 (11) 
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for all x € R. Substituting x + Ay for x in (11), we obtain 
AP3 (x,y) +A? P2(x, y) +++ +A” Pomsny (x, Y) = 0 


for all x, y € R, where A € Z and P;(x, y) denotes the sum of terms involving i factors 
of y in the expansion of D((x + Ay)™)(x + Ay)” - (x + Ay)"G((x + Ay)™) = 0. In view of 
Lemma 1 in [17], we obtain 


Px (x, y) = Dax ly 4.x 2yx 4-0 4 yx™1)x" 
+4 DexX™)(x1ty + x2 yx tsa cts yxt1) 
= (xt ty $x yx toe yx GE (x™) 


— x" G(x ly 4x2 yx 4+. yx) (12) 
for all x, y ¢ R. Taking x = e into (12) and noting that D(e) = 0 and G(e) = 0, we obtain 
mD(y) — mG(y) = 0 (13) 

for all y € R. Since R is (m + n)!-torsion free, we obtain 
D(y) — Gly) = 0 (14) 


for all y € R. Using a similar computational way to (12), we also have 


(m+ 1) 
2 


M ny?) —nmygty) - eDm 


5 G(y*) (45) 


P2(e, y) = nmD\y)y + 
for all y € R. Application of (14) yields that 
nmD(y)y — nmyD(y) = 0 


for all y € R. Since R is (m + n)!-torsion free, we obtain [D(y), y] = O forall y € R. 
Further in view of expression (14), we conclude that [G(y), y] = 0 for all y « R. Thus 
in view of Lemma 2.2, we obtain D = 0 and G = 0. 

By the similar approach, we obtain the same conclusion in case D(x™)x" + 
x"G(x™) = 0 for all x € R. This proves the theorem completely. 


Corollary 4.1. Let R be a noncommutative prime ring with involution '«' of the second 
kind and of characteristic different form two, having the identity element e. Suppose 
there exist Jordan «-derivations D,G: R — R such that D(x)x + xG(x) = Oforallx € R. 
Then D = G=0. 


We conclude the paper with the following example which demonstrates that it is es- 
sential for R to be prime in the hypothesis of Theorems 4.1, 4.2 and 4.3. 


0 a b 
Example 2. Let R = 0 0c a,b,c €Z2}. Then R is a noncommutative 
0 0 0 


ring under usual matrix operations. Define mappings D: R —> R,G:R — R, 
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0 a b 0 Oa 0 a b 
and *:R — Ras followsD| 0 0 c}] = {0 0 04],Gl0 0c] = 
0 0 O 0 0 O 0 0 0 
0 0c 0 a b\ (0c b 
0 0 Oj, 0 0 cj} ={0 0a 
0 0 O 0 0 0 0 0 O 


Then, it is easy to verify that D, G are Jordan «-derivations on R, and satisfy all the 
requirements of Theorem 4.1, 4.2 and 4.3. However, neither D = 0 nor G = 0. 


Acknowledgement: The authors are thankful to the referee for reading the manuscript 
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Mohammad Ashraf and Ghulam Mohammad 
Skew constacyclic codes over F, + VF, + v7F, 


Abstract: In the present paper, we study (1 — 2v*)-skew constacyclic codes over the 
ring Fy + vFq + v*Fg, where v? =v, q = p™ and p is an odd prime. We investigate the 
structural properties of skew cyclic codes over Fy + VFq + v?Fq using decomposition 
method. By defining a Gray map from F,+ VF, +v*F, to F as it has been proved that the 
Gray image of a (1 - 2v”)-skew constacyclic code of length n over Fy + vVFq + V?Fq isa 
skew cyclic code of length 2n over Fy. Finally, the idempotent generators of (1 — 2v*)- 
skew constacyclic codes over Fy + VF, + v*F, have also been studied. 


Keywords: Gray map; Skew polynomial rings; Skew constacyclic codes; Idempotent 
generators. 


1 Introduction 


During the last decade of the twentieth century a great deal of attention has been given 
to the study of linear codes over finite rings because of their new role in algebraic 
coding theory and their successful applications. The class of cyclic codes is a very 
important class of linear codes from both theoretical and practical point of view which 
are easier to implement due to their rich algebraic structure. Cyclic codes have been 
studied for the last six decades. Based on these facts, cyclic codes have become one of 
the most important class in coding theory. A landmark paper by Hammons, et al. [16] 
discovered that some good nonlinear codes over Z2 can be viewed as binary images 
under a Gray map of linear cyclic codes over Z,. But all this work is restricted to codes 
that are defined in a commutative ring. 

Boucher et al. [8, 9] and [10] studied the structure of skew cyclic codes over anon 
commutative ring F[x, 6], called skew polynomial ring, where F is a finite field and 0 is 
a field automorphism of F. They generalized the class of linear and cyclic codes to the 
class of skew cyclic codes by using the ring F[x, 0], where the generator polynomials 
of skew cyclic codes come from the ring F[x, 0]. They also gave some examples of skew 
cyclic codes with Hamming distances larger than the best known linear codes with the 
same parameters. Later on, Abualrub et al. [2] and Bhaintwal [7], defined skew quasi 
cyclic codes over these classes of rings. The main motivation of studying codes in this 
setting is that polynomials in skew polynomial rings exhibit many factorizations and 
hence there are many ideals in skew polynomial ring than in the commutative ring. But 
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all this work is restricted to the condition that the order of the automorphism must be 
a factor of the length of the code. In [17], Siap, et al. removed this condition and they 
studied the structural properties of skew cyclic codes of arbitrary length over finite 
fields. A lot of work has been done in this direction (see references [1, 4, 11]). 

Jitman et al. [14] defined skew constacyclic codes by defining the skew polynomial 
ring with coefficients from finite chain rings, especially the ring Fp» + uFy» where 
u* = O. Further Gursoy et al. [13] investigated the structural properties of skew cyclic 
codes through the decomposition method over F, + vFg, where v? = v and q = p™. 
Recently, the authors [4] studied the structural properties of skew cyclic codes over 
the ring F; + vF3 with v? = 1 by considering the automorphism as;9 : v »% -v. 
They proved that skew cyclic codes over F3 + vF3 are equivalent to either cyclic codes 
or quasi cyclic codes. Further, they studied skew cyclic codes over the ring Fg + vFg 
with v? = 1 in [5] by using decomposition method. Very recently, AL-Ashker and Abu- 
Jafar [3] investigated the structural properties of skew constacyclic codes over the ring 
Fp + VFp with v* = v. Motivated by the study of AL-Ashker and Abu-Jafar [3], in the 
present paper, we study (1—2v*)-skew constacyclic codes over the ring F7+vF,+v?Fq, 
where v? = v, g = p™ and p isan odd prime. 

Throughout the paper R will denote the ring Fy + vFg + v*F, with v? =v, q=p™ 
and p is an odd prime. Consider the automorphism 6;: R —> R such that 0;(a + vb + 
v2c) = a?’ +vb?' + vc". It is to be noted that 0, is the Frobenius automorphism of Fg 
and 6; = 64. 


2 Preliminaries 


Let R = Fy + vVFq + v?Fq, where q = p™ and p is an odd prime. R is a commutative and 
non-chain ring with characteristic p which contains q? elements. The ring is endowed 
with the natural addition and multiplication with the property v? = v and it can be 
viewed as the quotient ring Fg[v]/ (v3 —v). The elements of R can be uniquely written 
asa+vb+v2c, wherea, b, ce F q- It is a semi-local ring having three maximal ideals 
(v), (v—1) and (v+ 1). 

Define a mapping 0;: R — R such that 0;(a + vb + v2c) = aP’ + vb?! + v2cP" for 
alla, b, c € Fg. One can verify that 0; is an automorphism on R and 0; = ot. This 
automorphism acts on Fy as follows: 

Or: Fq — Fg 
ava’. 
It may be noted that the order of this automorphism is |(0;)| = m/t and the subring 
Fy + VFp + v’F >: of R is invariant under 6;. 
Definition 2.1. For a given automorphism 6, of R, the set R[x, 0;] = {ag + a1X + ax? + 
+6) + AnX"| aj € R,n > O} of formal polynomials forms a ring under usual addition of 
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polynomials and multiplication is defined by the rule (ax')(bx!) = a@‘(b)x'), The ring 
R[x, 0;] is called skew polynomial ring over R. 


It can be easily seen that the ring R[x, 0;] is non-commutative unless 9; is the identity 
automorphism on R. Therefore, when an ideal of R[x, 6;] is considered, one should 
specify whether itis a right ideal or a left ideal. The skew polynomial ring R[x, 6;] is not 
left or right Euclidean. However, the division algorithm holds for some polynomials 
whose leading coefficients are invertible (for detail see references [9] and [14]). 


3 Gray map and linear codes over R 


Gao [12], initiated the study of linear codes over the ring F, + uFp + u*Fp, where u? = 
u and p is an odd prime. Later on, Mostafanasab and Karimi [15], studied (1 — 2v7)- 
constacyclic codes over the ring F, + uF + u*Fy, where u? = u and p is an odd prime. 
Let R” be the set of all n-tuples over the ring R. Then any nonempty subset C of R” is 
called a code of length n over R. C is called linear code of length n over R if it is an 
R-submodule of R”. Elements of C are called codewords and therefore each codeword 
cin such a code Cis just an n-tuple of the form c = (cg, C1, +++ , Cn_1) € R". 

Let C be a linear code of length n over R. Then C is said to be cyclic if for 
every (Co, C1,°-- ,Cn-1) € C implies that (Cy_1,Co,--- ,Cn-2) € C, negacyclic if 
(Co, C1,°** +Cn-1) € C implies that (-—cy_1,Co,-:: ,Cn-2) € C and (1 - 2v7)- con- 
stacyclic if (co, C1,-+- , Cn-1) € C implies that ((1 — 2v7)cn_1, Co.-** » Cn-2) € C. 

The Hamming weight wy(r) of a codeword r = (ro,11,°-:,1%n-1) € R"” is the 
number of nonzero components. The minimum weight wy(C) of a code C is the 
smallest weight among all its nonzero codewords. For r = (1o,11,°::,!n-1)) S = 
(So, S15°*+ »Sn-1) € R", dy(r,s) = l|{i| 7; # s;}| is called the Hamming distance 
between r and s € R" and is denoted by 


dy(r,S) =Wy(r-s). 


The minimum Hamming distance between distinct pairs of codewords of a code C is 
called the minimum distance of C and is denoted by dy(C) or shortly dy. 
Now, we define the Lee weight of an element r = a+ vb + vc € Ras follows: 


wi(r) = wH(-c, 2a +c), 


where wy denotes the usual Hamming weight on Fy. Let r = (ro, 11, °-- , ™n-1) bea vec- 

tor in R". Then the Lee weight of r is the rational sum of Lee weights of its components, 
n-1 

that is, wr(r) = ¥ wz(r;). For any two elements r,s € R", the Lee distance is given by 
i=0 

d,(r, S) = w,(r—s). The minimum Lee distance of a code C is the smallest nonzero Lee 

distance between all pairs of distinct codewords. The minimum Lee weight of C is the 
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smallest nonzero Lee weight among all codewords. If C is linear, then the minimum 
Lee distance is the same as the minimum Lee weight. 

The Gray map @ from R to EG is defined as (a + vb + v2c) = (-c, 2a +c). Itcan 
be easily seen that @ is linear. The Gray map @¢ can be extended to R” ina natural way, 
that is, @: R" —> F3" such that P(ro, 11,+++ 5 %n-1) = (—Coy-C1,+++ »-Cn-1, 20 + 
Co, 241 + C1 -*+ » 2An-1 + Cn-1), Where rj = aj + vb; + v2; fori = 0,1,---,n—-—1. The 
map @ is a F,-linear map but not one to one. 

For a code C over R, define 


1 1 
C1 = (xe Fal (1-v2)x + (7? wy +P —v)z € Csomey,z € Fj}, 


C,={ye FF | a-v y+ PE sys Py —v)z € Csome x, z € Fy}, 
and 

C3 = {ze Fil A-Pyx+ PE sys Py —v)z € Csome x, y € Fi}. 
If C is linear code of length n over R, then C;, Cz and C3 are all linear codes of length 


n over F,. Moreover, the linear code C of length n over R can be uniquely expressed as 
pti pti 


2 


C=(1-v2)C,@ (v2 +v)Co@ (v? —v)C3 


and |C| = |Ci||C2||C3|. 
A generator matrix of C is a matrix whose rows generate C. Let 


pti pti 


C=(1-v7)Ci@ (v2 +v)C2® 5 (v2 — v)C3 
be a linear code of length n over R with generator matrix G. Then G can be written as 
(1-v*)G1 
G=| W?+vG. |, 


Pet (y? _ v)G3 


where G;, G2 and G3 are the generator matrices of C;, C2 and C3 respectively. 
Let r = (10, 11,°°: » m1) and s = (So, S1,°+: , Sn_1) be two elements of R”. Then 
the Euclidean inner product of r and s in R" is defined as 


r-S=TPoSo +1484 +++ +Tn-1S8n-1 - 
The dual code C+ of C is defined as 
C+ ={reR"|r-c=0, forallce C}. 


A code C is called self-orthogonal if C ¢ C+ and self dual if C = C+. 
One of the properties of the Gray map defined above is that it preserves the self- 
orthogonality as given in the following lemma: 
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Lemma 3.1 ([15, Proposition 2]). Let C be a code of length n over R such that C c (Fq + 
VFq + v°F,)". If C is self-orthogonal, then so is (C). 


Theorem 3.1 ([15, Theorem 8]). Let C = (1-v2)C,@ Poti? +v)C2® Priv? —v)C3 bea 
code of length n over R. Then C is a (1 — 2v2)-constacyclic code if and only if C+ is also 
a (1 — 2v*)-constacyclic code and C+ = (1-v7)Cy @ Pry? +v)Cz@ Btw? -v)C3. 


4 (1 — 2v’)-Skew constacyclic codes over R 


Skew cyclic codes over the ring R were studied by the authors [6]. In the present sec- 
tion, we generalise this study to (1 — 2v*)-skew constacyclic codes over R. Let 6; be 
an automorphism on R given by 6;(a + vb + v2c) = a?’ + vb?" + v2c?". Then a lin- 
ear code C of length n over R is called a skew cyclic code or 9;-cyclic code if for each 
C = (Co, C1,**+ ,Cn-1) € C implies that o(c) = (O¢(Cn-1), O¢(Co),-*- , Ar(Cn-2)) € C, 
where o(c) denotes the skew cyclic shift of c, C is called skew negacyclic code if for 
each c = (Co, C1,°*: , Cn-1) € C implies that v(c) = (—O¢(Cn_-1), O¢(Co),--- , Or(Cn-2)) € 
C, where v(c) denotes the skew negacyclic shift of c and C is called (1 — 2v*)-skew 
constacyclic code if for each c = (Co, C1,--- ,Cn-1) € C implies that tT(c) = ((1 - 
2v7)0+(Cn-1), O¢(Co), -+* » O¢(Cn-2)) € C, where T(c) denotes the skew constacyclic shift 
of c. 

Now, consider R[x, 0;]/(x” — (1 — 2v*)). It can be easily seen that R[x, 0¢]/(x" — 
(1 — 2v*)) is aleft R[x, 6+] module under the following operations: 


(f(x) + (x" — (1 — 2v?))) + (g(x) +(x" - (1 - 2v7))) = FO) + 800) + (x - (1 -2V7)), 


r(x)(f(x) + (x" — (1 = 2v?)))) = rofl + (x" - (1 - 2v?)) 


for any r(x) € R[x, 0;]. By the definition of R[x, 0;]/(x" — (1 - 2v)), we can identify 
each codeword c = (Co, C1,°** 5 Cn-1) Of the (1 - 2v2)-skew constacyclic code C bya 
polynomial c(x) = co + C1X + Cox? +++ + Cy x) 

In the following lemma, we give a module structure of (1 — 2v7)-skew constacyclic 
codes of arbitrary length. 


Lemma 4.1. A code C of length n over R is a (1— 2v*)-skew constacyclic code if and only 
if C is a left R[x, 04]-submodule of R[x, 0;]/(x" - (1 — 2v?)). 


Now, we give the characterisation of (1 — 2v*)-skew constacyclic codes over R as fol- 
lows: 


Theorem 4.1. Let C = (1-v*)C, ® bai? +v)C2® Boi? —v)C3 be a linear code of 
length n over R. Then C is a (1 — 2v2)-skew constacyclic code over R with respect to 
automorphism 6; if and only if C, is a skew cyclic code and C2, C3 are skew negacyclic 
codes of length n over F, respectively with respect to the same automorphism 6. 
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Proof. For any r = ('0,11,°-- 1-1) € C, we can write its components as rj; = 
(1 — v@)a; + ba iy? + v)b; + pil (y2 v)c;, where aj, bj, ci; € Fg, OS is n-1. 
Let a = (40, @1,°*:,Qn-1), D = (bo, bi,-++ , bn-1) and c = (Co, C1,°*+ , Cn-1). Then 
aé(C,, b € Cy) andc € C3. Now, suppose C, is a skew cyclic code and C2, C3 
are skew negacyclic codes over Fg respectively with respect to the automorphism 6,. 
This means that o(a) = (0:(An-1), 9¢(o), --* » O¢(An- 2)) = (a? ,,a®,--- ,a”.,) € 
C1, V(b) = (-O¢(Bn-1)s O¢(o)s**+ Oe(Bn-2)) = (-BPy, BR a+, bP) € Cz and 
v(c) = (-O¢(Cn-1), Oe(Co), +++, O(Cn-2)) = (CR, ch ++ 7p) € C3. Thus (1 - 
v2)o(a) + (v2 + v) Pst y(b) +(v* - v) Pt y(c) € C. It can be easily seen that 


GA ola Gee ie We ay) 


pe UG) =T(r). 

2 
Hence t(r) € C, which means that C is a (1 — 2v2)-skew constacyclic code over R with 
respect to the automorphism 6;. 

Conversely, suppose that C is a (1 — 2v?)-skew constacyclic code over R with re- 
spect to the automorphism 6;. Let rj = (1-v)ajt+ 2* (v2 +v)b; + 24 (v? —v)ci, for any 
a = (0, 41,°** ,An-1) € C1, D = (bo, bi,+++ , bn-1) € C2 and c = (Co, C1, +++ , Cn-1) € 
C3.Thenr = (ro, 11,-.-, %n-1) € C. By the hypothesis T(r) € C. snee v2)o(a)+(v2+ 
v) P= 1y(b)+(v2- ve teh = T(r), we get (1-v?)o(a)+(v? +v) 2 1 V(b) +(v2- -v)e v(c) € 
C. Thus o(a) € Ci, v(b) € C2 and v(c) € C3, which implies that C, is a skew cyclic 
code and C2, C3 are skew negacyclic codes of length n over Fg with respect to the 
automorphism 6;. 


Corollary 4.1. Let C be a (1 — 2v*)-skew constacyclic code of length n over R. Then the 
dual code C+ is also a (1 — 2v2)-skew constacyclic code of length n over R. 


Proof. In view of Theorem 3.1, we know that C+ = (1-v?)C+@?4*(v2 +v)C+ @ 244 (v2 — 
v)C3. Since the dual code of every skew constacyclic code over F, is also shew con- 
stacyclic ([9, 10]), by Theorem 4.1, C+ is a (1 — 2v?)-skew constacyclic code over R. 


Lemma 4.2. Lett be the (1—2v2)-skew constacyclic shift of R" and o be the skew cyclic 
shift of F7". If ® is the Gray map of R" into F;", then pt = o¢. 
Proof. Let r = (19, 11,°** »Tn-1) € R", where 7; = a; + vbj + v*c; with a;, bi, cj; € Fy 
for 0 <i<n-—1. Taking (1 — 2v*)-skew constacyclic shift of r, we have 
T(r) (1 ~ 2v°)8e(tn-1), Ot(r0), “+ O(tn-2)) 
= ((1-2v2)(a%_, + vbP_, +v2C%,), a2 + vb +2, a, 
t t 
+VDn-2 + v°Cy-2) . . . 
= (ay =Vbe + v2) 4 = cea, eb avec, eas 
+vbt_,t+vect_,). 


Now, using the definition of Gray map @, we can deduce that 


t t t t tg t t t i 
P(t(r)) = (2aP , + Ae =¢, pitts BC as tee 2ah, + roa yttty oa 5 + C3) : 
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On the other hand, ¢(r) = lc Cos —Cis*** » —Cn-1, 249 + Co, 241 +C4,°*: , 2An-1 + Cn-1). 
: ‘4 t £ f t t 3 
Hence, o(f(r)) = (2a 1 + chy, -ch cts, -cF_,,-ch_,, 2a + ch ,2at + 


p' BP pce 
ch s+, 2a?_,+c?_,). Therefore, 


gt =o0o. 


As a consequence of Lemma 4.2, we get the following main result: 


Theorem 4.2. Let C be a code of length n over R. Then C is (1 — 2v*)-skew constacyclic 
code if and only if p(C) is a skew cyclic code of length 2n over Fg. 


The following theorem gives the generators polynomials of (1—2v~)-skew constacyclic 
codes over R: 


Theorem 4.3. Let C = (1—v?)C; @ P*(v? + v)C2 © PE* (v2 — v)C3 be (1 — 2v?)-skew 
constacyclic code of length n over R. Then 


+1 +1 
C= ((1-v*)gi(0), 2S = (7 + v)g200), 25? - v)g300) 
and |C| = q3%-4es(s100)—deg(g2(x))—des(s3(%)), where g1(x), 82(x) and g3(x) are the gener- 


ator polynomials of C,, C2 and C3 respectively. 


Proof. Since Cy = (g1(x)) © Fq[x, O¢]/(x"—1), C2 = (g2(x)) © Falx, Or]/(x" + 1), 
C3 = (g3(x)) © Falx, O¢]/(x" + 1) and C = (1—v?)C, @ 224 (v? + v)Co © PS (v? — v)C3, 
we find that C = {c(x) | c(x) = (1—v?)fi(x) + 224 (v2 4 v)fo(x) + 2A (7? — vfs (x), filX) € 
Ci, fo(x) € Co, f3(x) € C3}. Therefore 


C< (1-v2)g100), PFA? + vNg200), Pv? - v)g5(2)) € RIX, Oe] — (1 - 2¥2)). 
For any (1 - v?)kx 081%) + rw + v)ko(x)go(x) + PAW? - v)k3(x)g3(x)_ € 
(1 -v?)g1(x), 2 (v? + v)go(x), 24 (v2 — v)g3(x)) © Rix, O¢]/(x" - (1 - 2v?)), where 
ky(x) € R[x, 8,]/(x" —1), k2(x), k(x) € R[x, 6¢]/(x" +1), there are r(x), r2(x), r3(X) € 
F,[x, 80] such that 

(1 -—v*)ki(x) = (1-v?)ri (x), 


BE anieGy = a see 


and Pa 
B 2? - v)k3(X) = Pet 2 wri). 
This means that 


(1 -v2)g100, 2 * v2 —v)g3(x)) €C. 


1 + 
(v? +v)g2(x), > ; 


Hence ((1 - v?)gi(x), 2+ (v? + v)ga(x), 4*(v? - v)g3(x)) = C. Since |C| = |CilIC2IIC3I, 
IC| = (i deg(gi(x))—deg(ga(x))—deg(g3(x)) | 
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Theorem 4.4. Let C, be skew cyclic code over Fg and C2, C3 be skew negacyclic codes 
over Fg with monic generator polynomials g(x), g2(x) and g3(x) respectively. If C = 
(1-v?)C,@ 2 liy2+v)C, eet ae (v2 —v)C3 is a (1—2v2)-skew constacyclic code of length 
n over R, ign there is a sate polynomial g(x) € R[x, 0;] such that C = (g(x)) and 
g(x) is a right divisor of x" — (1 — 2v*), where g(x) = (1 — v*)g1(x) + pet (v7 + v) g(x) + 
Pel (v? — v)g3(X). 


Proof. By Theorem 4.3, we may assume that 


C= (1 -v)g,00, PAW? + e000, PAW -nYg300) , 


where g(x), g2(x) and g3(x) are the monic generator polynomials of C,, C2 and C3 
respectively. Let g(x) = (1 — v7)gi(x) +? PH iy? + v)g2(x) + 2 Pil iy? — v)g3(x). Clearly, 
(g(x)) ¢ C. Note that 

(1 - v*)gi(x) = (1-v*)g(x), 


+ (v2 + v)g(x) 


PY (2 + v)g0(0) = 
and pa 

os 
so C ¢ (g(x)). Hence C = (g(x)). Since g1(x) is a monic right divisor of x" - 1 and 
82(Xx), g3(x) are monic right divisors of x" + 1, there are r1(x) € Fg[x, 0;]/(x" — 1) and 
12(X), 73 (x) € Fg[x, O¢]/{x” + 1) such that 


1 
(v* — v)g3(x) = Pw -v)g(x), 


x" -1 = 14 (x)gi(x), x" +1 = r2(x)g2(xX) = 13(x)g3(x). 


This implies that 


x" = (1 = 2v?) = (1-09 + P22? + 09 + PA? — yrs 0018(0) - 
Hence, g(x)|x” — (1 — 2v?). The uniqueness of g(x) can be followed from that of 


81(X), $2(x) and g3(x). 


In order to study the generator polynomials of the dual codes of (1 — 2v?)-skew con- 
stacyclic codes over R, we give the following definition: 


Definition 4.1. Let g(x) = go + 1X +--+: + 8,x" and h(x) = ho + hyx +--+ + Wy _px™" 
be polynomials in R[x, 0;] such that x" — (1 — 2v*) = h(x)g(x) and C' be a (1 - 2v?)- 
skew constacyclic code generated by g(x) in R[x, 0;]/(x" — (1 - 2v*)). Then the dual 
code of C' is a (1 — 2v?)-skew constacyclic code generated by the polynomial h(x) = 
Ayr + O¢(Mn-r-1)X ++ + OF (he )x"™, 


In view of Theorems 3.1 & 4.3, we have the following corollary: 
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Corollary 4.2. Let C, be askew cyclic code over F, and C2, C3 be skew negacyclic codes 
over F, and g1(x), §2(x) and g3(x) be their generator polynomials such that 


x" — 1 = hy(x)gi(x), x" +1 = ho(x)g2(x) = h3(x)g3(x) € Falx, 4] . 
If C = (1—v?)C; @ PE*(v? + v)Co © PE* (vy? — v)C3, then 


Ct = ((1-v)hy (x) +? 


SE (v? + vilin(0) + P22? — v)his00) 


and |C+| = q4e8(8100)+des(g2(0)+deg(gs(x)) 


5 Idempotent generators of (1 — 2v’)-skew 
constacyclic codes over R 


The idempotent generators of skew cyclic codes over F, studied by Gursoy etal. [13] un- 
der some restrictions. Here we generalise these results for A-skew constacyclic codes 
over F, and the proofs are also similar. So, we are omitting the proof. 


Lemma 5.1. Let g(x) € Fq[x, 0¢]/(x" — A) be a monic right divisor of x" — A. If g.c.d. 
(n,m) = 1, then g(x) € Fp:[x]/(x" — A), where m; = m/t denotes the order of the 
automorphism 6}. 


Lemma 5.2. Let g(x) € Fg[x, 0;]/(x"-A) be amonic right divisor of x"-A and C = (g(x)). 
If g.c.d.(n, mz) = 1 and g.c.d.(n, q) = 1, then there exists an idempotent polynomial 
e(x) € Fq[x, O¢]/(x" — A) such that C = (e(x)). 


Now, we give the idempotent generators of (1 — 2v)-skew constacyclic codes over R 
as in the following theorem: 

Theorem 5.1. Let C = (1-v’)C, ® ba iv? +v)C2® boi? —v)C3 be a (1 — 2v2)-skew 
constacyclic code of length n over R and g.c.d.(n, mt) = 1, g.c.d.(n, q) = 1. Then C; 
has idempotent generator, say e;(x) for i= 1, 2, 3. Moreover 


Pp 


e(x) = (1 —v2)eq(x) + ; Pee laienirRe > Li? aes 


is an idempotent generator of C, that is, C = (e(x)). 


Proof. In the light of Theorem 4.3 and Lemma 5.2, the proof follows. 
Now, we close our discussion with the following examples: 


Example 1. Let R = Fo + VFo + v*Fo be the ring with v? = v and @ be the Frobenius 
automorphism over Fo, that is, @(r) = r3 for any r € Fo, where Fo = F3[a], a2 +1=0. 
Then 

xt —1 =(x*-1)(x + a)(x + 2a) € Fo[x, 6], 
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xt41=(24x4+x7)(2 + 2x +x7) € Fo[x, 6]. 


If 21(x) = x*-1, 99(X) = 93(X) = (2+x+x?), then Cy = (g1(x)) is askew cyclic code over 
Fy with parameters [4, 2,2] and Cz = (g2(x)), C3 = (g3(x)) are the skew negacyclic 
codes over Fy of length 4. Therefore, the code C = ((1 — v?)gi(x) + boy? + v)go(X) + 
Paty? — v)g3(Xx)) is a (1 — 2v2)-skew constacyclic code of length 4 over R. Further, the 
Gray image (C) of C is a skew cyclic code over F»5 of length 8. 


Example 2. Let R = Fo + vVFy + v*Fo be the ring with v? = v and 6 be the Frobenius 
automorphism over Fo, that is, 0(r) = r3 for any r € Fy, where Fo = F3[a], a*+a+2 =0. 
Then 
x®—-1=(24+(24+a)xt (1+ 2a)x? +x4)(1 + (2+ a)x + x7) 
=(2+x+(2+2a)x? +x7°)(1 4x + 2ax? +x), 


x9 4+1=(1+x*) € Fo[x, 6]. 


If g1(x) = 2+(2+a)x+(14+2a)x3+x4 and g2(x) = g3(x) = (1+x2)3, then C1 = (g1(x)) isa 
skew cyclic code of length 6 over Fo, Cz = (g2(x)), C3 = (g3(Xx)) are the skew negacyclic 
codes of length 6 over Fy. Thus the code 


pti pt 


=v? -¥)8300) 


C= (1 -v*)g(x) + (v* + v)go(x) + 


is a (1 — 2v)-skew constacyclic code of length 6 over R. Also, the Gray image (C) of C 
is a skew cyclic code over Fo of length 12. 


Example 3. Let R = Fo + vFo + v*Fo be the ring with v? = v and @ be the Frobenius 
automorphism over Fo, that is, 0(r) = r? for any r € Fo, where Fy = F3[a], a2 +1 =0. 
Then 

x? —1=(x+2)9, x° +1 = (x41)? € Fo[x, 6]. 


Let 91(X) = X + 2, 82(X) = g3(X) = x + 1. Then C, = (g1(x)) is a skew cyclic code of 
length 9 over Fo and C2 = (g2(x)), C3 = (g3(x)) are the skew negacyclic codes of length 
9 over Fy. Therefore, the code C = ((1—v*) g(x) + P+ (v? + v)go(x) + 2 (v? —v)g3(x)) 
is a (1 — 2v)-skew constacyclic code of length 9 over R. Also, the Gray image (C) of C 


is a skew cyclic code of length 18 over Fo. 


6 Conclusion 


In this paper, we have studied the structural properties of (1 — 2v)-skew constacyclic 
codes over the ring F, + vF, + v’F, by taking the automorphism 6;: a + vb + v2c > 
a?’ + vb?’ + v2cP'. We have proved that the Gray image of a (1 -— 2v2)-skew constacyclic 
code of length n over Fy + VF, +v*F, is a skew cyclic code of length 2n over F,. Further, 
we have obtained idempotent generators of (1 — 2v*)-skew constacyclic codes over 
Fq+VFq+v?Fq. 
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Thangaraj Asir and Thirugnanam Tamizh Chelvam 
Generalized total graphs of commutative rings: 
A survey 


Abstract: The study on graphs from commutative rings has become an active field of re- 
search for the past three decades. Most popular constructions are zero-divisor graphs 
and total graphs from commutative rings. Through these constructions, the interplay 
between algebraic structures and graphs are studied. Several generalizations of total 
graphs from commutative rings have been studied in the recent past. In this paper, we 
present a survey on generalized total graphs from commutative rings. 


Keywords: Commutative ring; total graph; generalized total graph; prime ideal. 


1 Introduction 


Algebraic combinatorics is an area of mathematics which employs methods of abstract 
algebra in various combinatorial contexts and vice versa. Associating a graph to an 
algebraic structure is a research subject in this area and has attracted considerable 
attention. Over the past several years, there has been considerable attention in the 
literature to associate graphs with commutative rings. There are so many ways to con- 
struct graphs from ring structures. Most popular constructions are zero- divisor graphs 
and total graphs from commutative rings. Through these constructions, the interplay 
between algebraic structures and graphs are studied. Indeed, it is worthwhile to relate 
algebraic properties of the commutative rings to the combinatorial properties of the as- 
signed graphs. Note that in the case of zero-divisor graphs, multiplication of the ring 
is used for adjacency(edges) in the graph. In variation to this, the addition of the ring 
is used to construct edges in the total graph. The remainder of this survey is devoted 
to this notion of total graphs. The total graph introduced by Anderson and Badawi [6]) 
has been investigated in [3, 5, 9, 14, 16, 18, 20]; and several variants of the total graph 
have been studied in [2, 7, 8, 11, 12, 21, 22, 23, 24, 25]. One can find a detailed survey 
on total graphs in [10, 17]. 

Through out this paper, R isa commutative ring with identity, Z(R) denotes the set 
of all zero-divisors in R, Z(R)* = Z(R) \ {0}, U(R) is the multiplicative group of units in 
Rand Reg(R) = R \ Z(R). The total graph of R, denoted by T(I(R)), is the undirected 
simple graph with all elements of R as vertices, and for two distinct x,y € R, the 
vertices x and y are adjacent if and only ifx + y € Z(R). Let Reg(I(R)) be the (induced) 
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subgraph of T(I'(R)) with vertices Reg(R), which is called regular graph of a ring and 
let Z(I'(R)) be the (induced) subgraph of T(I(R)) with vertices Z(R). Note that if A is 
a subring of a commutative ring B, then T(I'(A)) need not be an induced subgraph of 
T(I(B)). Although x, y € A are adjacent in T(I(B)) if they are adjacent in T(I(A)) since 
Z(A) ¢ Z(B), they may be adjacent in T(I(B)), but not adjacent in T(I(A)). In fact, 
T(I(A)) is an induced subgraph of T(I(B)) if and only if Z(B) nA = Z(A). 


2 Brief about total graphs 


In this section, we briefly mention about the total graph of commutative rings. The 
study of total graphs breaks naturally into two cases depending on whether or not 
Z(R) is an ideal of R. First, we sketch the case when Z(R) is an ideal of R (i.e., when 
Z(R) is closed under addition). Note that since Z(R) is a union of prime ideals of R, we 
always have xy € Z(R) for x,y ¢ R = x € Z(R) ory € Z(R). Soif Z(R) is an ideal 
of R, then Z(R) is actually a prime ideal of R, and hence tat is an integral domain. 
Moreover, if R is a finite commutative ring and Z(R) is an ideal of R, then R is local 
with Z(R) = Nil(R) its unique maximal ideal. Note that if Z(R) is an ideal of R, then 
Z(I(R)) isa complete subgraph of T(I(R)) and is disjoint from Reg(I(R)). Thus the sub- 
graph Reg(I(R)) was studied instead of T(I(R)). Recall that Reg(I(R)) is the induced 
subgraph of T(I'(R)) with vertices Reg(R). The following is the structure theorem for 


the total graph of commutative rings. 


Theorem 2.1 ([6, Theorem 2.2]). Let R be a commutative ring such that Z(R) is an ideal 
of R, and let |Z(R)| = a and I zis! = p. 

(1) If 2 € Z(R), then Reg(I(R)) is the union of B — 1 disjoint K},s; 

(2) If2 ¢ Z(R), then Reg(I(R)) is the union of a disjoint Kj 4S. 


Next we concentrate on the remaining case; that is Z(R) is not an ideal of R. Since Z(R) 
is always closed under multiplication by elements of R, this just means that there are 
distinct x, y € Z(R)* suchthat x+y € Reg(R). In this case, Z(I'(R)) is always connected 
(but never complete), Z([(R)) and Reg(I(R)) are never disjoint subgraphs of T(I(R)), 
and |Z(R)| = 3. It is shown that T(I(R)) is connected when Reg(I(R)) is connected. 
However, an ex was given to show that the converse fails. 


Theorem 2.2 ([6, Theorem 3.1]). Let R be a commutative ring such that Z(R) is not an 

ideal of R. 

(1) Z(I(R)) is connected with diam(Z(I(R))) = 2; 

(2) Some vertex of Z(I(R)) is adjacent to a vertex of Reg(I(R)). In particular, the sub- 
graphs Z(I(R)) and Reg(I(R)) of T(T(R)) are not disjoint; 

(3) If Reg(I(R)) is connected, then T(I(R)) is connected. 
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Q(x) Q(x) 
. Th show that Z(R) = x - —— 
On] en one can (R) = (Q[x]\Q IH”) Org 
x 
is not an ideal of R and Reg(R) = U(R) = a Wer Thus T(I(R)) is connected 
with diam(T(I(R))) = 2 (by Theorem 2.3 below) since R = ((X, 0), (X + 1,0)) with 
(X, 0), (X + 1,0) € Z(R). However, Reg(I(R)) is not connected since there is no path 
from (1, 0) to (2, 0) in Reg(I(R)). It is already observed that Z(I'(R)) is connected with 


diam(Z(I(R))) = 2. 


Example 1. Let R = Q[x](+) 


The next result determines when T(I(R)) is connected and diam(T(I(R))) is computed. 
In particular, T(I(R)) is connected if and only if diam(T(I(R))) < oo. 


Theorem 2.3 ([6, Theorems 3.3, 3.4]). Let R be a commutative ring such that Z(R) is 
not an ideal of R. Then T(I(R)) is connected if and only if 1 = Zz, + --- + Zn for some 
Z1,.++,2Zn € Z(R). Furthermore, suppose that T(I(R)) is connected and let n be the least 
integer such that 1 = 2, +---+2Zy forsome Z1,...,2Zn € Z(R). Then diam(T(I(R))) =n. 
In particular, if R is a finite commutative ring and Z(R) is not an ideal of R, then T(I(R)) 
is connected and diam(T(I(R))) = 2. 


The total graphs of polynomial rings and idealizations are studied by Pucanovi¢ et 
al. in [18]. Some graphical properties like Euler, Hamiltonian, coloring, connectivity 
and domination number of the total graph of a commutative ring are discussed by 
several authors. Eulerian and Hamiltonian nature of the total graphs are studied by 
Akbari et al. [5], Asir et al. [9] and Shekarriz et al. [20]. The chromatic number and 
the clique number of the total graph of a commutative ring are studied by Akbari et 
al.[4] and Aalipour et al. [1]. The clique number of complement of total graphs were 
studied by Maimaniet al. in [13]. The connectivity of the total graph of a commutative 
ring was studied by Akbari et al. [5] and Ramin et al.[19]. Shekarriz et al. [20] and 
Tamizh Chelvam et al. [21] have independently studied the domination number of the 
total graph of a commutative ring. In [8, 25], Asir and Tamizh Chelvam introduced the 
concept of intersection graph of dominating sets in total graphs and studied several of 
its properties. Further researchers concentrated on topological properties (like genus) 
of the total graph of a commutative ring. Miamani et al. [16] initiated the study on 
the genus of the total graph and they characterized all commutative rings whose total 
graph has genus either zero or one. Subsequently, Tamizh Chelvam et al. [24] provided 
some bounds for genus of the total graph and characterized all commutative rings 
whose total graph has genus two. 
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3 Generalized total graph of commutative ring 


In this section, we present generalizations of total graphs of commutative rings. There 
are three types of generalizations available and let us present the definitions of all the 
three generalizations. 


Definition 3.1. (1) Let I be a proper ideal of a commutative ring R, let S(I) be the set of 
all elements of R that are not prime to I; i.e., SI) = {a € R: ra € I forsomer € R\I}. 
The total graph of a commutative ring R with respect to proper ideal I, denoted by 
T(I;(R)), is the undirected graph with all elements of R as vertices, and for distinct 
x,y € R, the vertices x and y are adjacent if and only if x + y € S(1). In the case 
I = {0}, the graph T(I(R)) is the total graph of R. 

Let R be a commutative ring and S be a multiplicatively closed subset of R. Define a 
simple graph, denoted by I's(R), with all elements of R as vertices, and two distinct 
vertices x,y € R are adjacent if and only ifx +y € S. If we take S = Z(R), then 
I's(R) = T(I(R)). 

Let R be a commutative ring and H be anonempty proper subset of R such that R\ H 
is a saturated multiplicatively closed subset of R. The generalized total graph of R 
is the simple graph GT y(R) with all elements of R as the vertices, and two distinct 
vertices x and y are adjacent if and only if x + y ¢ H. When H = Z(R), we have that 
GTy(R) is the total graph of R. 


(2 


YS 


(3 


~ 


4 Ideal based generalized total graph 


In this section, we are interested in the generalized total graph T(I;(R)) of a commut- 
ative ring R with respect to proper ideal J. For an ideal J of R, S(I) = {a € R: ra € 
Iforsomer € R \ J}. Let S(7(R)) be the induced subgraph of T(I7(R)) with vertices 
S(D), and let S(I;(R)) be the induced subgraph T(I’;(R)) with vertices R \ S(J). 

Note that S(J) is not always closed under addition and so not necessarily an ideal 
of R. Since S(J) is a union of prime ideals of R containing I, whenever xy € S(J) for 
x,y € R, then x € S(J) ory € S(J). So, if S(J is an ideal of R, then it is actually a prime 
ideal of R; hence the study of T(I;(R)) breaks naturally into two cases depending on 
whether or not S(J) is an ideal of R. We first list out the relationship between T(I;(R)) 
and T(I'(*)). Itis easily to check that Z(#) = {a+I: a € S(D} and Reg(*) = {a+I: a ¢ 
S(D}. Thus Z(#) is an ideal of * if and only if S(J) is an ideal of R. 


Example 2. Let R = Zg, S = Z, x Z2 and I = {0,2,4, 6} a R, J = {0} x Z) 3S. It is 
easy to check that S(J) = I and S(/) = {(0, 0), (0, 1), (2, 0), (2, 1)}. Then T(I7;(R)) and 
T(I;(S)) are the union of 2 disjoint K,’s (see Figure 3.1). Now, T(I (8)) is a graph with 
two vertices but T(I( +)) is a graph with four vertices. 
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6 4 7 5 


Figure 3.1: T(I'2z,(Zs)) 


The theorem given below talks about the adjacency in T(I( 9) and T(I;(R)). 


Theorem 4.1 ([2, Theorem 2.3]). Let R be a commutative ring with the proper ideal I, 

and let x, y € R. Then 

(1) Ifx+Iand y + I are (distinct) adjacent vertices in T(I' (4), then x is adjacent to y 
in T7(R)); 

(2) If x and y are (distinct) adjacent vertices in T([;(R)) andx +I #y +I, thenx+Tis 
adjacent to y + in T(I(4)); 

(3) Ifx is adjacent to y in T([;(R)) and x +I =y +I, then 2x, 2y € S(I) and all distinct 
elements of x + I are adjacent in T(I;(R)). 


Corollary 4.1 ([2, Corollary 2.4]). Let R be a commutative ring with the proper ideal I. 
Then T(I;(R)) contains |I| disjoint subgraphs isomorphic to T(I' (8)). 


In view of the above corollary, there is a strong relationship between T(I' (4)) and 
T(I7(R)). 


Lemma 4.1 ([2, Lemma 2.8]). Let R be a commutative ring with the proper ideal I. Then 
gr(T7(R))) < gr(TU( Fy). If T(I(4)) contains a cycle, thenso does T(I’}(R)), and there- 
fore gr(T(I(R))) < gr(TU(#))) < 4. 


Now we list out the relationship between T(I’;(R)) and T(I( B)) with assumption that, 
S(D) be an ideal of R. If S(J) is an ideal of R, then, by definition, S(I’;(R)) is a complete 
subgraph T(I’;(R)) and is disjoint from S(I';(R)). 


Theorem 4.2 ([2, Theorem 3.3]). Let R be a commutative ring with the proper ideal I 
such that S(1) is an ideal of R. 

(1) Assume that I is an induced subgraph of S(I(R)) and let x and y be distinct vertices 
of I such that are connected by a pathinT. Then there exists a path in I of length 2 
between x and y. In particular, if S('(R)) is connected, then diam(S(I(R))) < 2; 

(2) Suppose x and y are distinct elements of S((R)) that are connected by a path. If 
x+y = 2 ¢ S(D (that is, if x and y are not adjacent), then x -(—x)-y and x-(-y)-y 
are paths of length 2 between x and y in S(I7{(R)). 


Theorem 4.3 ([2, Theorem 3.4]). Let R be a commutative ring with the proper ideal I 
such that S(I) is an ideal of R. Then the following statements are equivalent. 
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(1) S(7(R)) is connected; 

(2) Eitherx +y € S(I orx—y € S(D forallx,y € R\ S(D; 

(3) Either x+y € S(I) or x + 2y € S(D) (but not both) for all x, y € R \ S(J). In particular, 
either 2x € S(I) or 3x € S(J) forall x € R\ S(D. 


Theorem 4.4 ([2, Theorem 3.5]). Let R be a commutative ring with the proper ideal I 
such that S(I) is an ideal of R, and let |S(I)| = a and lsh! = B (we allow a and B to be 
infinite, then we have B — 1 = (B — 1)/2 = B). 

(1) If 2 € S(D, then S(I;(R)) is the union of B — 1 disjoint K!,s; 

(2) If 2 ¢ S(I), then S(I7(R)) is the union of (B — 1)/2 disjoint Kgs: 


Note that if SW) = {0}, then R is an integral domain, and 2 € S(J) if and only if 
char(R) = 2. 


Theorem 4.5 ((2, Theorem 3.9]). Let R be a commutative ring with the proper ideal I 

such that S(I) is an ideal of R. Then 

(1) S(Z;(R)) is complete if and only if a = Z), orR=Z3; 

(2) S(I‘(R)) is connected if and only if 5 = Z> or _ =Z3; 

(3) S(,(R)) (and hence T(I';(R)) and S(I;(R))) is totally disconnected if and only if 
I = {0} and R is an integral domain, with char(R) = 2. 


Next few results give explicit information about the diameter and the girth of sr, 7(R)). 


Theorem 4.6 ((2, Proposition 3.11]). Let R be a commutative ring with the proper ideal 
I such that S(D) is an ideal of R. Then diam(S(I(R))) € {0, 1, 2, co} and gr(S(I,(R))) € 
{3, 4, cof. 


Theorem 4.7 ([2, Theorem 3.12]). Let R be a commutative ring with the proper ideal I 
such that S(I) is an ideal of R. 

(1) diam(S(Ij(R))) = 0 if and only if R = Zo; 

(2) diam(S(I;(R))) = 1 if and only if either R/S(I) = Zz and |S(I)| => 2 or R = Zo; 

(3) diam(S(I;(R))) = 2 if and only if = Z3 and |S(D| > 2; 

(4) Otherwise, diam(S(I;(R))) = co. 


Theorem 4.8 ([2, Theorem 3.15]). Suppose that S(I) is an ideal of R. Then 
(1) (a) gr(S(I7(R))) = 3 if and only if 2 € S(D and |S(D| = 3; 

(b) gr(S((R))) = 4 if and only if 2 ¢ S(I) and |S(D| = 2; 

(c) Otherwise, gr(S(I'j(R))) = co. 
(2) (a) gr(TU71(R))) = 3 if and only if |S(D| = 3; 

(b) gr(T(I7(R))) = 4 if and only if 2 ¢ S(D) and |S(I)| = 2; 

(c) Otherwise, gr(T(7(R))) = 00. 


Now we list the results concerning the remaining case when S(J) is not an ideal of R. 
Since S(I) is always closed under product by elements of R; hence there are distinct 
x,y € S(I)* such that x + y € R \ S(D), so |S()| = 3; in this case, S(I’;(R)) and S(I(R)) 
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are never disjoint subgraphs. Also diam(T(I;(R))) was computed when T(I7(R)) is 
connected. 


Theorem 4.9 ([2, Theorem 4.1]). Suppose that S(I) is not an ideal of R. 

(1) S(7(R)) is connected with diam(S(I7(R))) = 2; 

(2) Some vertex of S(I'}(R)) is adjacent to a vertex of §(I'(S)); In particular, the sub- 
graphs S(I‘(R)) and S(I1(S)) are not disjoint. 

(3) If S(I1(S)) is connected, then T(I(S)) is connected. 


Lemma 4.2 ((2, Lemma 4.2]). Suppose that S(I) is not an ideal of R. Then T(I7(R)) is 
connected if and only if R = (a1,..., ax) for some a1,..., Ax € S(J). In particular, if 
R is a finite ring and I ¢ J(R), then T(I’;(R)) is connected where J(R) denotes Jacobson 
radical of R. 


Theorem 4.10 ([2, Theorem 4.3]). Suppose that S(I) is not an ideal of R and R = (S(D). 
Let n = 2 be the least integer such that R = (xX1,...,Xn) for some X1,...,Xn € S(D 
(that is, T(';(R)) is connected). Then diam(T(I;(R))) = n. In particular, if 8 is a finite 
ring and I ¢ J(R), then diam(T(I;(R))) = 2. 


Clearly, if R = (a1,..., ax) for some aj,..., ax € S(J), then R = (a, +I,..., ax +1) 
and hence diam(T(I(4))) < diam(T(I](R))). If k = 2 is the least integer such that 
R = (aj,..., Ax), then diam(T(I(4))) > diam(T(I(R))) - 1. 


Theorem 4.11 ([2, Theorem 4.5]). Suppose that S(I) is not an ideal of R. If T(I(R)) is 
connected, then 

(1) diam(T(I;(R))) = d(O, 1); 

(2) If diam(T(I7(R))) = n, then diam(S(I7(R))) > n- 2. 


Corollary 4.2 ([2, Corollary 4.6]). Let {Ralaca be a family of commutative rings with 
|A| = 2, and let R = [[ye, Ra. Suppose I = [J ye, Iq such that for every a € A, Iq isa 
proper ideal of Ry. Then T(I;(R)) is connected with diam(T(I;(R))) = 2. 


Theorem 4.12 ([2, Theorem 4.8]). Let S(I) does not anideal of R and S = R \ S(I). Then 
T(I's-11(S-1R)) is connected with diam(T(I's-1;(S-1R))) = 2. In particular, if * is a finite 
ring and I ¢ J(R), then diam(T(I's-1;(S"!R))) = 2. 


Theorem 4.13 ([2, Theorem 4.9]). Let I < R, and P, and P> be prime ideals of R, con- 
taining I. Suppose xy € I forsome x € P,\P2 andy € P2\P. Thendiam(T(I's-1;(Rs))) = 
2 where S = R\ P, UP). 


The following theorem gives the girth for S(I7(R)), S(I7(R)) and T(I(R)) when S(J) is 
not an ideal of R. 


Theorem 4.14 ([2, Theorem 4.10]). Let R be a commutative ring with the proper ideal I 

such that S(I) is not an ideal of R. Then 

(1) If] # 0, gr(S(;(R))) = 3. Otherwise gr(S(I7(R))) = 3 or co. Moreover, if gr(S(I';(R))) = 
oo, then R = Zz x Zp; so, S(I7(R)) is a Ki,2 star graph with center O. 
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(2) gr(T(I7(R))) = 3 if and only if gr(S(7(R))) = 3; 

(3) The (induced) subgraph of S(I'(R)) with vertices VI is complete; hence gr(S(I'(R))) = 
3 when |VI1| = 3; 

(4) Ifgr(T(P1(R))) = 4, then gr(S(I7(R))) = 005 

(5) If 2 € I, then gr(S(I7(R))) = 3 or cv; 

(6) If2 ¢ L, then gr(S(I(R))) = 3, 4 or oo. 


5 Generalized total graph from multiplicatively 
closed sets 


Next we present the second generalization of the total graph of a commutative ring. 
Let R be a commutative ring. A subset S of R which is closed under multiplication is 
called multiplicatively closed. In 2012, Z. Barati et al. [11] introduced the graph I's(R) 
associated to a commutative ring R and a multiplicatively closed subset S of R. The 
graph I's(R) is a simple graph with all elements of R as vertices, and two distinct ver- 
tices x and y of R are adjacent if and only if x + y € S. Since the subsets Z(R) and U(R) 
of R are multiplicatively closed, 's(R) is a natural generalization of the total graph 
and the unit graph of R. 

First we observe certain relationships of the associated graphs I's(R) with the total 
graph, unit graph, and some Cayley graphs. Recall that the unit graph of R, defined as 
the simple graph with all elements of R as vertices, and two distinct vertices x and y 
are adjacent if and only if x + y € U(R). Let H be a finite group with identity element 
e and let T be a subset of H such that e ¢ Tand T! = {x"!: x € T} ¢ T. Then 
the Cayley graph associated to H and T, denoted by Cay(H, T), isa simple graph with 
all elements of H as vertices, and two distinct vertices x and y of H are adjacent if 
and only if xy~1 ¢ T. In the following example we show that, for a positive integer n, 
Cay(Zan, {1, -1}) = Pa,-1) (Zan). 


Example 3. Let R = Zz, and S = {1, -1} ¢ R. Then S is a multiplicatively closed sub- 
set of R. Considering (Z2n, +) as a group, so we can define Cay(Z2n, {1, -1}). We show 
that two graphs I'4,-1;(Z2n) and Cay(Z2n, {1, -1}) are isomorphic. For, consider the 
map f : I'4,-1;(Z2n) > Cay(Zan, {1, -1}) given by f(x) = x, if x is even and f(x) = —x, 
otherwise. Clearly f is a bijection. Now, we show that f is a homomorphism. To achieve 
this, suppose that {x, y} is an edge in I'44,-1;(Z2n). So both x and y are neither even nor 
odd. Hence without loss of generality, we may assume that x is even and y is odd and 
that the sum of x and y are 1 or -1. Therefore x — (—y) is equal to 1 or -1. This means 
that f(x) and f(y) are adjacent in Cay(Z2n, {1, -1}). Conversely, if {x, y} is an edge in 
Cay(Z2n, {1, -1}), then x — y is equal to 1 or -1. Hence without loss of generality, we 
may assume that x is odd and y is even. Since f(—x) = x and f(y) = y, we have that —x-y 


Generalized total graphs of commutative rings: Asurvey —— 45 


is equal to 1 or —1, which implies that the corresponding vertices x and y are adjacent 
in I'1,-1}(Zoan). 


Now we present some basic properties of 's(R). Let us start with the degree of the 
vertices in ['s(R). 


Lemma 5.1 ([11, Lemma 1.3]). Suppose that S is an arbitrary multiplicatively closed sub- 

set of R. Then, in the graph I's(R), 

(1) foreachx ¢ Rwithx +x ¢ S, we have deg(x) = |S|, and 

(2) for each x € R with x +x € S, we have deg(x) = |S| — 1. In particular, if 2 € S, then 
deg(x) = |S|- 1 forallx € S. 


Next we present a characterization for the graph I's(R) with the assumption that S is 
an ideal of R. 


Theorem 5.1 ([11, Theorem 1.4]). Suppose that S is an ideal of R with |S| = a. Set A = 
{x+S:xeR\Sand 2x ¢ Stand B= {x+S:xeR\Sand 2x ¢ S}. Then I's(R) is the 
disjoint union of |A| + 1 times Kg and |B|/2 times Ka,a. 


As a consequence of Theorem 5.1, we have the following corollary which is an im- 
proved form of Theorem 2.1. 


Corollary 5.1 (11, Corollary 1.6]). Suppose that S is an ideal of R with |S| = a and 

R/S| = B. 

(1) If 2 € S, then I's(R) is the union of B disjoint K,’s; 

(2) If 2x € S for each x € R \ S, then I's(R) is the union of Kg with (B — 1)/2 disjoint 
Ka,a’s. 


Now, we see a necessary and sufficient condition for the connectedness of the graph 
I's(R) in the case that S = —S. Since Z(R) and U(R) fulfill this condition, the following 
theorem can be considered as an improved form of Theorem 2.3 and [15, Proposition 
3.2]. 


Theorem 5.2 ([11, Theorem 1.7]). Let S be a multiplicatively closed subset of R such that 
S = -S. Then Is(R) is connected if and only if (R, +) is generated by S. 


Note that S in Theorem 5.1 is not necessarily an ideal of R. For instance, if R = Zand 
S = {1, -1}, then 's(R) is connected. 


Corollary 5.2 ([11, Corollary 1.8]). For a proper ideal S of R, the graph I's(R) is discon- 
nected. 


In the case that both subsets S and S° = R\ S of R are multiplicatively closed, we have 
the following description for the graphs associated to them. In this case, it is worth- 
while to study the relationship between the associated graphs and the multiplicatively 
closed subsets S and S°. 
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Theorem 5.3 ([11, Theorem 1.9]). Suppose that S and S° = R\S are two multiplicatively 
closed subsets of R. Then the complement of I's(R) is isomorphic to I'sc(R). 


Since R is finite, it is the disjoint union of Z(R) and U(R). Thus, as a consequence of 
Theorem 5.2, we observe the relationship between the unit graph and the total graph 
of a finite ring. 


Corollary 5.3 ([11, Corollary 1.10]). The complement of the unit graph of a finite ring R 
is isomorphic to its total graph. 


Suppose that M is an R-module. As mentioned earlier, the idealization R(+)M of M 
over R is a commutative ring. If S is a multiplicatively closed subset of R, then it is 
easy to see that $ := S(+)M isa multiplicatively closed subset of R(+)M. The following 
theorem compares the diameter of the graph I's(R(+)M) with the diameter of I's(R). 


Theorem 5.4 ([11, Theorem 1.11]). For an R- module M, I';(R(+)M) is connected if and 
only if I's(R) is connected. More precisely, diam(I'3(R(+)M)) = diam(Is(R)). 


Next we consider the case that S is a saturated multiplicatively closed subset of R. A 
multiplicatively closed subset S of R is called saturated if xy € S implies that x « Sand 
y € S. Note that the set of all unit elements U(R) of R is a saturated multiplicatively 
closed subset of R. On the other hand, if Sis a saturated multiplicatively closed subset 
of R, then, for an arbitrary element sin S,1-s ¢ S. Hence 1 € S. Thus, foranyu € U(R), 
uu! = 1 € S, which implies that u €¢ S, and so U(R) ¢ S. This means that U(R) is the 
smallest saturated multiplicatively closed subset of R. Hereafter in this section, S is 
a saturated multiplicatively closed subset of R, and so our results about the graph 
Is(R) are natural generalizations of the corresponding results for the unit graph. The 
following results provide a characterization for the completeness of the graphs I's(R). 


Lemma 5.2 ([11, Proposition 2.1]). The graph I's(R) is complete if and only if S = R or 
char(R) = 2 and S = R \ {0}. 


Note that ifO € S, then S = R, and so, by Lemma 5.2, the graph I's(R) is complete. 
Hence in the rest of this section, we will assume that 0 ¢ S. 


Lemma 5.3 ((11, Lemma 2.3]). For an arbitrary saturated multiplicatively closed subset 
S of R, in the graph I's(R), the following statements hold: 

(1) Ifx ¢ R\S, then deg(x) = |S|; 

(2) If 2 ¢ S, then deg(x) = |S| forallx € R. 


Lemma 5.4 ([11, Lemma 2.4]). Let x and y be two elements of R. Then the following 
statements are equivalent: 

(1) x is adjacent to y in I's(R); 

(2) x + Lis adjacent to y + linTs(%); 

(3) Each element of x + I is adjacent to each element of y + IinI's(R); 

(4) There existx +iinx+Iandy+i' iny +I which are adjacent inIs(R). 
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Corollary 5.4 ((11, Corollary 2.5]). The graph I's(R) is connected if and only if T3(4) is 
connected. 


Theorem 5.5 ([11, Theorem 2.7]). The following statements hold: 

(1) gr(Ps(R)) < gr(3(4)); 

(2) diam(I's(#)) < diam(Is(R)); 

GB) If T3(4) is a complete graph, then diam(I's(R)) < 2; 

(4) If T5(4) is not a complete graph, then diam(T(#)) = diam(Is(R)). 


The following ex shows that we may have strict inequality in part (i) of Theorem 5.5. 
In our example, I’ (4) is acomplete graph, but ° 5(4) is not a complete graph by The- 
orem 5.5(3). 


Example 4 ([11, Example 2.8]). Let R = Z2[x] be the polynomial ring in an indetermin- 
ate x with coefficients in Z2, and set S := R \ (x). Hence I = (x), and so |2| = 2. Set 
Vi := fayxX+...4+ AnXn: n € Nanday,...,Qn € Zo} and V2 := {14+ byx+...4+ 
bmXm: m € Nand bi,..., bm € Zz}. Clearly the sum of two elements of V, (or V2) is 
in (x). This implies that the vertices in the same part are not adjacent. Moreover, for each 
two vertices f = a,X+...+@nx" € Vy andg =1+b,x+...+bmx™ € Vo, we have that 
f +g € S. This means that I's(R) is a complete bipartite graph, and so diam(Is(R)) = 2. 
On the other hand, r3(4) is a Kz, and so diam(Ts(#)) = 1. Hence the upper bound given 
in Theorem 5.5(iii) is sharp. 

Moreover, one can see that gr(T 5(4)) = coand gr(I's(R)) = 4. These facts show that 
the converse of Theorem 5.5(i) does not hold. Hence, in general, the equality in part (i) 
of Theorem 5.5 does not hold. 


Theorem 5.6 ([11, Theorem 2.12]). For an R-module M, we have the following state- 
ments. 

(1) If2 ¢S, then T'3(R(+)M) = yup Fs(R); 

(2) If2 € S, thenT’s(R(+)M) = Qype Us(R) © (Djs) Kimi). 

Proposition 5.1 ([11, Proposition 2.13]). Let S be a saturated multiplicatively closed 


subset of R with R \ S = U'_,P; such that Pa = 2 for some i. Then I's(R) is a bipartite 
graph. Furthermore, I'5(R) is a complete bipartite graph if and only if n = 1. 


The next theorem gives us the girth value of I's(R). 


Theorem 5.7 ([11, Theorem 2.15]). Let R be finite and S be a saturated multiplicatively 
closed subset of R. Then gr(I's(R)) € {3, 4, 6, oo}. 


The next theorem characterizes the rings R with a saturated multiplicatively closed set 
S such that the graph Gs(R) has infinite girth, or equivalently, I's(R) is a forest. 


Theorem 5.8 ((11, Theorem 2.17]). Let R be finite and S be a saturated multiplicatively 
closed subset of R. Then gr(['s(R)) = co if and only if one of the following statements 
holds: 
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(1) R= Zs; 
(2) R= Z2xZ2x...x Zz and |S| =1. 


By Theorem 5.8, one can obtain the following characterization for a ring R with satur- 
ated multiplicatively closed set S such that the graph I's(R) is forest. 


Corollary 5.5 ([11, Corollary 2.18]). Let R bea finite ring such that R # Z3. Also, suppose 
that S is a saturated multiplicatively closed subset of R. Then I's(R) is forest if and only 
if it is a complete matching. 


In some special cases, we will find a better upper bound for the girth of the graph 
Is(R). In the following theorem, we study the local case. 


Theorem 5.9 ([11, Theorem 2.19]). Suppose that (R, m) is a local ring and that R \ S = 
Ujeg Pi. Then 

(1) If |A| => 2, then gr(I's(R)) = 3 

(2) If |A| = 1, then gr(I's(R)) < 4. 


Lemma 5.5 ((11, Lemma 2.20]). Let (R, m) be a finite local ring and S be a saturated 
multiplicatively closed subset of R. Then S = U(R). 


Let R be a finite ring. We can write R = R, x R2 x... x Rx such that every R; is a finite 
local ring with maximal ideal m;. Now, let S be a saturated multiplicatively closed 
subset of R. It is not hard to see that S = S; x Sp x tx Sx, where, for1 <i<k, S; = 
{s; € Ri: (S1, 1, Si-1, Si, Sit, L, Sk) € S} is a saturated multiplicatively closed subset of 
R; or S; = Rj. 


Theorem 5.10 ([11, Proposition 2.21]). Let R = R,xR2x. ..xRx, where (Rj, m;) isa finite 
local ring such that a = Zp, and let S = S,xS2x...xS, bea saturated multiplicatively 
closed subset of R. Then diam(Is(R)) € {1, 2, oo}. 


Corollary 5.6. Let R = R; x R2 x... x Rx, where (Rj, mj) is a finite local ring such that 
x = Zp», and let S = S, x Spx... x Sx be asaturated multiplicatively closed subset of 
R. Then I's(R) is disconnected and only if there exist 1 < i # j < n such that S; = U(R;) 
and S; = U(R)). 


Theorem 5.11 ((11, Theorem 2.23]). Let R be a finite ring. For a saturated multiplicat- 
ively closed subset S of R, we have that diam(I's(R)) € {1, 2, 3, co}. 


As an immediate consequence of Theorem 5.11, we have the following characterization 
for disconnected graphs. 


Corollary 5.7. Let R = R, x...xRy, bea finite ring and S be a saturated multiplicatively 
closed subset of R. Then I's(R) is disconnected if and only if there exist i + j where R; 
and Rj have Zz as a quotient and S; = U(R;) and S; = U(R)). 
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6 Generalized total graph from multiplicative 
prime sets 


Let R be acommutative ring with nonzero identity. A subset H of R to be a multiplicat- 
ive-prime subset of R if the following two conditions hold: (i) ab € H for every a « H 
and b ¢ R; (ii) if ab ¢ H fora, b € R, then either a ¢ H or b € H. For example, H is 
multiplicative-prime subset of R if H is a prime ideal of R, H is a union of prime ideals 
of R, H = Z(R), or H = R \ U(R). In fact, it is easily seen that H is a multiplicative- 
prime subset of R if and only if R \ H is asaturated multiplicatively closed subset of R. 
Thus H is a multiplicative-prime subset of R if and only if H is a union of prime ideals 
of R. Note that if H is a multiplicative-prime subset of R, then Nil(R) ¢ H ¢ R \ U(R); 
and if H is also an ideal of R, then H is necessarily a prime ideal of R. In particular, if 
R=Z(R) UU(R) (e.g., R is finite), then Nil(R) ¢ H ¢ Z(R). 

Let H be a multiplicative-prime subset of a commutative ring R. The generalized 
total graph of R, denoted by GTy(R), as the (simple) graph with all elements of R as 
vertices, and for distinct x, y € R, the vertices x and y are adjacent ifand only ifx+y € 
H. For A ¢ R, let GTy(A) be the induced subgraph of GTy(R) with all elements of 
A as the vertices. For example, GTy(R \ H) is the induced subgraph of GTy(R) with 
vertices R \ H. When H = Z(R), we have that GTy(R) is the so-called total graph. As 
to be expected, GTy(R) and T(I(R)) share many properties; However, the concept of 
generalized total graph, unlike the earlier concept of total graph, allows us to study 
graphs of integral domains. 

Let H be a multiplicative-prime subset of a commutative ring R. Since H is a union 
of prime ideals of R, the study of GTy(R) breaks naturally into two cases depending 
on whether or not H is an (prime) ideal of R. First we handle the case when H is an 
ideal of R. 

The next theorem gives a complete description of GTy(R) in case of H is an ideal 
of R. It also shows that non-isomorphic rings may have isomorphic graphs. We allow 
a and f to be infinite cardinals; if 6 is infinite, then 6 - 1 = (6 - 1)/2 =f. 


Theorem 6.1 ([7, Theorem 2.2]). Let H be a prime ideal of a commutative ring R, and let 
|H| = a and |#| = B. 

(1) If 2 € H, then GTx(R \ H) is the union of B — 1 disjoint K}s; 

(2) If2 ¢ H, then GTy(R \ H) is the union of (B — 1)/2 disjoint Kj, 4S. 


From the above theorem, one can easily deduce when GTy(R \ H) is complete or con- 
nected, and one can explicitly compute its diameter and girth. First result of this kind 
determine when GTy(R \ H) is either complete or connected. 


Theorem 6.2 ((7, Theorem 2.3]). Let H be a prime ideal of a commutative ring R. 
(1) GTy(R \ H) is complete if and only if either zg = Z, or R= Z3; 
(2) GTy(R \ H) is connected if and only if either Zz = Zor Zz = Z3; 
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(3) GTx(R \ H) (and hence GTy(H) and GTy(R)) is totally disconnected if and only if 
H = {0} (thus R is an integral domain) and char(R) = 2. 


Next result compute both the diameter and girth of GTy(R\ H) when H isa prime ideal 
of R. 


Theorem 6.3 ([7, Theorem 2.4]). Let H be a prime ideal of a commutative ring R. 

(1) diam(GTy(R\H)) = 0, 1, 2, or oo. Inparticular, diam(GT y(R\H)) < 2 if GTy(R\H) 
is connected;. 

(2) gr(GTy(R\H)) = 3, 4, or oo. In particular, gr(GTq(R\H)) < 4if GTy(R\H) contains 
a cycle. 


The next theorem gives a more explicit description of the diameter and girth of GTy(R\ 
H) when H is a prime ideal of R. 


Theorem 6.4 ((7, Theorem 2.5]). Let H be a prime ideal of a commutative ring R. 
(1) (a) diam(GTy(R \ H)) = Oif and only if R = Zp; 
(b) diam(GTy(R\H)) = 1 ifand only if either R/H = Z2 and R # Z; (i.e., R/H = Z> 
and |H| > 2), or R = Z3; 
(c) diam(GTy(R \ H)) = 2 if and only if R/H = Z3 and R # Z; (i.e., R/H = Z3 and 
|H| = 2). 
(a) Otherwise, diam(GTy(R \ H)) = oo. 
(2) (a) gr(GTy(R \ H)) = 3 if and only if 2 « H and |H| = 3. 
(b) gr(GTy(R \ H)) = 4 if and only if 2 ¢ H and |H| = 2; 
(c) Otherwise, gr(GTy(R \ H)) = oo. 
(3) (a) gr(GTy(R)) = 3 if and only if |H| = 3; 
(b) gr(GTy(R)) = 4 if and only if 2 ¢ H and |H| = 2; 
(c) Otherwise, gr(GTyq(R)) = oo. 


The following examples illustrate the previous theorem. 


Example 5 ([7, Example 2.6]). (a) Let R = Zand H bea prime ideal of R. Then GT y(R\ 
H) is complete if and only if H = 2Z, and GTy(R \ H) is connected if and only if either 
H = 2Z orH = 3Z. Moreover, diam(GTy(R \ H)) = 1 if and only if H = 2Z, and 
diam(GTx(R \ H)) = 2 if and only if H = 3Z. Let p > 5 bea prime integer and H = pZ. 
Then GTy(R \ H) is the the union of (p — 1)/2 disjoint Kw ,w’s; so diam(GTH(R \ H)) = oo. 
Finally, diam(GTx(R \ H)) = co when H = {0}. 

Also, gr(GTy(R \ H)) = ooif H = {0}, gr(GTy(R \ H)) = 3 if H = 2Z, and gr(GTy(R\ 
H)) = 4 otherwise. Moreover, gr(GT,o})(R)) = co and gr(GTy(R)) = 3 for any nonzero 
prime ideal H of R. 

(b) Let R = ZpmxR1x-+-xRn, where m > 2 is aninteger, p is a positive prime integer, 
and R1,..., Ry are commutative rings. Then H = pZypm x Ry x--+ x Rn is a prime ideal 
of R. The graph GT y(R \ H) is complete if and only if p = 2, and GTy(R \ H) is connected 
if and only if p = 2 or p = 3. Moreover, diam(GTy(R \ H)) = 1 if and only if p = 2, and 
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diam(GTy(R \ H)) = 2 if and only if p = 3. Assume that p > 5. Then GTy(R \ H) is the 
union of (p — 1)/2 disjoint Kq,q’s, where a = m|Ri|---|Rn|; so diam(GTx(R \ H)) = oo. 

Also, gr(GTy(R \ H)) = 3 if p = 2 and gr(GTy(R \ H)) = 4 otherwise. Moreover, 
gr(GTy(R)) = 3 for any prime p. 


We have already observed in Theorem 6.1 that GT(H) is always connected and GT(R) 
is never connected when H is an ideal of R. The next theorem gives several new criteria 
for when GTy(R \ H) is connected. 


Theorem 6.5 ([7, Theorem 2.8]). Let H be a prime ideal of a commutative ring R. Then 

the following statements are equivalent. 

(1) GTx(R \ H) is connected; 

(2) Eitherx + y € Horx-—y € H forevery x,y € R \ H; 

(3) Either x +y € H orx + 2y € H forevery x, y € R \ H. In particular, either 2x € H or 
3x € H (but not both) for every x <« R \ H; 

(4) Either £ = Z, or & = Zs. 


Now we consider the case when the multiplicative-prime subset H is not an ideal of R. 
Since H is always closed under multiplication by elements of R, this just means that 
O € Hand there are distinct x, y ¢ H* such that x+y € R \ H. In this case, GTy(H) 
is always connected (but never complete), GTy(H) and GTy(R \ H) are never disjoint 
subgraphs of GTy(R), and |H| > 3. 


Theorem 6.6 ([7, Theorem 3.1(3)]). Let R be a commutative ring and H be a multiplicat- 
ive-prime subset of R that is not an ideal of R. If GT 7(R \ H) is connected, then GT 4(R) 
is connected. 


Next, we determine when GTy(R) is connected and compute diam(GTy(R)). In par- 
ticular, GTq(R) is connected if and only if diam(GTy(R)) < oo. 


Theorem 6.7 ([7, Theorem 3.2, Theorem 3.4]). Let R be a commutative ring and H a 
multiplicative-prime subset of R that is not an ideal of R. Then GT(R) is connected if 
and only if 1 = 2, +---+Zn, forsome Z1,..., Zn € H. Inparticular, if His not anideal of R 
and either dim(R) = 0 (e.g., R is finite) or R is an integral domain with dim(R) = 1, then 
GTx(R) is connected. Furthermore, suppose that Gy(R) is connected. Let n = 2 be the 
least integer such that 1 = 2, +---+Zy forsome Z1,...,2Zn € H. Then diam(GTy(R)) =n. 
In particular, if H is not an ideal of R and either dim(R) = 0 (e.g., R is finite) or R is an 
integral domain with dim(R) = 1, then diam(GTy(R)) = 2. 


Theorem 6.8 ((7, Corollary 3.5]). Let R be a commutative ring and H a multiplicative- 
prime subset of R that is not an ideal of R such that GT q(R) is connected. 

(1) diam(GTy(R)) = d(0, 1); 

(2) If diam(GTy(R)) =n, then diam(GTy(R \ H)) > n- 2. 
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The following is an example of a ring R such that GTy(R) is connected, but GTy(R\ H) 
is not connected. 


Example 6. (a) Let R = Q[X]. Then H = Q[X] \ Q* is a multiplicative-prime subset of R 
that is not an ideal of R. Thus GTy(H) is connected with diam(GTy(H)) = 2. Moreover, 
GTy(R) is connected with diam(GTy(R)) = 2 (by Theorem 6.6) since R = (X,X + 1) 
with X, (X + 1) € H. However, GTy(R \ H) is not connected since there is no path from 1 
to2in GTy(R \ H). Thus the converse of Theorem 6.6 need not hold. 

(b) Let R = Z. Then H = Z\ U(Z) is a multiplicative-prime subset of R that is not an 
ideal of R. Since GTy(R \ H) is clearly connected, GT y(R) is connected by Theorem 6.6. 


Theorem 6.9 ((7, Theorem 3.9]). Let R be a commutative ring and H be a multiplicative- 
prime subset of R that contains two co-maximal ideals of R. Then GT q(R) is connected 
with diam(GTy(R)) = 2. 


The following is an example of a commutative ring R with a multiplicative-prime sub- 
set H such that neither GTy(R\H) nor GTy(R) is connected, but GTy, (Rs) is connected 
for some multiplicatively closed subset S of R with S # R \ H. 


Example 7. Let R = Z[X], H = XZ[X] U 3Z[X], and S = {1, (X + 3), (X + 3)?, (X + 
3)?,...} ¢ R\H. Then H is a multiplicative-prime subset of R that is not an ideal of R and 
(H) = (3, X) ¢ R. Thus GTy(R) is not connected by Theorem 6.7, and hence GTy(R \ H) 
is not connected by Theorem 6.6. Since XZ[X]s, 3Z[X]s are co-maximal ideals of Rs 
and XZ[X]5, 3Z[X]s ¢ Hs, the graph GTy,(Rs) is connected with diam(GTy,(Rs)) = 2 
by Theorem 6.8. 


We next investigate the girth of GTy(H), GTy(R \ H), and GTy(R) when H is not an 
ideal of R. Recall that |H| > 3 if H is not an ideal of R. 


Theorem 6.10 ([7, Theorem 3.14]). Let R be a commutative ring and H a multiplicative- 

prime subset of R that is not an ideal of R. 

(1) Either gr(GTy(H)) = 3 or gr(GTy(H)) = oo. Moreover, if gr(GTy(H)) = 00, then 
R = Z) x Zz and H = Z(R); so GTx(H) is a K,,2 star graph with center 0; 

(2) gr(GTx(R)) = 3 if and only if gr(GTy(H)) = 3; 

(3) gr(GTp(R)) = 4 if and only if gr(GTy(H)) = ©0 (if and only if R = Z2 x Zp); 

(4) If char(R) = 2, then gr(GTy(R \ H)) = 3 or oo. In particular, gr(GTy(R \ H)) = 3 if 
char(R) = 2 and GTy(R \ H) contains a cycle; 

(5) gr(GTy(R\H)) = 3, 4, or oo. Inparticular, gr(GTy(R\H)) < 4if GTq(R\H) contains 
a cycle. 
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Boua Abdelkarim, Chillali Abdelhakim, and Zeriouh Mostafa 
Differential conditions for which near-rings 
are commutative rings 


Abstract: In the present paper, we study the commutativity of near-rings satisfying 
certain algebraic identities involving two sided a-n-derivations on semigroup ideals. 


Keywords: 3-prime near-rings; two sided a-n-derivation; derivations; commutativity. 


1 Introduction 


In this paper, N will denote a zero symmetric left near-ring with multiplicative center 
Z(N). As usual for all x, y € N, the symbol [x, y] stands for Lie product (commutator) 
xy — yx. N is said to be 2-torsion free, if whenever 2x = O implies x = 0. A near-ring 
N is called zero symmetric if Ox = 0 for all x € N (recall that the left distributivity 
yields that xO = O for all x € N). Recall that N is 3-prime, that is, for all x,y € N, 
xNy = {0} implies x = 0 or y = 0. Anon empty subset U of N is said to be a semigroup 
left (resp. right) ideal of N if NU ¢ U (resp. UN ¢ U) and if U is both a semigroup 
left ideal and a semigroup right ideal, it is called a semigroup ideal of NV. An additive 
mapping d: N — Nis said to be a derivation on N if d(xy) = xd(y) + d(x)y for all 
x,y € Nor equivalently, as noted in [7], that d(xy) = d(x)y+xd(y) for all x, y « N. Dur- 
ing the last years, the study of the commutativity of prime rings or 3-prime near-rings 
has been an active area of research. In this direction, in [5] H. E. Bell and G. Mason 
initialized this study using the notion of derivation defined in a prime ring. Let a be 
a map from N to N, an additive mapping d: N — N is called an (a, 1)-derivation if 
d(xy) = d(x)a(y) + xd(y) for all x,y € N. An additive mapping d: N — N is called 
an (1, a)-derivation if d(xy) = d(x)y + a(x)d(y) for all x, y € N. Furthermore, an addit- 
ive mapping d: N — Nis called a two-sided a-derivation if d is an (a, 1)-derivation 
as well as (1, a)-derivation. Moreover, if d commutes with a, then d is called a semi- 
derivation (see [6]). Clearly every semiderivation is a two-sided a-derivation, but the 
converse is not true. In case a = 1, a two-sided a-derivation is just a derivation. But an 
example due to [1] proved that, we can find a two-sided a-derivation that is not a deriv- 
ation. Hence, it should be interesting to study the commutativity ofa near ring N admit- 
ting some differential conditions. Here we initiate the concepts of (a, 1)-n-derivation, 
(1, a)-n-derivation and a-n-derivation as follows: 
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Definition 1.1. Let N be a near-ring and let n be a fixed positive integer. An n-additive 
(i.e. additive in each argument) mapping D: Nx N.x-:-x N—N 


n-times 
is called (a, 1)-n-derivation if 


D(X1Y15 X25 X35 +665 Xn) = D(X1, X2, X35. +5 Xn)a(V1) + X1D(1, X2, X35 «+ + Xn) 
D(x1, X22, X35 +665 Xn) = D(X1, X2, X35. +5 Xn) (V2) + X2D(X1, V2, X35 +++ Xn) 


D(xX1, X25 X35 +665 XnYn) = D(X1, X25 X3,~--+5Xn)AVn) + XnD(X1, X25, X35+++5Vn) 
hold for all x;, yi € Nandie {1,2,..., n}. 


Similarly we can define a (1, a)-n-derivation and a two sided a-n-derivation. 


2 Some preliminaries 


We begin with the following lemmas which are very interesting for developing the 
proofs of our main results. 


Lemma 2.1 ([5], Lemma 1.1). Let N be a 3-prime near-ring. 
(i) Ifz € Z(N) — {O} and xz € Z(N), then x € Z(N). 

(ii) If N ¢ Z(N), then N is a commutative ring. 

(iii) If N admits a nonzero derivation d, then 


(xd(y) + d(x)y)z = xd(y)z + d(x)yz for all x,y,z EN. 


(iv) If z € Z(N) — {0}, then z is not a zero divisor. Moreover, if z+z € Z(N), then (N, +) 
is an abelian group. 


Lemma 2.2 ([5], Lemma 3 (iv)). Let N be a 2-torsion free 3-prime near-ring. If N admits 
a derivation d such that d? = 0, then d = 0. 


Lemma 2.3. Let N be a 3-prime near-ring, D a (a, 1)-n-derivation associated with a map 
aand nis a positive integer. Then N satisfies the partial distributive law: 


(Dix, X2,.+-,Xn)a(y) +xD(y, X2,..-,5 Xn) )a(z) = D(x, X2,..., Xn) a(yZ) 
+ xD(Z, X2,...,Xn)a(Z) 
forall x, y,z,x; € N,i€ {2,...,n}. 
Proof. By definition of D, we have 
D(xyZ, X2,..-,Xn) = D(Xy, X2,..., Xn) a(zZ) + XyD(zZ, X2,...5Xn) 
= (Dix, X2,--+,Xn)aly) + xD(y, X2,...,5 Xn) )a(z)+ 


xyD(Z, X2,..-+5Xn) 
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On the other hand, 


D(xyZ, X2,..-,Xn) = D(X, X2,...,Xn)a(yZ) + XD(yZ, X2,..-5 Xn) 
= D(X, X2,...,Xn)a(yZ) + XD(y, X2,..-., Xn)a(z)+ 


xyD(zZ, X2,..+5Xn) 
Combining the above two equalities, we obtain that 


(Dix, X2,.+-,Xn)a(y) +xD(y, X2,..-,5 Xn) )a(z) = D(X, X2,..., Xn)a(yZ) 


+ xD(y, X2,...+,Xn)acz). 


Lemma 2.4 ([3, Lemma 1.3 (i) & Lemma 1.4 (i)]). Let N be a 3-prime near-ring and U a 
nonzero semigroup ideal of N. 

(i) If Ux = {0}, then x = 0. 

(ii) If x, y € Nand xUy = {0}, then x = Oory = 0. 


Lemma 2.5 ([4, Theorem 2.9]). Let N be a 3-prime near-ring. If U is a nonzero semi- 
group ideal of N, then the following assertions are equivalent: 

@ [x,y] € Z(N) for allx, y € U. 

(ii) Nis a commutative ring. 


Lemma 2.6. Let N be a 3-prime near-ring, U;, U2, ..., Un nonzero semigroup ideals of 
N where n is a positive integer. If N admits a nonzero (a, 1)-n-derivation D, then 

@ D(U;, U2, eeey Un) ¢ {O}. 

(ii) Ifx ¢ Nand xD(U,, U2, ..., Un) = {0}, then x = 0. 


Proof. (i) Suppose that D(u,,u2,...,Un) = O for all u; € Uj. Replacing u, by 
Uir; where r; € N, we get O = D(uyM,U2,...,Un) = Duy, U2,...,Un)a() + 
U,D(r1, U2,..., Un) forall u; € Uj, 71 € N which implies that u,D(r1, u2,...,Un) =O 
for all u; € Uj,r, € N, so uyND(1, U2, ...,Un) = {0} for all uj; ¢ Uj, € N. Since 
U, # {0}, then by the 3-primeness of N, we obtain D(r,,u2,...,Un) = O for all 
u; € Uj,r, € N,i € {2,...,n}. Now proceeding inductively in a similar manner as 
above, it is obvious to see that D(r,,1r2,...,%m) = O for all 4, 1,..,1% € N. Hence, 
D = 0; acontradiction. 

(ii) Assume that xD(uj,U2,...,Un) = O for all u; ¢€ Uj; andi ¢ {1,...,n}. Put- 
ting s,u, in place of u,, where s; € U;, and using the definition of D, we arrive at 
xS,D(uy, U2,...,Un) = O for all u; € Uj, sy € U; andi € {1,...,n}. The above equa- 
tion can be rewritten as xU;,D(uj, u2,..., Un) = {0} for all uj ¢ Uj andi {1,..., n}. 
By Lemma 2.4 (ii), we conclude that x = 0. 


Lemma 2.7. Let N be a 3-prime near-ring and U,, U2,..., Un be nonzero semigroup 
ideals of N where n is a positive integer. If N admits a (1, a)-n-derivation D associated 
with a map a, then 


D(x, X2,..+5Xn)y + A(X) DY, X25... +5 Xn) = A(X)D(y, X2,-- +5 Xn) + D(X, X2,..-5Xn)y 
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forall x, y € Uy, x; € Uj, i € {2,..., nh. 
Proof. By definition of D, we have 
D(X(V + Y), X25 +++5Xn) = D(X, X2,---5Xn)\(V¥ + y) + aA(X)DYY + y, X2,--+5Xn) 


= D(x, X2,...,Xn)y + D(X, X2,.--,Xn)y 


+ a(x)D(y, X2,.--,Xn) + a(X)D(y, X2,..-5Xn)- 


for all x, y € Uy, x; € Uj, i € {2,..., n}. 
By another way, we have 
D(x(y + Y), X25-++5Xn) = Dixy + Xy, X2,.--5Xn) 
= D(xy, X2,...,Xn) + D(Xy, X2,..-5Xn) 
= D(x, X2,...,Xn)y+ a(xX)D(y, X2,..-5 Xn) 
+ D(X, X2,.-.,Xn)y + a(X)D(y, X2,.--5Xn)- 


By comparing the last expressions, we conclude that 


D(x, X2,..+5Xn)y + A(x)D(y, X2,..+5Xn) = a(x)D(y, X2,.--5Xn) + D(X, X2,-.-5 Xn) 


for all x, y € Uy, x; € Uj, i € {2,..., nh. 


In the year 1994 it was proved by Wang [7, Lemma 2] that if near-ring NV admits a de- 
rivation d then d(Z(N)) ¢ Z(N). This result was extended for 3-prime near-rings with 
n-derivations in [2, Lemma 2.6] by M. Ashraf, M. Aslam Siddeeque and N. Parveen. In- 
spired by this result, we have generalized this result by using the notion of two sided 
a-n-derivation in 3-prime near-ring N. More precisely, we have the following result: 


Lemma 2.8. Let N be a 3-prime near-ring and U2,..., Un be nonzero semigroup ideals 
of N where n € IN* — {1}. If N admits a two sided a-n-derivation associated with a map 
a from N to N such that a(Z(N)) ¢ Z(N), then D(Z(N) x U2 x ++» x Un) © Z(N). 


Proof. Let z € Z(N), we have D(zr,u2,...,Un) = D(rz,u2,...,Un) for all r € N, 
u; € U; andi e¢ {2,...,n}. By definition of D and Lemma 2.7, we obtain 


a(z)D(r, U2,...,Un) + D(Z, U2, ..., Un)r = Dr, U2, ..., Un)a(Z) + rD(Z, U2, ..., Un) - 


Since a(Z(N)) ¢ Z(N), the last equation gives us D(z, u2,...,Un)r = rD(Z, U2,..., Un) 
for alluz,...,Un € Ujfori=2,...,n.ie.; D(Z(N) x Up x +--+ x Un) € Z(N). 


3 Main Results 


Theorem 3.1. Let N be a 3-prime near-ring and U,, U2,..., Un nonzero semigroup ideals 
of N where n is a positive integer. If N admits a nonzero two sided a-n-derivation D such 
that D(U; x U2 x--- x Un) € Z(N), where a is a map of N, then N is a commutative ring. 


Differential conditions for which near-rings are commutative rings —— 59 


Proof. By hypothesis, we have 
D(uy, U2,..., Un) € Z(N) for all uj; € Uj,i € {1,2,...,n}. (1) 
Replacing u; by vju, where v; € N in (1) and using Lemma 2.3, we arrive at 


D(v1, U2,.--+5Un)Q(U4Z) + V1D(Uy, U2, ..., Un)a(Z) = A(Z)D(V1, U2, ... , Un)a(uy)+ 


Q(z)v, Duy, U2,...,Un) (2) 


for all v1, z € N, u; € Uj, i € {1,..., n}. Replacing v; by a(z) in (2), we obtain for all 
ZEN, u; € Uj,i€ {1,..., n} 


D(a(Z), U2,..., Un)a(U,Z) = a(zZ)D(a(Z), U2,...,Un)a(Uy). GB) 
Then (3) can be rewritten as 


D(a(z),u2,..., Un)(aQurz) - a(z)a(u:)) = 0 forall z € N, uj € Uj,i¢€ {1,...,n}. 


(4) 
Which means that 


(a(urz)-a(z)a(ur) )ND(atz), U2,.--,Un) = {0} forall ze N,u; € Uj, ie {1,..., nh. 


(5) 
In light of the 3-primeness of N, (5) implies that 


D(a(z), U2,..., Un) = O or a(uyZ) = a(z)a(u) (6) 


for all z € N, u; € Uj, i € {1,..., n}. 
If there exists an element z; of NN such that D(a(z1), U2,...,Un) = O for all u; € U, 
ie {1,..., n}, then (2) gives us for all z € N, uj € Uj,i€ {1,..., n} 


a(Z1)D(U1, U2,..., Un)a(Z) = a(z)a(zZ1)D(u1, U2, ..., Un) (7) 
this further implies that 
[a(z), a(z1)|IND(u1, U2,..., Un) = {0} for all ze N,u; € Uj,ie {1,...,n}. (8) 


By the 3-primeness of ‘NN, we obtain a(z)a(z1) = a(Z1)a(z) for all z € N. In this case, 
replacing v; by a(v;) and z by 2 in (2), we arrive at 


(aturz1) - a(z1)a(us) )ND(a(v1), U2,...,Un) = {O}. (9) 


for all v; € N, u; € Uj, i € {1,..., n}. 

Using the 3-primeness of NN, we find that 

D(a(v1), U2,...,Un) = 0 or a(U42Z1) = a(Z1)a(Uy) for all v1 € N, u; € Uj. 
In this case, (6) becomes 


D(a(v1), U2,...,Un) =O or a(uy,Z) = a(z)a(u,) for all z, v1 € N, uj € U; (10) 
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(i) Suppose that D(a(v1),U2,...,Un) = O forall v; € N, u; € U;. Replacing u, by 
a(v;)u, in (1) and using the definition of D, we get 


a(v;)D(uy4, U2,...,Un) € Z(N) forall v1 € N, uj € Uj. (11) 


According to Lemma 2.6 (i), (11) implies that a(v;) € Z(N) for all v1 € N. 

(ii) If a(uyz) = a(z)a(uz) for all uy € Uj, z ¢ N. Using (2) and Lemma 2.6 (i), we can 
easily show that a(z) € Z(N) for all z € N. Therefore, according to two previous cases 
we atrive at a(z) € Z(N) for all z € N. Since D is a (a, 1)-n-derivation, then for all 
u; € Uj, v1 € Uy, i€ {1,..., n}, we have 


D(uy, U2, ..-, Un)a(V1) + U1 D(V4, U2, ..., Un) € Z(N). (12) 
Since a(v1) € Z(N) and D(uy, u2,..., Un) € Z(N), then (12) yields 


[v1, rIND(uy, U2,...,Un) = {0} for all r ¢ N, uj; € Uj, v1 € Uy,i€ {1,2,...,n}. 
(13) 


Since N is 3-prime and D # 0, then Nis a commutative ring. 


Theorem 3.2. Let N be a 2-torsion free 3-prime near-ring and U, U,, U2,..., Un nonzero 
semigroup ideals of N where n is a positive integer. If N admits a nonzero derivation d 
and a nonzero two sided a-n-derivation D associated with a map a such that d(U)D( U,x 
Uy x-+++ x Uy) = D(U, x U2 x +++ x Uy) d(U), then N is a commutative ring. 


Proof. we are assuming that 
d(u)D(u1, U2,.-.,Un) = D(ui, U2,..., Un)d(u) (14) 


for all u ¢ U, uj; € Uj,i € {1,..., n}. 
Replacing u by uv where u € N in (14) and using Lemma 2.1 (iii), we obtain 


d(u)vD(uy, U2,...,Un) + Ud(v)D(uy, U2,..., Un) = Duy, U2, ..., Un)d(u)v 


+ D(uy,,U2,...,Un)ud(v) . 
Substituting d(u) for u where u € U, we get 
d*(u)vD(u1, U2,...,Un) = d*(u)D(u, U2,..., Un)V (15) 


for all u,v € U, u; € Uj,ie€ {1,..., n}. 
Putting v¢ in place of v where t € N in (15) and using it again, we arrive at 


d*(u)v[t, D(u1, uz, ..., Un)] = O for all v € U, uj € Uj, u, te Nie {1,...,n}. 
This equation can be rewritten as 


d*(u)U[t, D(uy, u2,...,Un)] = {0} forall u,t € N, uj € Uj,ie {1,...,n}. 
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By Lemma 2.4 (ii), the latter relation implies 
d*(u) =O or [t, D(uy, u2,..., Un)] = O forall u,t € N, uj; € Uj,i€ {1,...,n}. 


Since d # 0, then by Lemma 2.2 the first condition can’t occur; in this case, we arrive at 
D(U, x U2 x-++ x Un) € Z(N) and by application of Theorem 3.1, we obtain the desired 
conclusion. 


Theorem 3.3. Let N be a 3-prime near-ring and U;, U2,..., Un, nonzero semigroup ideals 
of N where n is a positive integer. If N admits a nonzero two sided a-n-derivation D 
associated with a map a such that a(Z(N)) ¢ Z(N) and D([x, y], X2,..-+,Xn) = 0 forall 
x,y € U1, x; € Uj,i € {2,..., n}, then N is a commutative ring. 


Proof. We are given that 
D([x, y], X2,---,Xn) =O forall x,y € U1, x; € Uj,i € {2,...,n}. (16) 
Putting xy instead of y in (16), then for all x, y € U;,, x; € Uj, i € {2,...,n} we have 
D(X, X2, ++) Xn) [X,Y] + ACOD(LX, y], X2,---5Xn) = 0. 
Using (16), the above relation implies 


D(X, X2,.-+5Xn)xXY = D(X, X2,...,Xn)yx forall x,y € U1, x; € Uj,i€ {2,...,n}. 
(17) 
Replacing y by yt where t € Nin (17) and using it again, we obtain 


D(x, X2,.-+5Xn)Ui[x, t] = {0} forall te N,x € U1, x; € Uj,i€ {2,...,n}. (18) 
3-primeness of NN gives 
D(X, X2,..+,Xn) =O or xeEZ(N) forall x ¢ U1, x; € Uj, i€ {2,...,n}. 


Using Lemma 2.8, the both cases reduce to D(x, x2,...,Xn) € Z(N) forall x « Ui, x; € 
U;,i € {2,...,n}, so D(U; x--- x Un) ¢ Z(N). By Theorem 3.1, we conclude that N is 
a commutative ring. 


Theorem 3.4. Let N be a 3-prime near-ring and U, U4, U2,..., Un be nonzero semigroup 
ideals of N where n is a positive integer. If ’ admits a nonzero two sided a-n-derivation 
D associated with a map a. Then the following assertions are equivalent: 

(i) [D(x1, X2,---,Xn), y] € ZN) forall x; € Uj,ie {1,...,n},y € U. 

(ii) Nis a commutative ring. 


Proof. It is obvious that (ii) > (i). 
(i) = (ii). We may now suppose that 


[D(x1, X25---,Xn),y] €Z(N) forall x; ¢ Uj,ief{1,...,n}yeU. (19) 
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Replacing y by D(x, X2,...,Xn)y in (19) and using it again, we obtain 


D(x, X2,-++ 5 Xn)[D(1, X2,---5 Xn), ¥] € ZN) forall x; € Uj,ie {1,...,n},y € U. 
(20) 
By Lemma 2.1 (i), (20) implies 


D(X, X2,--+,Xn) € Z(N) or D(x, X2,---5 Xn)y = YD(%1, X2, + +5 Xn) (21) 


for all x; € Uj,i € {1,...,n},y € U. 
Suppose there are x; € Uj,i € {1,...,n} such that D(x, x2,...,Xn)y = yD(4, 
X2,--+,Xn) for all y € U. Replacing y by yt where t € N, we obtain 


ytD(x1, X2,-++,Xn) = D(x, X2,---5 Xn) yt 
=yD(x1,X2,.--,Xn)t forall ye U,teN 


which reduces to 
U[D(x1, X2,---5Xn), t] = {0} forall te N. (22) 


From equation (21) it follows at once by Lemma 2.4 (i) that D(x1, x2,..., Xn) € Z(N) 
for all x; € Uj,i € {1,...,n} and Theorem 3.1 forces that N is a commutative ring. 


Theorem 3.5. Let N be a 3-prime near-ring. If N admits a nonzero two sided a-n- 
derivation D associated with a nonzero map a such that D([x, y], X2,---,Xn) = [XY] 
forall x, y,x; € N,i¢ {2,..., n}, then N is a commutative ring. 


Proof. First we consider the case 
D([x, y], X2,-+-,Xn) =[x, y] forall x, y,x; ¢ N,ie {2,...,n}. (23) 
Taking xy instead of y in (23), we have 
D(x, X2,--+5 Xn) LX y] + ACOD([X, y], X2,---5Xn) = xX y] - 


for all x, y, x; € N,ie {2,..., n}. 
Using (23), we obtain 


D(X, X25--+5 Xn) LX) + aQO[X, y] = x[x, y] . (24) 


for all x, y, xj € N, ie {2,..., n}. 
Replacing x by [u, v] in (24), we obtain 


a([u, v])[u, vly = a((u, v])y[u, v] forallu,v,yeNn. (25) 
Substituting yz for y in (25), we get 


a((u, v])yz[u, v] = a([u, v])y[u, vjz forall u,v,y,z<¢N 
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and therefore a([u, v])y[[u, v], z] =0 which can be rewritten as 
a([u, v]YN[[u, v], z] = {0} forall u,v,zeN. (26) 
By the 3-primeness of N, (26) becomes 
a({u, v]) =O or [u,v] € Z(N) forall uve N. (27) 
Suppose there exist Uo, Vo € N such that a([uo, Vo]) = 0, we have 
D([Uo, Vo]XY, X25--+5Xn) = (Uo, Vo]xy forall x,y,x;¢ N,ie {2,...,n}. 
On the other hand, 


D([Uo, Vo]XY, X25-++5Xn) = D([Uo, VolX, X2, +--+, Xn)a(y) + [Uo, Vo]xD(y, X2,-+-,Xn) 


= [Uo, Vo]xa(y) + [Uo, Vo]xD(y, X2,-++5Xn)- 


for all x, y, x; € N, for alli € {1,2,..., n}. 
The above relation yields that 


[Uo, Vo]xa(y) + [Wo, Vo]xD(y, X2,---5Xn) = [Uo, Vo]xy forall x,yeN. (28) 
Substituting [r, s] for y in (28), we obtain 
[uUo, Vo] Na([r, s]) = {0} forall r,seN 


Using the 3-primeness of N, we obtain [uo, Vo] = 0 or a([r, s]) = 0 forall r,s € Nin 
this case, (27) becomes 


a([r,s]) =O or [u,v] € Z(N) forall u,v,,sEeN. (29) 


If a([r, s]) = 0 for all r, s € N, by calculation of D([r, s]xy, x2,..., Xn) by two different 
ways, we can easily arrive at 


[r, s]x(a(y) + Dy, X2,..-,Xn) -y) =0 forall r,s,x,yeN 
which reduces to 
[r, s]N(a(y) + Diy, X2,..-,Xn) —y) = {0} forall r,s, y,xj eN,ie {2,...,n}. (0) 
By the 3-primeness of N, (30) shows that 
[r,s] =0 or a(y)+D(y, xX2,...,Xn)-y =O forall r,s, y, x; e Nie {2,...,n}. BD 


Now, suppose that a(y) + D(y, x2,...,Xn) = y forall y, x; € N, i € {2,..., n}. Repla- 
cing y byyt, then a(yt)+D(yt, x2,...,Xn) = ytforally, t,x; ¢ N,i¢ {2,...,n}, which 
implies that a(yt) + D(y, x2,...,Xn)a(t) + yD(t, X2,...,Xn) = yt for all y, t, x; € N, 
i ¢ {2,...,n}, so a(yt) + Dy, X2,...,Xn)a(t) + y(-a(t) + t) = yt forall y, t, x; € N, 
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i ¢ {2,...,n}, which can be rewritten D(y, x2,...,Xn)a(t) = -a(yt) + ya(t) for all 
y, t,x; € N, ie {2,...,n}. Replacing y by ys in the last expression and using it again 
with Lemma 2.3, we get D(y, X2,...,Xn)a(st)+yD(s, x2,...,Xn)a(t) = —a(yst)+ysa(t) 
for all y, s, t,x; € N, ie {2,...,n}, which implies that —a(yst) + ya(st) + y(—a(st) + 
sa(t)) = —a(yst) + ysa(t) for all y, s, t € NN which gives y(—a(st) + sa(t)) = 0 for all 
y,s,t € N. By 3-primeness of N, we arrive at a(st) = sa(t) for all y,s,t € N. Ac- 
cording to our hypothesis, we have a((r, s]y) + D([r, sly, X2,.--,Xn) = [1 S]y for all 
y,¥,5,xX; € N,i € {2,...,n}, then a((r, s]y) + D([r, s], X2,..-,Xn)y = [1, sly for all 
y, 7, 8,xX; € N,i € {2,...,n}, which forces that a([r, s]y) = 0 for all y, r,s € N. Since 
a(st) = sa(t) for alls, t € N, the last equation becomes [r, s]a(y) = 0 forall r,s, y ¢ N 
and replacing y by zy, we arrive at [r, s] Na(y) = {0} for all r,s, y € N. Since a # 0 and 
N is 3-prime, then [r, s] = 0 forall r, s € N. In all cases, (27) becomes [u, v] € Z(N) for 
all u, v € Nand Lemma 2.5 forces that N is a commutative ring. 
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Luisa Carini and Vincenzo De Filippis 
Generalized Skew Derivations satisfying 
the second Posner’s theorem on Lie ideals 


Abstract: Let R bea prime ring of characteristic different from 2, Q, its right Martindale 
quotient ring and C its extended centroid. Suppose that F is a generalized skew deriv- 
ation of R and L is a non-central Lie ideal of R. If 


[Feo ul, Fu] = 0 


for all u € L, then either there exists A « C such that F(x) = Ax, for allx « RorR 
satisfies s4(x1,...,X,4), the standard identity of degree 4, and there exist a € Q; and 
Ae Csuch that F(x) = ax + xa+Ax, forallx € R. 


Keywords: Generalized skew derivation; Lie ideal; Prime Ring. 


1 Introduction 


Let R be a prime ring with center Z(R) and d be a nonzero derivation of R. The well- 
known theorem of Posner [29] states that if [d(x),x] ¢ Z(R) for all x ¢ R, then R 
must be commutative. This theorem indicates how the global structure of a ring R 
is closely related to the behaviour of additive mappings defined on R. Following this 
line of investigation, several authors have generalized the Posner’s Theorem in various 
directions and studied the relationship between the structure of a prime ring R and the 
behavior of some additive mappings f which satisfies the condition [f(x), x] € Z(R) (or 
[f(x), x] = 0). For instance, Posner’s theorem is extended to the case of Lie ideals of 
prime rings by Lanski in [23]. In [27] Mayne proves an analogous af Posner’s result for 
automorphisms which are centralizing on prime rings. He also extends the result to 
Lie ideals as follows: if R has characteristic not equal to two, o is an automorphism of 
R and L isa Lie ideal of R such that o is nontrivial on L and [o(x), x] € Z(R), for every 
x €L, then L ¢ Z(R) ([28)). 

Many researchers in this area have analyzed in detail the case when derivations 
and automorphisms are replaced by other additive maps acting on two-sided ideals, 
one-sided ideals and Lie ideals of prime and semiprime rings. Let F: R — R be an ad- 
ditive map on the prime ring R, defined as follows: F(xy) = F(x)y+xd(y) forallx,y €R 
and for some derivations d of R. Such mapping F is called generalized derivations of 
R with associated derivation d. Obviously, any derivation of R and any mapping of R 
with the form f(x) = ax + xb for some a, b € R, are both generalized derivations. The 
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latter are usually called inner generalized derivations and have been primarily stud- 
ied on operator algebras, therefore any investigation from the algebraic point of view 
might be interesting. 

In two recent papers the second author has extended the Posner’s theorem for 
generalized derivation as follows: 


Theorem 1.1 ((15]). Let R be a prime ring of characteristic different from 2, C the exten- 
ded centroid of R, and F a generalized derivations of R. If [[F(x), x], F)] = 0 for all 
x € R then either R is commutative or F = Ax, for all x € Rand some A € C. 


Theorem 1.2 ([16]). Let R be a prime ring of characteristic different from 2, Z(R) its cen- 
ter, U its Utumi quotient ring, C its extended centroid, F anon-zero generalized derivation 


of R, L anon-central Lie ideal of R. If [tFw, u], F(u)} € Z(R) for all u € L then one of 


the following holds: 
1. there exists a € C such that F(x) = ax, for all x € R; 
2. R satisfies the standard identity s4(x1,...,X4) and there exist a ¢ U, a € C such 
that F(x) = ax + xa + ax, forall x € R. 


Furthermore, in [19], Arga¢ and Demir provide a one-sided version of the results con- 
tained in [15, 16], extending the argument to right ideals of prime rings. 
Following this line of investigations, in the current article we will study the set 


$= {[LF@), ul], Fw|iu et} , 


where F is a generalized skew derivation and L is a non-central Lie ideal of R. We will 
now recall the definition of generalized skew derivations of R. Let R be an associative 
ring and a be an automorphism of R. An additive mapping d: R —> Ris called askew 
derivation of R if 

d(xy) = d(x)y + a(x)dly) 


for all x,y € Rand a is called an associated automorphism of d. An additive map- 
ping G: R — Ris said to be a generalized skew derivation of R if there exists a skew 
derivation d of R with associated automorphism a such that 


G(xy) = G(x)y + a(x)d(y) 


for all x, y € R, d is said to be an associated skew derivation of G and a is called an 
associated automorphism of G. Any mapping of R with form G(x) = ax + a(x)b for 
some a,b € Randa € Aut(R), is called inner generalized skew derivation. In particu- 
lay, if a = —b, then G is called inner skew derivation. If a generalized skew derivation 
(respectively, a skew derivation) is not inner, then it is usually called outer. 

The concept of generalized skew derivation unifies the notions of skew derivation 
and generalized derivation, which have been investigated by many researchers from 
various points of view (see [3, 4, 5, 6, 7, 8, 9, 18, 24, 25]). 
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In what follows, let Q; be the right Martindale quotient ring of R, Q be the two- 
sided Martindale quotient ring of R and C = Z(Q) = Z(Q;) be the center of Q and Q,. 
C is usually called the extended centroid of R and is a field when R is a prime ring. It 
should be remarked that Q is a centrally closed prime C-algebra. We refer the reader 
to [2] for the definitions and the related properties of these objects. 

It is well known that automorphisms, derivations and skew derivations of R can 
be extended both to Q and Q,. In [3] Chang extends the definition of generalized skew 
derivation to the right Martindale quotient ring Q, of R as follows: by a (right) gener- 
alized skew derivation we mean an additive mapping G: Q; —> Q; such that G(xy) = 
G(x)y + a(x)d(y) for all x, y € Q;, where d is a skew derivation of R and a is an auto- 
morphism of R. Moreover, there exists G(1) = a € Q; such that G(x) = ax + d(x) forall 
x € R. Furthermore, if G(1) € Q, then G can be extended to Q. 

The main result of this article is 


Theorem 1.3. Let R be a prime ring of characteristic different from 2, Q, its right Mar- 
tindale quotient ring and C its extended centroid. Suppose that F is a generalized skew 
derivation of R and L is anon-central Lie ideal of R. If 


[tw ul, F(u)| = 0 


for allu ¢ L, then either there exists A € C such that F(x) = Ax, for allx € R or R satisfies 
S4(X1,...,X4), the standard identity of degree 4, and there exist a € Q; and A € C such 
that F(x) = ax + xa+Ax, forallx € R. 


We will fix some notations and collect some existing results which will be used in the 
sequel. 

Let SDer(Q) be the set of all skew-derivations of Q. By a skew-derivation word we 
mean an additive mapping A of the form A = dd, ...dm, where d; € SDer(Q). A skew- 
differential polynomial is a generalized polynomial with coefficients in Q of the form 
@(A;(x;)) involving noncommutative indeterminates x; on which the derivation words 
Aj act as unary operations. The skew-differential polynomial ®(A;(x;)) is said to be a 
skew-differential identity on a subset T of Q if it vanishes on any assignment of values 
from T to its indeterminates x;. 

We refer the reader to [10, 11, 12, 13] for a complete description of these objects. In 
particular we recall the following result: 


Fact 1.1. In [14] Chuang and Lee investigate polynomial identities with skew deriva- 
tions. More precisely in [14, Theorem 1] they prove that if D is an outer skew derivation 
of R which satisfies the generalized polynomial identity ®(x;, D* (x;)), then: 
1. If Dis not left-algebraic modulo X-inner skew derivations, then R satisfies the gen- 
eralized polynomial identity ®(x;, yij), where x; and y;; are distinct indetermin- 
ates. 
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2. If D is algebraic modulo X-inner skew derivations such that the minimal order m 
of such algebraic dependence is strictly bigger than k, then R satisfies the general- 
ized polynomial identity D(x;, yxj), where x; and y;; are distinct indeterminates. 


As a consequence of this result, we would like to point out that, if k = 1, that is 
@(x;, D(x;)) is a generalized polynomial identity for R, then, in any case, ®(x;, yj) is 
also a generalized polynomial identity for R, where x; and y; are distinct indetermin- 
ates. 


Fact 1.2. Let R bea prime ring and J bea two-sided ideal of R. Then I, R, and Q, satisfy 
the same generalized polynomial identities with coefficients in Q, (see [10]). Further- 
more, J, R, and Q, satisfy the same generalized polynomial identities with automorph- 
isms (see [12, Theorem 1]). 


2 The case of inner generalized skew derivations 
with associated inner automorphisms 


In this section we will prove the following: 


Proposition 2.1. Let R be a prime ring of characteristic different from 2, Q, its right Mar- 
tindale quotient ring and C its extended centroid. Suppose that F is an additive of R 
defined as follows: 

F(x) = ax + qxp 


forall x € Rand suitable fixed a, q, p € Q;, with invertible element q of Q,. If 
[tFw, wi, Fw] = 0 


for all u € [R, R], then one of the following holds: 
1.a,q,peC 
2. p¢éCanda+qpec; 
3. R satisfies $4(x1,...,X4),q€ Canda-qpé€C. 


In this section we always assume that R satisfies the following generalized polynomial 
identity 


Y(x1,X2) = 
[alxn, x2]? + glx, xalplea, x2)- Ww 
[xX1, X2]a[X1, X2] — [X1, x2] @[%1, X2]p, alx1, X2] + q[x%1, X2]p} . 


Remark 2.1. We would like to point out that in the following Lemmas (2.1, 2.2, 2.3, 2.4 
and 2.5), the element q € Q, is fixed but not necessarily invertible. 
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We begin with: 


Lemma 2.1. Let R = Mm(C), m = 3 and denote q = Yy) Qnieni and p = Y yp) Pnieni for 
dhs Dni € C. Then either q € Z(R) or p € Z(R). 


Proof. Let i # j and [r1, r2] = ey # 0 in (1). We notice that the (j, i)-entry of Y(r1, rz) is 
245 P;, = 0, 

which implies q;ip;i = 0, because R is 2-torsion free. Moreover, for any automorphism 

g: R = R, it is easy to check that y(a), p(q), p(p) satisfy the same condition (1) as 


a, q, p. Therefore, by Proposition 1 in [17], it follows that either gq € Z(R) or p € Z(R), 
as required. 


Lemma 2.2. Let R = M2(C) and let a = Yy) anieny P = Yn Prien Y = Yn Thien for 
Ants Vhis Phi € C. Then either q € Z(R) or p € Z(R). 


Proof. As above, choose [r1, r2] = ey in (1), then 
Gjipji =O. (2) 


Our first aim is to show that either q is a diagonal matrix or p is a diagonal one. 

Here we assume that both g and p are not diagonal, without loss of generality 
suppose p>; # 0. Thus, by (2), it follows that q2; = 0. Moreover, since q is not diagonal, 
we also have q12 # 0, so that, again by (2), pi2 = 0 follows. 

In particular we have that, for [r,, r2] = e21 in (1), 


[geaipeas — €214€21 — €214€21p, Ae71 + gen =0 (3) 
and for [r1, r2] = e12 in (1), 
[geraper2 — €124€12 — €124€12p, Ae12 + ger2P| =0. (4) 
Notice that, the (2, 1)-entry of the matrix (3) is —(a12 + q12p11)*, that is 
412+ Gi2p11 =O. (5) 
Moreover the (1, 2)-entry of the matrix (4) is (a21 — qi1p21) + (@11P21 — @21), that is 
a21- qiipa1 =0. (6) 
By using (5) and (6) and for [r,, r2] = e12 + €21 in (1) we get 


0 2a- (411 + 411P22) | _ 


(0) 
—2a-(a22 + q22P11) 0 


where @ = @11 — 22 + G11P22 — P11922- Hence, either a11 — a22 + G11 P22 — P11922 = 0, 
or both ay, + Gi1P22 = O and az2 + q22P11 = O. It is easy to see that, in any case, 
22 — 411 — G11P22 + 922P11 = O. The previous argument says that: 


if pi2=O and q7i=0 then a2 - 411 - q11P22 + 922P11 =O. (7) 
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Let p(x) = (1+e12)x(1-e12) € Aut(M2(C)) and x(x) = (1-e12)x(1+e12) € Aut(M2(C)). 
Note that the elements g(a), p(q), y(p), x(a), x(q), X(p) satisfy the same conditions 
of a,q, p. Denote p(a) = Yn Qyents XQ) = Yar Aen PQ) = Lar Tpenv X(Q) = 
Lar Men PCP) = Li Pyne X(P) = Lar Pjyenv fOr ayy Phe Thee The Pav Thi € 
If both p}, # O and p/, # 0 then, by (2), 0 = qi, = qi2 + G22 — qui and O = qj}, = 
12 - 922 + Gi1- By comparing these last relations and since char(R) # 2, it follows the 
contradiction qi2 = 0. Therefore at least one of p', and p'/, must be zero, for instance 
let p|, = 0. Moreover we also notice that q5, = q21 = 0. Hence we may apply the 
relation in (7): 
yy — 44 ~ 94P 52 + Vy2P 41 = 9- (8) 


By computations and using (7) and (6) in (8) we get 


422P21 — 421 =O. (9) 


Moreover, comparing (9) with (6), and since p>; # 0, we have proved that: q11 = q22. 
Let now p(x) = (1 + €21)x(1 — €21) € Aut(M2(C)) and v(x) = (1 - e21)x(1 + €21) € 
Aut(M2(C)). As above, y(a), u(q), H(p), v(a), v(q), v(p) satisfy the same conditions 
of a, q, p. Denote u(a) = Yn aint VQ) = Lai anents HQ) = Laden vq) = 
Lat Mehl HP) = Lar Pi Chv VP) = Lai Ppylhts 
for ash Int> Tne Pho Tn © C+ 
Firstly note that p'/} = 0 and p}’, = 0. If both q4) # O and q;), # 0 then, by (2), 
O = py = par + Pi — P22 and O = p}, = pri - P11 + P22. By comparing these last 
relations and since char(R) # 2, it follows the contradiction p2; = O. Therefore at 


least one of q!!! and qi’, must be zero, for instance let q! = 0. By simple computation, 
91 21 21 


since qz1 = Oand qi; = q22, it follows the contradiction 0 = q¥i = —qi2 #0. 

All the previous contradictions show that at least one of g and p must be a diag- 
onal matrix. 

In the second step of our proof, we prove that if g is not a diagonal matrix, then 
p € Z(R). Todo this we recall that, if g is not diagonal, then, by the previous argument, 
P12 = P21 = O. Consider here the same above automorphisms (x) = (1 + e12)x(1 - 
€12) € Aut(M2(C)) and y(x) = (1 -— e12)x(1 + €12) € Aut(M2(C)). 

If we assume that both g(p) and y(p) are not diagonal matrices, then g(q) and 
x(q) are both diagonal. In particular, 0 = q5, = q21 and 


0= qin = 912 + 922 - Gui 
and 
0= qi, = 912 -422+ 411 


implying qi2 = 0, which contradicts the assumption that qg is not diagonal. 
On the other hand, if g(p) is a diagonal matrix, then 0 = Pus = P11 — P22, that is 
pis acentral matrix, as required. Analogously p is central, if y(p) is diagonal. 
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In the final step we now prove that, if q is a diagonal matrix, then either q € Z(R), 
or p € Z(R): we introduce again the automorphism ¢ and notice that, if @(q) is not 
diagonal, then g(p) must be central, so that p € Z(R), and we are done. 

On the other hand, if @(q) is a diagonal matrix, then 0 = ap = 411 — 422, that is 
q isa central matrix, as required. 


Lemma 2.3. Let R = My,,(C), m > 2. Suppose that F is an additive map of R defined as 
follows: 
F(x) = ax + qxp 


for allx € Rand suitable fixed a, q, p € Qry. If 
[Aww Fw] = 0 


for allu € [R, R], then one of the following holds: 
1. a,q,p € Z(R) 
2. p € Z(R) anda+qp € Z(R), that is F(x) = Ax, for any x € R, with A = a + qp; 
3. RC M2(C), q € Z(R) and a -— qp € Z(R), that is F(x) = ax + xa + Ax, for any x € R, 
with A € Z(R). 


Proof. By Lemmas 2.1 and 2.2, it follows that either p € Z(R) or gq € Z(R). In any case, 
F is a generalized derivation of R and the conclusion follows from Theorem 1.2. 


Lemma 2.4. Let R = M,,(C), m = 2. Suppose that F is an additive map of R defined as 
follows: 
F(x) = ax + qxp 


for allx € Rand suitable fixed a, q, p € Q;. If 
[Aww Fa] = 0 


for allu € R, then [F(x), x] = 0, for all x € R. More precisely, either a, q, p € Z(R) or 
p € Z(R) anda+qp € Z(R). Inany case there exists A € Z(R) such that F(x) = Ax, for 
anyx eR. 


Proof. By Lemmas 2.1 and 2.2, it follows that either p € Z(R) or q € Z(R). In any case, 
F(x) is a generalized derivation of R and the conclusion follows from Theorem 1.1. 


Remark 2.2. If B is a basis of U over C then any element of T = U *¢ C{x1,..., Xn}, 
the free product over C of the C-algebra U and the free C-algebra C{x1,..., Xn}, can 
be written in the form g = ), ajm;. In this decomposition the coefficients a; are in 
C and the elements m; are B-monomials, that is mj = goy1qd1----Ynqdn, With q; € B 
and y; € {x1,...,Xn}. In [10] it is shown that a generalized polynomial g = >; ajm; 
is the zero element of T if and only if all a; are zero. Let a,,...,ax € U be lin- 
early independent over C and a181(%1,...,Xn) t+... + Qkgk(X1,...,Xn) = 0 € T, 
for some g1,...,gx € T. If, for any i, gj(x1,...,Xn) = Yjn1 xjhj(x1,...,Xn) and 
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hj(x%1,..-,Xn) € T, then g1(%1,...,Xn),.--, 8k(X1,.--,Xn) are the zero element of 
T. The same conclusion holds if 91(x1,...,Xn)Q1 +... + Ok(X1,..-,Xn)ak = O€ T, 
and g;(X1,...,Xn) = Yjn1 hj, .. +, Xn)x; for some hj(x1,...,Xn) € T. (We refer the 
reader to [1] and [10] for more details on generalized polynomial identities). 


Lemma 2.5. Assume that q ¢ Cand p ¢ C. Then (x1, X2) is a non-trivial generalized 
polynomial identity for R. 


Proof. On the contrary we assume that (x1, x2) is a trivial generalized polynomial 
identity for R. In light of Remark 2.2 we have that ¥(x;, x2) = 0 € T. We prove that a 
number of contradictions follows. 

Firstly we suppose that {1, a, q} is linearly C-dependent, then there exist A, yw, v € 
C such that Aa +uq+v = 0. Moreover, since g ¢ C, we also have A # 0 and a # 0. Thus 
a=aq+f, for suitable a, B € C. 

In case a = 0, then a = B € Cand (1) reduces to 


al alx1, x2lp, bea, xal], : [1 x2), aba, x2] =0€T. 
that is 
(Ble, x2Iplxa, x2)? — [x1, X2]pq[x1, X2]p[x1, X2] + 2[x1, xalp la, Xalgbea, x21p )+ 


bea, x2l(Blx1, xalatx, x2]p — 2Bq[x1, X2]p[x1, X2] — q[x1, x2]pqlx1, xalp) =OeT. 
(10) 
Since {1, q} is linearly C-independent, then, by (10) it follows 


Blox, x2 ]p lx, x2]? = [x1 xa] pala, xX2]plX1, X2]4+2[x1, x2]plx1, x2]}qh1, X2Ip =0€ T 
which implies, since also {1, p} is linearly C-independent, 2[x1, x2]p[X1, X2]q[X1, X2]- 


p=0€T,acontradiction. 
Let now a ¢ 0, then we may write (1) as follows 


[[atea, xo] + p), bx, x2], alr, x2K(@ + p) + Ble, x2]] = 0 € T 
that is 
a( Blx1, x2](a + p)/xa, x2) 
ber, xa](a+ paix, x2l(a + p) ber, Xa) + 2lxa, x2](a + pyle, X2lqLxr, x2](@+ p))+ 
ber, x2] (Blea, xalgben, x2] a + p)- 


2Bq([X1, X2](a + p)[X1, X2] — qlX1, Xa] (a + p)g[X1, X2)(a +p)) =OcT. 
(11) 
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As above, since {1, q} is linearly C-independent, then, by (11) it follows 


Bx, X2)(a + p)[X1, X2]?- 
[xX1, X2](@ + p)q[xX1, X2](a + p)[X1, X2]+ (12) 
2[X1, X2](@ + p)[X1, X2]q[xX1, X2)(at+ p)=OET. 


Again since {1, p} is linearly C-independent, from relation (12) we get 2[x1, x2](a + 
pD)[X1, X2]q[X1, X2] = 0 € T, acontradiction. 

We finally consider the case {1, a, q} is linearly C-independent and write (1) as 
follows: 


a(2ix1,x2Palxa, x2] + 2[x1,x2]2qLx1, x2]p- 

x1, xa]alx1, x2]? - ber, x2lq[x1, x2Ip lx, x2] )+ 

g( 2b, xelplea, xalalxa, xa] 

2[X1, X2)p[x1, X2]q[x1, X2]p - [x1, X2]palx1, x2]? - (x1, x2lpqlx1, xalpLex21)+ 
ber x2I(-ale, xlalxr, x2] — ale, x2]glx1,x2]p- 


gix1, x2lpaler, x2] ~ glx, xolpabea, x2]p) = 0€T. 
(13) 
Since {1, a, q} is linearly C-independent and by (13) we have 
2[x1, x2]? a[x1, X2] + 2[x1, x2]? q[xX1, X2]p— 


[x1, x2lalx1, x2]? - [x1, x2] 1X1, xX2Iplx1, x2] =0€T. 


Moreover, since {1, p} is linearly C-independent, it follows the contradiction 


2[x1, x2]? @ix1, x2] =O€T. 


Remark 2.3. We are now ready to prove Proposition 2.1 and we assume that q is an 
invertible element of Q,. 


Proof. The generalized polynomial ¥(x,, x2) is a generalized polynomial identity for 
R. By [10] it follows that (x1, x2) is a generalized polynomial identity for Q,. 

If either g € Cor p € C, then F is a generalized derivation of R and the conclusion 
follows from Theorem 1.2. 

Therefore we assume that both q ¢ C and p ¢ C. Then, by Lemma 2.5, ¥(x1, x2) 
is a non-trivial generalized polynomial identity for Q,. In this case we prove that a 
contradiction follows. 

In view of [20, Theorem 2.5 and Theorem 3.5], we know that both Q,; and Q, ®- Cc 
are centrally closed, where C is the algebraic closure of C. We may replace Q, by it- 
self or Q; Wc Cc according as C is finite or infinite. Therefore we may assume that Q, is 
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centrally closed over C which is either finite or algebraically closed. By Martindale’s 
theorem [26], Q, is a primitive ring having a non-zero socle H, with C as the associ- 
ated division ring. In light of Jacobson’s theorem [22, page 75], Q; is isomorphic to a 
dense ring of linear transformations on some vector space V over C. Assume first that 
dimcV = k = 2 isa finite positive integer, then Q,; = M;(C) and, by Lemma 2.3, it 
follows either p € C or q € C, in any case a contradiction. 

Let now dimcV = oo. As in Lemma 2 in [30], the set {[r1, r2]|r; € Qy} is dense on 
Q,. By the fact that ¥(x1, x2) = Ois a generalized polynomial identity of Q,, we know 
that Q, satisfies 


[ax? + QXPpX — XaX — xqxp,ax+qxp| . (14) 


Let yo € H. Since also [ayo + GyoD, Yo] € H, by Litoff’s theorem (see Theorem 4.3.11, 
page 149 in [2]), there exists an idempotent element e ¢ H such that 


Yo, [Yo + GYop, Yo] € eQre = Mx(C) 
for some positive integer k. Define fe: eQ;e — eQ,e by 
fe(x) = (ea)x + (eq)x(pe), Wx €eQ;e 
and notice that both 
[fe(x), x] = [eax + eqxpe, x] = e[ax+qxp,x]le, Wxe€eQ,e 


and 
[¥e00. x1, feo | = e|lax + qxp,x],ax+qxple, WxeeQre. (15) 


Therefore, by (14) and (15), it follows that 
[Yets), 3], fe(s)| =0, VseeQre. (16) 
Application of Lemma 2.4 to relation (16) implies that 
Ife(s),s]=0, Vse€eQre. (17) 
In particular, by (17) and the fact that both yp € eQ,e and [ayo + gyop, Vo] € eQ;e, it 
follows that 
0 = [fe(Yo), Yo] = elayo + G¥op, Yole = [aYo + GYop, Yol . (18) 


By repeating the same above argument for any element of H, we have that H satisfies 
the generalized polynomial identity [ax + qxp, x]. 

Since H is an ideal of Q; and by Fact 1.2, [ax + qxp, x] is a generalized polynomial 
identity for Q;. Since p ¢ C, there exists O # v € V, such that {v, pv} are linearly 
C-independent. Moreover, by dimcV = co we can fix w € V such that {v, pv, w} are 
linearly C-independent. 

By the density of R, there exist s € Q; such that 


sv=0; s(pv)=q'w; sw=-w. 


Hence it follows the contradiction 0 = [as + qsp,s]v = w #0. 
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3 The proof of Theorem 1.3 


As mentioned in the Introduction, we can write F(x) = ax + d(x), for all x « R, where 
a € Q, and d is askew derivation of R. Let a be the automorphism associated with d. 
That is d(xy) = d(x)y + a(x)d(y), for all x, y € R. 


Remark 3.1. In light of Theorem 1.2, we get the required conclusion, if one of the follow- 
ing cases Occurs: 

- d=0; 

— ais the identity map on R. 
Moreover, Proposition 2.1 proves our result in case simultaneously a is an inner auto- 
morphism of R and d is an inner skew derivation of R. 
Thus in all that follows, we assume that 

- d#0; 

— ais not the identity map on R; 

— either d is not an inner skew derivation, or a is not an inner automorphism of R. 


Remark 3.2. Since L is a non-central Lie ideal and char(R) # 2, by [21, p. 4-5] we have 
that there exists a non-central two-sided ideal I of R such that [I, R] ¢ L. 


In light of previous Remark, there exists a non-central ideal J of R which satisfies 
[[abe:, X2] + d([xX1, X2]), [x1 X2]], a[x1, x2] + d([x1, 2))] (1) 
By using Fact 1.2 it follows that (1) is satisfied by R and Q,. Then Q, satisfies 


[late X2] + d(x1)x2 + a(X1)d (x2) — d(x2)x1 — a(X2)d(X1), [X1, X2]] , 
(2) 


a[X1, X2] + d(x1)x2 + a(X1)d(x2) - d(x2)x1 - atx2)d(x)| : 


3.1 Let d bean inner skew derivation 


In this case there exists an element c € Q; such that d(x) = cx — a(x)c, for all x ¢€ 
R. If c = 0, then F is a generalized derivation of R and the conclusion follows from 
Theorem 1.2. Thus we assume c # 0. 

By (1), Q, satisfies 


[Ia + c)[X1, X2] -— a([x1, X2])e, (x1, X2]], (a + c)[X1, x2] - a([x1, x2))¢] . G) 


Moreover, by Remark 3.1 we may assume a is not an inner automorphism of Q,. Notice 
that the a(x;)-word degree in (3) is 2. Hence, since a is outer and either char(R) = 0 
or char(R) = 3, then, by [12, Theorem 3] and by (3), we have that Q, satisfies 


[Ia + c)[x1, X2] + [x3, xXa]e, [xX1, X2]], (a + €)[X1, X2] - [x3 xale| : (4) 
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In particular Q, satisfies 
[a+ olla, xo], bar, x21], (@ + Ler] (5) 
and by Theorem 1.2, it follows a + c = A € C. Thus (4) reduces to 
[Ib<s, xale, ber, x2], Abts, x2] ~ [x3, xa]e| . (6) 
For [x3, x4] = [X1, X2] in (6), it follows that 
[Iba, x2l-a), [x1, x2]; ber, x21] (7) 


is a generalized identity for Q,, and, by using again the result in Theorem 1.2, we get 
a € C, that is also 0 # c € C. Therefore, by (6) and easy computations, one has that Q, 
satisfies the polynomial identity 


A) x3, x4, ba, x2) = c[be1, x2], bx3, x4] : (8) 


By the well known Posner’s theorem, there exists a suitable field K such that Q; and 
M,(K), the ring of txt matrices over K, satisfy the same polynomial identities. In partic- 
ular M;(K) satisfies (8) and k > 2, since Q; is not commutative. On the other hand, for 
[X1,X2] = @21 and [x3, x4] = €12 in (8), it follows the contradiction 0 = 2Ae21+2ce12 # 
0. 


3.2 Let d be an outer skew derivation 
Starting from (4), since d is outer and by Fact 1.1, we have that Q, satisfies 


[[abe, Xa] + tx + a(xX1)zZ — 2X1 - a(xX2)t, [1 Xl] , 


a[xX1, X2] + tX%2 + A(X4)zZ -— 2X1 - atx2)t] ; 2 
For t = z = 0 in (9) it follows that Q, satisfies 
[fate, x2], [%1, X2]], aba, x2] 
By Theorem 1.2, we get a € C and (9) reduces to 
[ce + A(X1)Z — 2X1 — a(X2)t, [X1, X2]] , 
(10) 


a[X1,X2] + tX2 + A(X4)zZ-— 2X1 - atxa)t] ‘ 
In particular Q, satisfies the blended component 


[ce — a(x2)t, [X1, X2]], alx1, X2] + x2 - atxa)t] : (11) 
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Assume that ais an outer automorphism of Q,. As above, we notice that the a(x;)-word 
degree in (11) is 2. Hence, since a is outer and either char(R) = 0 or char(R) = 3, then, 
by [12, Theorem 3] and by (11), we have that 


[ee - ve, [X1, X2]], a[x1, X2] + tx2 - vt (12) 


is a polynomial identity for Q;. Thus there exists a suitable field K such that Q, and 
M,(K) satisfies the same polynomial identities, in particular M,(K) satisfies (12) and 
n > 2, since Q, isnot commutative. On the other hand, for v = 0, [x1, x2] = [€22, 21] = 
€>1 and t = e;2 it follows the contradiction 0 = e>; #0. 

Assume now there exists an invertible element g ¢ Q, such that a(x) = qxq"1, for 
all x € Q;. Moreover q ¢ C, since a is not the identity map. By (11), Q, satisfies 


[ce ~ qxoq*t, [X1, Xa], alr, x2] + tx - gog't| 
and replacing t by qt, it follows that 
allt, x2), ba,x2]], - [ba. xa) alt. x2]], (13) 


is satisfied by Q;. Since q ¢ C, then (13) is a non-trivial generalized polynomial iden- 
tity for Q,. By [26], Q; is a primitive ring having nonzero socle with the field C as its 
associated division ring. By [22] (p. 75) Q; is isomorphic to a dense subring of the ring 
of linear transformations of a vector space V over C, containing nonzero linear trans- 
formations of finite rank. 

Assume first that dimcV = k > 3. Since q ¢ C, then there exists v « V such that 
v, qv are linearly C-independent, moreover, since dimcV = 3, it follows that there 
exists w € V such that v, qv, w are linearly C-independent. By the density of Q,, there 
are x, y, t € Q; such that 


xXv=v, yv=0, tv=-w 
xXw=v, ywev, tw=v 
xqv=0, yqv=w, tqv=v. 
Therefore, by (13), we have the following contradiction: 


O= (alate, x2], be, x2l]) - [ ba. xo]. ale, xa]] =-v-2qv#0. 


On the other hand, if dimcV = 2, then Q,; = M2(C). and we write g = ¥ qyeij, with 
qi € C. Let [x, y] = [-e12, 11] = 12 and [t, y] = [e21, e11] = e21 in the relation (13). 
Thus it follows that 


— 24€12Ge22 — Ge21Ge22 — €129€214e21 + 2Ge22Ge21 =O. (14) 
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The (2, 1)-entry of the matrix (14) is 2455 = 0, which implies q22 = 0. In light of this, 

the (1, 2)-entry of (14) reduces to -qi, = 0, that is q12 = O. Therefore the matrix q 

should have the second column zero, wich contradicts the fact that q is invertible. 
We conclude our paper with the following consequence of Theorem 1.3: 


Theorem 3.1. Let R be a prime ring of characteristic different from 2, F a non-zero gen- 
eralized skew derivation of R. If 


[tFeo, x], F(x)| =0 


for all x € R, then R is commutative. 


Proof. Firstly we notice that, under our assumption and in light of Theorem 1.3, F 
must be a generalized derivation of R. Therefore, by applying Theorem 1.1 we get the 
required conclusion. 


We also have: 


Theorem 3.2. Let R be a prime ring of characteristic different from 2, F anon-zero skew 
derivation of R and L a Lie ideal of R. If 


[tFw), wl, Fe) =0 


forallu € L, thenL ¢ Z(R). 
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Basudeb Dhara 
Generalized Skew-Derivations on Lie Ideals 
in Prime Rings 


Abstract: Let R be a prime ring with characteristic different from 2, Q, be its right Mar- 
tindale quotient ring, C be its extended centroid, F a nonzero generalized skew deriv- 
ation of R, L anoncentral Lie ideal of R, n > 1, m = Obe fixed integers andO #a€ R. 
If au™F(u)" = O for all u € L, then one of the following holds: (i) m = 0 and there 
exists b € Q, such that F(x) = bx for all x « R with ab = 0; (ii) R satisfies sy. 


Keywords: Prime ring; skew derivation; generalized skew derivation; extended 
centroid. 


1 Introduction 


Let R be an associative prime ring with center Z(R). The commutator of x and y is 
denoted by [x, y] and defined by [x, y] = xy — yx for x,y € R. An additive mapping 
d: R > Ris called a derivation if d(xy) = d(x)y + xd(y) holds for all x, y € R. An ad- 
ditive mapping F: R — Ris called a generalized derivation if there exists a derivation 
d: R —> Rsuch that F(xy) = F(x)y + xd(y) holds for all x, y € R. Evidently, any deriva- 
tion is a generalized derivation. The standard polynomial identity s, in four variables 


is defined as $4(xX1,X2,X3,X4) = ¥ (-1)° Xo 1)X0(2)Xo(3)Xo(4) Where (-1)° is +1 or -1 
OES, 
according to o being an even or odd permutation in symmetric group S,. 


In [16], Sharma and Dhara proved that if R is a prime ring with a nonzero deriv- 
ation d, L be its nonzero Lie ideal and a € R such that au"d(u)™ = O forallu e L, 
where n => 1 and m = 1 are fixed integers, then one of the following holds: 

(1) a =Oor d(L) = Oif char R # 2; 
(2) a = 0 or d(R) = Oif [L, L] # Oand R + M>(F), the 2 x 2 matrices over the field F of 
two elements. 

For noncommutative Lie ideal L of R, Dhara and Sharma obtained results [12] that 
ifa ¢ R such that auSd(u)"u' = O for all u € L, where s(> 0), ¢t(> 0), n(> 1) are 
fixed integers, then either a = O or d(R) = O unless char R = 2 and R satisfies s,, the 
standard identity in four variables. 

In [11], Dhara and De Filippis studied a situation for generalized derivation. They 
proved for prime ring R that if H is a generalized derivation of R and L a noncommut- 
ative Lie ideal of R such that uSH(u)u‘ = 0 for all u ¢ L, where s > 0, t > O are fixed 
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integers, then H(x) = 0 for all x € R unless char R = 2 and R satisfies s,, the standard 
identity in four variables. 

Recently, Du and Wang [13] proved a result for generalized derivations as follows: 
Let R be aprime ring, U be its Utumi ring of quotients, H a nonzero generalized derivation 
of R, L anoncentral Lie ideal of R and 0 # a € R. Suppose that auSH(u)"u' = 0 for all 
u € L, where s,t > Oand n > 1 are fixed integers. Then one of the following holds: 

(1) s = O and there exists b € U such that H(x) = bx forall x € R with ab = 0; 

(2) R satisfies sy. 

In the present paper, we shall study the result by considering H as a generalized skew 
derivation. 

We recall now the definition of generalized skew derivations of R. Let R be an 
associative ring and a be an automorphism of R. An additive mapping d: R — R is 
called a skew derivation of Rif d(xy) = d(x)y+a(x)d(y) holds for all x, y € R, where ais 
an automorphism of R. An additive mapping F: R — Rissaid to bea generalized skew 
derivation of R, if there exists a skew derivation d of R with associated automorphism 
a such that F(xy) = F(x)y + a(x)d(y) for all x,y € R, dis said to be an associated 
skew derivation of F and a is called an associated automorphism of F. The mapping 
F(x) = ax + a(x)b for some a,b € Randa é€ Aut(R), is an example of generalized 
skew derivation, which is called as inner generalized skew derivation. In particular, if 
a = —b, then G is called inner skew derivation of R. If a generalized skew derivation 
(respectively, a skew derivation) is not inner, then it is usually called outer. Thus the 
concept of generalized skew derivation generalized the notions of skew derivation and 
generalized derivation. 

Recently, Ashraf et al. [1] proved a result for generalized skew derivation as fol- 
lows: Let R be a prime ring of characteristic different from 2, C its extended centroid, L a 
noncentral Lie ideal of R and m, n, t = 1 fixed integers. Suppose that F is a nonzero gen- 
eralizes skew derivation of R such that u™ F(u)‘u" = 0 for allu ¢ L. Then dimcRC = 4. 

In the present paper our motivation is to study the above situation with left anni- 
hilator condition, when n = 0. More precisely, we prove the following theorem. 


Theorem 1.1. Let R be a prime ring with characteristic different from 2, Q, be its right 
Martindale quotient ring, C be its extended centroid, F a nonzero generalized skew de- 
rivation of R, L anoncentral Lie ideal of R,n => 1,m = 0 be fixed integers andO0 #a € R. 
If au™F(u)" = 0 for allu ¢€ L, then one of the following holds: 

() m = O and there exists b € Q; such that F(x) = bx for all x € R with ab = 0; 

(ii) R satisfies sy. 


Open Question: Let R be a prime ring with characteristic different from 2, Q;, be its 
right Martindale quotient ring, C be its extended centroid, F a nonzero generalized skew 
derivation of R, L a noncentral Lie ideal of R, n => 1,m = 0,t = 0 be fixed integers and 
0O#ae€R. Ifau™F(u)"ul = 0 for allu € L, then what will be the form of F or structure 
of R? 
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2 Preliminaries 


Let R bea prime ring and Q, be the right Martindale quotient ring of R. Then C = Z(Q,) 
is called the extended centroid of R which is a field. It should be remarked that Q; isa 
centrally closed prime C-algebra. We refer the reader to [2] for the definitions and the 
related properties of these objects. 

We need the following facts. 


Fact 2.1. Itis well known that any automorphisms, derivations and skew derivations of R 
can be uniquely extended in Q,. In[5], Chang extended the definition of generalized skew 
derivation to the right Martindale quotient ring Q, of R as follows: a (right) generalized 
skew derivation F: Q,; — Q; is an additive mapping such that F(xy) = F(x)y + a(x)d(y) 
for all x, y € Q;, where d is a skew derivation of R and a is an automorphism of R. In 
particular, for x = 1, we have F(y) = F(1)y + d(y) = ay + d(y) forall y € Q;, where 
a = F(1) € Q,. 


Fact 2.2. Chuang and Lee [10] investigated polynomial identities with skew derivations. 
They prove that if F(x;, D(x;)) is a generalized polynomial identity for R, where R is a 
prime ring and D is an outer skew derivation of R, then R also satisfies the generalized 
polynomial identity F(x;, yi), where x; and y; are distinct indeterminates. Furthermore, 
they observe [10, Theorem 1] that in the case F(x;, D(x;), a(x;)) is a generalized poly- 
nomial identity for a prime ring R, D is an outer skew derivation of R and a is an outer 
automorphism of R, then R also satisfies the generalized polynomial identity F(x;, yi, Zi), 
where Xj, y; and Z; are distinct indeterminates. 


Fact 2.3. Let d be anon-zero skew derivation of R. If (x1, ..., Xn, d(X1),..., d(Xn)) is 
askew-differential polynomial identity of R, then either d is an inner skew derivation of R 
or R satisfies the generalized polynomial identity B(x1,..., Xn, V1; »++Yn) (see [10]). 


Fact 2.4. Let R be a prime ring and I be a two-sided ideal of R. Then, I, R, and Q, satisfy 
the same generalized polynomial identities with coefficients in Q, (see [6]). Furthermore, 
I, R, and Q, satisfy the same generalized polynomial identities with automorphisms (see 
[8, Theorem 1]) 


Fact 2.5. If R is a prime ring, then the following are equivalent: 
(i) R satisfies sy; 

(ii) R is commutative or R embeds in M2(F) for F a field; 

(iii) R is algebraic of bounded degree 2 over C; 

(iv) R satisfies [[x*, y], [x, y]] (see [4, Lemma 1]). 
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3 Proof of Main Results 


Lemma 3.1. (See [13, Proof of Theorem 1.1]) Let R be a prime ring, 0 # a € Rand b,c «€ 
Q, such that a[x, y]™(b[x, y] + [x, y]c)" = 0 for all x,y € R, where m = 0,n > 1 are 
fixed integers. (i) If m = 0, thenc € Cand a(b+c) = 0, unless R satisfies s,; (ii) ifm > 0, 
thenc € Cand b+c =0, unless R satisfies s4. 


Proposition 3.1. Let R be a dense subring of the ring of linear transformations of a vector 
space V over a division ring D and let R contains nonzero linear transformations of finite 
rank. Letm = 0,n > 1 be fixed integers, a be an automorphism of R and for some 
a,b € R, F(x) = ax + a(x)b such that px™ F(x)" = 0 for all x € [R, R]. If F # 0andR 
does not satisfy sy, then one of the following holds 

(i) m = Oand F(x) = (a + b)x for all x € R with p(a + b) = 0; 

(ii) dimpV < 2. 


Proof. By hypothesis, we have 
pix, y]/"(alx, y] + a([x, y])b)" = 0 (1) 


for all x, y € R. By [7], Ris a GPl-ring. Moreover, R is a primitive ring having nonzero 
socle with associated division ring D. By [14, pp. 79], there exists a semi-linear auto- 
morphism T € End(V) such that a(x) = TxT~! for all x € R. Hence 


pix, yl" (alx, y] + T[x, y]T~*b)" = 0 (2) 


forallx,yeR. 
Iffor any v ¢ V, vand T-' bvare linearly D-dependent, then by standard argument 
there exists aA ¢ D such that T~!bv = Av for all v ¢ V. In this case 


(ax + a(x)b)v = (ax + TxT7b)v = axv + T(Axv) = axv + bxv = (a+b)xv. 


Thus forallv € V, (ax+a(x)b—(a+b)x)v = O, that is (axt+a(x)b-(a+b)x)V = 0. Since V 
is faithful, ax+a(x)b-(a+b)x = 0 forallx € R. By hypothesis, p[x, y]™((a+b)[x, y])" = 
O for all x, y € R. Then by Lemma 3.1, either a + b = O or m = O and p(a + b) = 0,7 
unless R satisfies s,. If a+ b = 0, then F(x) = ax + a(x)b = (a+ b)x = O forall x € R, 
a contradiction. If m = 0 and p(a + b) = 0, then F(x) = ax + a(x)b = (a + b)x for all 
x € R, which is our conclusion (1). 

Next we assume that there exists some v ¢ V such that v and T~‘bv are linearly 
D-independent. 

Let dimpV > 3. Then there exists w € V such that v, T~' bv, w are linearly D-inde- 
pendent. By density of R, there exist x, y « R, such that 


xv=w, xT 'bv=0, xw=Tv-T av; 


yv=0, yl ‘bv=w, yw=-v. 


Then 0 = p[x, y](a[x, y] + T[x, y]T-'b)"v = pv. 
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This implies that if pv # 0, by contradiction, we can say that v and T~‘bv are 
linearly D-dependent. Now choose v ¢ V such that v and T-'bv are linearly D- 
independent. 

Then pv = 0. Set W = Spanp{v, T-'bv}. Since p # 0, there exists w ¢ V such that 
pw # Oand then p(v-w) = pw # O. By the previous argument we have that w, T-! bw 
are linearly D-dependent and (v — w), T-'b(v — w) too. Thus there exist a, B ¢ D such 
that T-'bw = aw and T-'b(v - w) = B(v - w). Then T-'bv = B(v —- w) + T"!bw = 
B(v - w) + awi.e., (a —- B)w = T-'bv - Bv € W. Nowa = B implies that T-'bv = Bv, a 
contradiction. Hence a + Bandsow « W. Again, ifu ¢ V with pu = O then p(w+u) # 0. 
So, w+tu € W forcing u ¢ W. Thus it is observed that w « V with pw # Oimplies w « W 
and u € V with pu = O implies u ¢ W. This implies that V = Wi.e., dimpV = 2,a 
contradiction. Thus we have dimpV < 2. 


Proposition 3.2. Let R be anoncommutative prime ring of characteristic different from 
2, let Q,; be its right Martindale ring of quotients, and C be its extended centroid. Let I 
be a two-sided ideal of R, m = 0, n = 1 fixed integers, a be an automorphism of R which 
is not identity map and for some a, b € R, F(x) = ax + a(x)b such that px™ F(x)" = 0 
for all x ¢€ [I, I]. If F # 0, then one of the following holds: 

(i) m = Oand F(x) = ax forall x € R with pa = 0; 

(ii) R satisfies sy. 


Proof. By hypothesis, I satisfies 


pix, yl" (alx, y] + a([x, y])b)" =0. (3) 


Assume first that a is an inner automorphism of R, i.e., there exists an invertible ele- 
ment q in Q, such that a(x) = qxqu' for all x ¢ R. Then J satisfies 


pix, yl" (alx, y] + [x ylq"'b)" =0. (4) 


Since I, R and Q, satisfies the same generalized polynomial identities [6], Q, satisfies 
pix yl (alx, yl + glx ylg-*b)" =0. (5) 


If q-1b € C, then F(x) = (a + b)x for all x € R, and hence result follows by Lemma 3.1. 
So we assume that q-'b ¢ C. Then (5) becomes a nontrivial GPI for Q,. By Martindale 
Theorem [15], Q; is isomorphic to a dense ring of linear transformations of a vector 
space V over D, where D is a finite dimensional division algebra over C. Then by Pro- 
position 3.1, either Q, satisfies s, or dimpV < 2. In the last case, when dimpV < 2, we 
have Q; = M;(D), for k < 2. 

If Cis finite, then dimcD < co implies that D is also finite. Therefore, D = Cisa 
field by Wedderburn’s theorem. This implies Q; = Mx(C) fork < 2. Butifk = 1, then R 
is commutative, a contradiction. Thus we must have Q, = M2(C), that is, R satisfies s,. 

If C is infinite, then let C be the algebraic closure of C. We know that Q, and 
Q, Qc Cc satisfy the same generalized polynomial identities. Moreover, 


Q; ®c C = M,(D) @c C = M;(D @c C) = MAC), 
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for some t > 1. Thus since Q, ®c¢ C satisfies (5), by Proposition 3.1, we must have t = 2, 
that is R < M>(C). This implies that R satisfies s,. 
Next we assume that a is an outer automorphism of R. Then by [8], Q, satisfies 


pix, vy] (a[x, y] + a([x, y])b)" =0. (6) 


Then by [7, Main Theorem], Q, is a GPI-ring. Thus Q, is a primitive ring having nonzero 
socle and its associated division ring D is a finite dimensional over C. Thus by Propos- 
ition 3.1, we are to consider the case dimpV < 2. 

If C is finite, then it follows that D is also finite. By Wedderburn’s Theorem D is a 
field and by Proposition 3.1 we also have dimpV = 2, that is, R satisfies s,. Hence we 
assume that C is infinite. If a is not Frobenius, then by main Theorem in [8] Q, satisfies 


pix, y]™(alx, y] + [s, t]b)" =0. (7) 


If R satisfies s,, then we have our conclusion (2). So we assume that R does not satisfy 
s,. In particular, for s = t = 0, Q, satisfies 


pix, y](a[x, y])" =0, (8) 


which implies by Lemma 3.1 that either m > Oand a = Oorm = Oand pa = 0.Ifm>0 
and a = 0, then by (7) Q, satisfies 


pix, y]'"([s, t]b)” =0, (9) 


which implies again by Lemma 3.1 that b = 0. This implies F = 0, a contradiction. On 
the other hand, if m = 0 and pa = 0, then (7) yields 


p(alx, y] +[s, t]b)" =0. (10) 


In particular, Q, satisfies p([s, t]b)" = O and p(a[x, y])" = 0. Both cases give by 
Lemma 3.1 that b = 0 and pa = 0. Thus we obtain our conclusion (1). 

If a is Frobenius, then char (Q;) = p > O, otherwise a(A) = A for allA € Canda 
must be inner by [2, Theorem 4.7.4], a contradiction. Moreover, a(A) = M' forall A € C, 
where ¢ is some fixed integer. Replacing x with Ax, where A # 0 in (23), we have that 
Q, satisfies 


pa™[x, y]™(Aalx, y] + AP'a([x, y])b)" = 0 (11) 
that is 
pam (x, yJ™(alx, y] + AP -a([x, y])b)" =0. (12) 
Since A # 0, 
pix, yl" (alx, y] + AP a [x, y])b)" =0. (13) 


Let 9; = a[x, y], M2 = a([x, y])b andy = A'-1_ Then we have from (13) that Q, satisfies 


0 = pix, yl™(p1 + yo)" = ¥ WilGi, P2)y' (14) 
i=0 
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where j(~1, Y2) denotes the sum of all monomials with m, degree i and m2 degree 
n-—i, fori=0,1,...,n. In particular, o(@1, p2) = p[x, y]™(g2)" and Wn(1, G2) = 


DIX, y]"(o1)". Then replacing A with 1, A, A?,..., A", thatis y with 1, y, y?,...,y” in 
(14), we get the following homogeneous system of equations respectively. 
Pot Wr + Pot +n =0, 
Po + yp +y*Po +--+ yn =0, 
Wo ty? Wit yo te + yn = 0, 


pot yr + y Mp2 +--+ Yn = 0. 
Denote y/ by yj and then above system becomes 


Po+Witwo+---+Yn=0, 


Wo + M11 + M22 t+-:++Un~n =0, 
Wo + upWi + up. +--+ UW = 0, 


Po + MW + UpW2 +--+ + UnWn = 0. 
Moreover, since C is infinite, there exists infinitely many elements y € C such that 


yi # 1fori=1,...,n, thatis there exists infinitely many pw € Csuch that p # 1. Hence, 
1 1 1 1 1 


1 Ma aoe ees Un 
the Vandermonde determinant | 1 Hi eee wet = 4(1-yn) [T] Qa- pj) is 
j<2 


1<si<j< 
1 Te Medes <oveee a 
not zero. Thus we can solve the above system of equations and obtain that wp; = 0 for 
i=0,1,...,n.In particular, wo = 0 and Wn = 0 implies 


pix, yl" (a([x, y])b)” = 0 (15) 
and 
pix, y](a[x, y])" =0. (16) 


By Lemma 3.1, (16) implies (i) m = 0 and pa = Oor (ii) m > Oanda=0. 
Let us assume first that m = O and pa = O. Then (15) implies 


p(a([x, y])b)" =0. (17) 
Since dimpV < 2, by [9, Lemma 1] Q, satisfies 


p(a([x, y])b)* =0. (18) 
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Since any a(x) and a(y)-word degree are 2 and either char (R) = 0 or char (R) = 3, 
then, by [8, Theorem 3], Q, satisfies 


pis, t]b)? =0, (19) 


which implies by Lemma 3.1 that b = 0, a contradiction. Thus we have our conclu- 
sion (1). 
Next assume that m > 0 and a = O. Then by (6), Q, satisfies 


pix, y](a([x, y])b)" =0. (20) 
Since dimpV < 2, by [9, Lemma 1] Q, satisfies 
pix y]™(a([x, y])b)? =0. (21) 


Since any a(x) and a(y)-word degree are 2 and either char (R) = 0 or char (R) = 3, 
then, by [8, Theorem 3], Q, satisfies 


pix, y]([s, t]b)* =0. (22) 


By Lemma 3.1, b = 0. Then F becomes F(x) = ax for all x ¢ R, which implies again by 
using Lemma 3.1 that a = 0. Thus F = 0, acontradiction. Hence the proofis completed. 


Proof of Theorem 1.1: The generalized skew derivation F has its form F(x) = bx + d(x) 
for all x ¢ R, where a € Q, and d is a skew-derivation of R. Let a be the associated 
automorphism to F. If a = Ijqg is an identity map of R or d = O, then F becomes a 
generalized derivation of R and in this case result follows by [13, Theorem 1.1]. Thus 
we assume that a # Ijg. Since L is a noncentral Lie ideal of R and char (R) # 2, by 
[3, Lemma 1] there exists a nonzero ideal I of R such that [I, I] ¢ L. Hence, by our 
assumption we have a[x, y]’(b[x, y] + d([x, y]))” = 0 for all x, y € I and also for all 
x,y € Q; (see [10, Theorem 2]). This implies that Q, satisfies 


alx, y]"™(b[x, y] + d(x)y + a(x)d(y) - d(y)x - a(y)d(x))" =0. (23) 


If d(x) = cx — a(x)c is an inner skew derivation of Q,, then F(x) = (b + c)x — a(x)c for 
all x € Q,. Since a is not an identity map, by Proposition 3.2, m = 0, c = Oand ab = 0. 
This is our conclusion (1). 

Next if d is not inner skew-derivation of R, by [10, Theorem 1] Q, satisfies 


a(x, y])™(b[x, y] + sy + a(x)t — tx -a(y)s)" =0. (24) 
Replacing s with c'x — a(x)c’ and t with c’y — a(y)c' for some c’ # 0, (24) yields 
a[x, y]™(b[x, y] + c'[x, y] — a([x, y])c")” = 0 (25) 


for all x, y € Q,. By Proposition 3.2, it yields c’ = 0, unless R satisfies s,, a contradic- 
tion. Thus we conclude that R satisfies s,. This completes the proof of theorem. 
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Moulay Abdallah Idrissi, Abdellah Mamouni, and Lahcen Oukhtite 
On generalized derivations and commutativity 
of prime rings with involution 


Abstract: In this paper we investigate commutativity in rings with involution admit- 
ting a generalized derivation satisfying certain algebraic identities. Some well-known 
results characterizing commutativity of prime rings have been generalized. Moreover, 
we provide examples to show that the assumed restrictions cannot be relaxed. 


Keywords: Prime ring; involution; commutativity; derivation; generalized derivation. 


1 Introduction 


Throughout this paper R will represent an associative ring with center Z(R). For any 
x, y € Rthe symbol [x, y] will denote the commutator xy — yx; while the symbol x ° y 
will stand for the anti-commutator xy + yx. Recall that R is prime if aRb = O implies 
a=Oorb=0. 

An additive map «: R — R is called an involution if « is an anti-automorphism 
of order 2. An element x in a ring with involution (R, «) is said to be hermitian if x* = x 
and skew-hermitian if x* = —x. The sets of all hermitian and skew-hermitian elements 
of R will be denoted by H(R) and S(R), respectively. The involution is said to be of the 
first kind if Z(R) ¢ H(R), otherwise it is said to be of the second kind. In the later case 
it is straightforward to check that S(R) n Z(R) # (0). 

An additive map d: R — R is called a derivation on R if d(xy) = d(x)y + xd(y) 
for all x,y ¢ R. Let a € R bea fixed element, the map d: R —> R defined by d(x) = 
[a, x] = ax—xa forall x € Risa derivation on R called the inner derivation induced by 
a. Many results in literature indicate how the global structure of a ring R is often tightly 
connected to the behavior of additive mappings defined on R. A well known result due 
to Posner [14] states that if d is a derivation of a prime ring R such that [d(x), x] € Z(R) 
for all x ¢ R, then either d = 0 or R is commutative. In [7] Lanski generalizes the result 
of Posner by considering a derivation d such that [d(x), x] € Z(R) for all x ina nonzero 
Lie ideal U of R. 

More recently several authors consider similar situation in the case the derivation 
dis replaced by a generalized derivation. More specifically an additive map F: R — R 
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is said to bea generalized derivation if there exists a derivation d of R such that F(xy) = 
F(x)y + xd(y) for all x, y € R. Basic examples of generalized derivations are the usual 
derivations on R and left R-module mappings from R into itself. An important example 
is a map of the form F(x) = ax + xb for some elements a, b € R; such generalized 
derivations are called inner. Generalized derivations have been primarily studied on 
operator algebras thus any investigation from the algebraic point of view might be 
interesting (see for example [4, 6] and [8]). 

During the last two decades, many authors have studied commutativity of prime 
and semi-prime rings admitting suitably constrained additive mappings acting on ap- 
propriate subsets of the rings. Moreover, many of obtained results extend other ones 
previously proven just for the action of the considered mapping on the whole ring. 
In this direction, the recent literature contains numerous results on commutativity in 
prime and semi-prime rings admitting suitably constrained derivations and general- 
ized derivations, and several authors have improved these results by considering rings 
with involution (for example, see [1, 2, 9, 11] and [12]). 

The purpose of the present paper is to continue this line of investigation and study 
the structure of a prime ring with involution of the second kind admitting a general- 
ized derivation satisfying more specific algebraic identities. 


2 Main results 


We first fix the following lemma which shall be used frequently throughout the text. 


Lemma 2.1 ([10], Fact 1.). Let (R, *) be a 2-torsion free prime ring with involution 
provided with a derivation d. Then d(h) = O for allh € H(R) | Z(R) implies that 
d(z) = O forall z € Z(R). 


Theorem 2.1. Let (R, «) be a 2-torsion free prime ring with involution of the second kind. 
If R admits a generalized derivation F associated with a nonzero derivation d, then the 
following assertions are equivalent: 

(1) [F(x), d(x*)] = +[x, x*] forall x € R. 

(2) [F(x), d(x*)] = O forall x € R. 

(3) R is commutative. 


Proof. Obviously, (3) => (1) and (3) => (2). 
(1) => (3) Forall x € R, we suppose that 


[F(x), d(x")] = [x, x*] (1) 
Linearizing (1), we get [F(x), d(y*)] + [F(y), d(x*)] = [x, y*] + Ly, x*] so that 


[F(x), d(y)] + FY"), d0“)] = boy] +[y",x"] forall x,yeR. (2) 
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Substituting yh for y in (2), where h € Z(R) n H(R)\{0} and using (2) we obtain 
(LFCO, y] + [y*, d(x*)])d(h) =0 forall x,yeR. 


Using the primeness hypothesis, it follows that [F(x), y] + [y*, d(x*)] = 0 or d(h) = 0. 
Suppose that 
[F(x), y] + [y*, d(x*)] =O forall x,yeR. (GB) 


Replacing y by ys in (3), where s € Z(R) N S(R)\{0}, it’s easy to verify that 
[F(x), y] -[v*, d(x*)]=0 forall x,yeR. (4) 
Adding relations (3) and (4) we find that 
[F(xX), y] =O forall x,yeR 


thus 
[F(x),x] =O forall xeR 


hence the commutativity of R follows from ([13], Theorem 3). 

Now if d(h) = O for all h € Z(R) n H(R), then according to Lemma 2.1 one obtains 
d(s) =O forall s € Z(R) Nn S(R). 

Putting ys for y in equation (2), we get 


[F(x), d(y)] - [F(y*), d(x*)] = [x,y] - [y*, x"] forall x,yeR. (5) 
Comparing equations (2) and (5) we arrive at 
[F(x), d(y)] = [x,y] forall x,yeR. 


In view of ([3], Theorem 2.11), one can conclude that R is commutative. 

Further, if [F(x), d(x*)] = —[x, x*] for all x € R, then using the same techniques as 
used above with necessary modifications we get the required result. 

(1) => (3) Suppose that 


[F(x), d(x*)] =0 forall xeR. (6) 
Linearizing equation (6), we get [F(x), d(y*)] + [F(y), d(x*)] = 0 so that 
[F(X), d(y)] + [F(y*), d(x")] =0 forall x,yeR. (7) 
Substituting yh for y in (7), where h € Z(R) 9 H(R)\{0} and using (7) one obtains 
([F(x), y] + (y*, d(x*)])d(h) =0 forall x,yeR. (8) 


Since R is prime, then it follows that either [F(x), y] + [y*, d(x*)] = 0 or d(h) = 0. 
Suppose that 
[F(x), y] + [y*, d(x*)] =0 forall x,yeR. (9) 
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Replacing y by ys in (9), where s € Z(R) N S(R)\{0}, it’s obvious to verify that 
[F(x), y] -[y*, d(x*)] =0 forall x,yeR. (10) 
Adding relations (9) and (10) we obtain 
[F(x),y] =O forall x,yeR 


in such a way that 
[F(x),x] =O forall xe R. 


Therefore the commutativity of R follows from ([13], Theorem 3). 

Now if d(h) = 0 for all h € Z(R) N H(R), then Lemma 2.1 yields that d(s) = 0 for all 
sé Z(R)NS(R). 

Writing ys instead of y in equation (7), one obtains 


[F(x), d(y)] - [F(y*), d(x*)] =0 forall x,yeR. (11) 
From (7) and (11) one obtains 


[F(x), d(y)] =O forall x,yeR. (12) 


In view of ([3], Theorem 2.6), one can conclude that R is commutative. 


Remark 2.1. To prove (1) <= (3) the condition d + 0 is not necessary. Indeed, if F = 0 
or d = O then R is normal and the required result follows from ([10], Lemma 2.1). 


Corollary 2.1. Let (R, «) bea 2-torsion free prime ring with involution of the second kind. 
If R admits a generalized derivation F associated with a nonzero derivation d, then the 
following assertions are equivalent: 

(1) [F(x), d(y)] = +[% y] for allx,y € R. 

(2) [F(x), d(y)] = 0 for all x,y € R. 

(3) R is commutative. 


It is natural to ask what can we say about the commutativity of R if the commutator in 
the preceding theorem is replaced by anti-commutator. In the following theorem, we 
have investigated this problem for (1) <= (3) and our result is of a different kind. 
Indeed, we have proved that the commutativity cannot be characterized by the same 
condition on anti-commutator. 


Theorem 2.2. Let (R, «) be a 2-torsion free prime ring with involution of the second 
kind. There is no generalized derivation F associated with a derivation d satisfying F(x)o 
d(x*) = +xo x* forall x € R. 


Proof. Assume that R admits a generalized derivation F associated with a derivation 
d such that 
F(x) °c d(x*)=xex* forall xeR. (13) 
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If d = 0, then (13) reduces to x o x* = 0 for all x € R which gives 
xoy* +yox* =Oforall x,yeR. 


Replacing y by h where h is a nonzero element in Z(R) N H(R), one obtains x + x* = 0. 
Similarly, putting s for y where s is a nonzero element in Z(R) N S(R), we find that 
x-x* = 0. Comparing the last two equations we conclude that R = {0}, acontradiction. 
Accordingly, we may suppose that d # 0. Now linearizing equation (13) one obtains 
F(x) o d(y*) + Fly) o d(x*) = xo y* + yox* so that 


F(x) o d(y) + F(y*) 0 d(x*) =xeoy+y* ox* forall x,yeR. (14) 
Replacing y by yh in (14), where h € Z(R) N H(R)\{0}, we arrive at 


(F(x) oy + y* od(x*))d(h) =0 forall x,yeR. (15) 
In light of primeness, the above expression assures that either d(h) = 0 or F(x) oy + 
y* od(x*)=0. 
Suppose that 


F(x)oy+y* od(x*)=0 forall x,yeR. (16) 
Putting y = h where h € Z(R) n H(R)\{O}, we obtain 2(F(x) + d(x*))h = 0 which leads 
to F(x) + d(x*) = O forall x eR. 

On the other hand, replacing y by s in (16) with s € Z(R) n S(R)\{O}, we arrive at 
F(x) — d(x*) = 0 for all x € R. Therefore F(x) = 0 for all x € Randa fortiorid = 0,a 
contradiction. 

Now suppose that d(h) = 0 for all h € Z(R) N H(R), from Lemma 2.1 it follows that 
d(s) = O for alls € Z(R) N S(R). 

Substituting ys for y in (14) for a nonzero element s in Z(R) N S(R), one can see that 


F(x) 0 d(y) - F(y*) eo d(x*) =xey-y*ox* forall x,yeR. (17) 
Adding equations (17) and (14), we conclude that 
F(x)od(y)=xey forall x,yeR. (18) 


So the commutativity of R follows from ([3], Theorem 2.7). Hence equation (18) reduces 
to 
F(x)d(y) = xy forall x,yeR. 


Replacing y by yt in the last equation, we get F(x)yd(t) = 0 and thus 
F(x)Rd(t) = {0} forall x,yeR 


so that d = 0. However, in this cases xy = 0 for all x, y € Rso that R = {0}, a contra- 
diction. 


Using similar arguments as in the first case, it is obvious to show that there is no gen- 
eralized derivation F associated with a derivation d satisfying F(x) o d(x*) = -(x ° x*) 
for all x € R. 
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Corollary 2.2. Let (R, *) be a 2-torsion free prime ring with involution of the second 
kind. There is no generalized derivation F associated with a derivation d satisfying F(x) 
diy) =+xoyforallx,yeéR. 


Now if we replace the commutator by anti-commutator in (2) of Theorem 2.1 then it 
does not constitute a commutativity criterion. However, we can classify generalized 
derivations satisfying the hypothesis F(x) ° d(x*) =O forall x eR. 


Theorem 2.3. Let (R, «) be a2-torsion free prime ring with involution of the second kind 
and F a generalized derivation associated with a derivation d. Then the following asser- 
tions are equivalent: 

(1) F(x) © d(x*) = 0 forall x € R. 

(2) F is a left multiplier. 


Proof. We need only prove that (1) => (2). We are given that 
F(x) ° d(x*)=0 forall xeER. (19) 


Suppose that F is not a left multiplier that is d # 0. 
Linearizing(19) we get 


F(x) o d(y*) + Fly) ° d(x*)=0 forall x,yeR, 


so that 
F(x) o d(y) + F(y*)° d(x*) =0 forall x,yeR. (20) 


Replacing y by yh in (20), where h € Z(R) Nn H(R)\{0}, we obtain 
(F(x) oy + y* od(x*))d(h) =O forall x,yeR. (21) 


Invoking primeness, it follows that either F(x) ° y + y* o d(x*) = O or d(h) = 0. 
Suppose that 
F(x)cy+y* od(x*)=0 forall x,yeR. (22) 


Taking y = h where h € Z(R) N H(R)\{0}, one can easily see that 2(F(x) + d(x*))h =0 
and thus 
F(x) + d(x*)=0 forall xeR. 


Replacing y by s in (22) where s is a nonzero element in Z(R) N S(R), we obviously get 
F(x) - d(x*) =0 forall xeR. 


Comparing the last two relations, we conclude that F = d = 0, a contradiction. There- 
fore d(h) = 0 for all h € Z(R) nN H(R) in which case Lemma 2.1 forces d(s) = 0 for all 
s€Z(R)NS(R). 

Putting ys for y in (20) where s € Z(R) N S(R)\{O}, one obtains 


F(x) 0 d(y) - F(y*)° d(x*) =0 forall x,yeR. (23) 
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Adding equations (23) and (20) we conclude that 
F(x)-d(y)=0 forall x,yeR. (24) 


Hence by ([3], Theorem 2.5) we conclude that R is commutative. Then equation (24) 
becomes 
F(x)d(y) =0 forall x,yéR 


in consequence of which d = 0, a contradiction. 


Corollary 2.3. Let (R, «) be a 2-torsion free prime ring with involution of the second 
kind and F a generalized derivation associated with a derivation d. Then the following 
assertions are equivalent: 

(1) F(x) e d(y) = O forall x, y € R. 

(2) F is a left multiplier. 


Theorem 2.4. Let (R, *) be a 2-torsion free prime ring with involution of the second 
kind. There is no generalized derivation F associated with a derivation d satisfying 
[F(x), d(x*)] = +xox* forallx € R. 


Proof. If R is commutative or d = 0, then we get x ° x* = O forall x € R. Using the 
same argument as before we have R = {0}. Hence we may suppose that neither R is 
commutative nor d = 0. 
Assume that 

[F(x), d(x*)] =xex* forall xeR. (25) 


Linearizing (25), we get [F(x), d(y*)] + [F(y), d(x*)] = xo y* +yex* so that 
[F(x), d(y)] + [Fiy*), d&*)] =xey+y*eox* forall x,yeR. (26) 
Substituting yh for y in (26), where h € Z(R) n H(R)\{0}, we obtain 
(LFCO, y] + [y*, d(x*)])d(h) =0 forall x,yeR. (27) 


Since R is prime, then either d(h) = 0 or [F(x), y] + [y*, d(x*)] = 0. 
Suppose that 
[F(x), y] + [y*, d(x*)] =0 forall x,yeR. (28) 

this is just equation (3) in the proof of Theorem (2.1) it follows that R is commutative, 
a contradiction. 

Now if d(h) = 0 for all h € Z(R) N H(R), then d(s) = 0 forall s € Z(R)NS(R), by 
Lemma 2.1. 

On the other hand, replacing y by ys in (26), one obtains 


[F(x), d(y)] - [F(y*), d(x*)] =xey-y*ox* forall x,yeR. (29) 
Adding equations (26) and (29) we find that 


[F(x), d(y)] =xey forall x,yeR. (30) 
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Hence by ((5], Theorem 2.2) we conclude that R is commutative, a contradiction. 
The proof of the case [F(x), d(x*)] = —x°x* forall x € Ris similar and requires only 
slight modifications. 


Corollary 2.4. Let (R, *) be a 2-torsion free prime ring with involution of the second 
kind. There is no generalized derivation F associated with a derivation d satisfying 
[F(x), d(y)] =+xeyforallx,y € R. 


Theorem 2.5. Let (R, «) bea 2-torsion free prime ring with involution of the second kind. 
If R admits a generalized derivation F associated with a derivation d such that F(x) 
d(x*) = +[x, x*] forall x € R then R is commutative. Furthermore, F is a left multiplier. 


Proof. Assume that 
F(x) 0 d(x*) = [x,x*] forall xeR. (31) 


If F = O then the preceding relation reduces to [x, x*] = O for all x € R hence R is 
commutative by ([10], Lemma 2.1). Therefore, we may assume that F # 0. Linearizing 
(31), one obtains 


F(x) 0 d(y*) + Fy) 0 d(x") = [x, y*]+[y,x*] forall x,yeR (32) 
thereby 
F(x) 0 d(y) + F(y*) 0 d(x*) = [x, y] + [y*, x*] forall x,yeR. (33) 


Substituting yh for y in (33) where h is a nonzero element in Z(R) n H(R) and using 
(33), we find that 


(F(x) oy + y* od(x*))d(h) =O forall x,yeR. (4) 


Using the primeness hypothesis, it follows that F(x) > y + y* o d(x*) = O or d(h) = 0. 
Suppose that 
F(x)coy+y* od(x*)=0 forall x,yeR. (35) 


Putting y = hin (35) where h € Z(R) Nn H(R)\{0}, one obtains 
F(x) + d(x*)=0 forall xeR. 

Similarly, replacing y by s in (35) where s € Z(R) N S(R)\{0}, we arrive at 
F(x) — d(x*)=0 forall xeR. 


Comparing the two last relations we conclude that F = 0, a contradiction. Thus we 
need only consider d(h) = 0 for all h € Z(R) N H(R). Replacing y by ys in (33) where s 
is a nonzero element in Z(R) N S(R), because of d(s) = 0, we have 


(F(x) e d(y) - F(y*) e d(x*))s = (Ix, y] + [y*, x*])s forall x,y eR (36) 
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so the primeness yields 
F(x) e d(y) — F(y*) o d(x*) = [x,y] -[y*, x*] forall x,yeR. (37) 
Combining equations (33) and (37), we get 
F(x) d(y) = [x,y] forall x,yeR. (38) 


Hence we conclude that R is commutative by ([5], Theorem 2.5). Accordingly, equation 
(38) becomes F(x)d(y) = 0 which leads to d = 0, proving that F is a left multiplier. 


Corollary 2.5. Let (R, «) be a 2-torsion free prime ring with involution of the second 
kind. If R admits a generalized derivation F associated with a derivation d such that 
F(x) o d(y) = +[x, y] for all x,y € R then R is commutative. Furthermore, F is a left 
multiplier. 


The following example proves that the primeness hypothesis in Theorems 2.1 and 2.5 
is not superfluous. 


Example 1. Let us consider R = M>(Z) and define 6 4 . i a ve 


F (: 1) = & a) Then F is a left multiplier and (R, *) is a prime ring with in- 
volution of the first kind such that [x, x*] =O Vx eR. 
Set R = RxC, thenit is obvious to verify that (R, 0) is a semi-prime ring with involution 
of the second kind where o(r, Z) = (r*, Z). 
Moreover, if we put 

F(r, Z) = (F(r), 0) 
then F is a left multiplier satisfying the conditions of Theorems 2.1, and 2.5 but 8 is not 


commutative. 


The following example proves that the condition ”* is of the second kind” is necessary 
in Theorems 2.1, and 2.5. 


Example 2. Letus consider R = G2 |a, b,c,d € Z+ and a 3B = q eal 
c d c ad -c a 


It is straightforward to check that (R, *) is a prime ring with involution of the first kind 
such that 
[x,x*]=0 forall xeR. 


Furthermore, the mapping F: R — R defined by 


FS a)e(6 0) 


is a left multiplier that satisfies conditions of Theorems 2.1 and 2.5 however R is not com- 
mutative. 
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Karima Alaoui Ismaili and Najib Mahdou 
On (n, d)-Krull property in amalgamated 
algebra 


Abstract: In this paper, we investigate the (n, d)-Krull property in the amalgamated 
algebra A! J. As an application, we construct examples of (0, 0)-Krull rings and (1, 0)- 
Krull rings having infinite dimension, and we give new classes of (1, d)-Krull rings 
which are neither (0, d)-Krull rings (d > 0) nor (1, d — 1)-Krull rings (d > 1). 


Keywords: Amalgamated algebra; Amalgamated duplication; Krull dimension; (n, d)- 
Krull ring; n-presentation; Von Neumann regular ring. 


1 Introduction 


Throughout this paper, all rings are commutative with identity element, and all mod- 
ules are unitary. Let A and B be two rings, let J be an ideal of B and let f: A > Bbea 
ring homomorphism. In this setting, we can consider the following subring of A x B: 


Aw! J = {(a, f(a) + j)7a € A, j Jt 


called the amalgamation of A with B along J with respect to f (introduced and studied 
by D’Anna, Finocchiaro, and Fontana in [6, 7]). This construction is a generalization 
of the amalgamated duplication of a ring along an ideal (introduced and studied by 
D’Anna and Fontana in [5, 8, 9] and denoted by A ™ J). Moreover, other classical con- 
structions (such as the A + XB[X], A + XB[[X]], and the D + M constructions) can be 
studied as particular cases of the amalgamation [6, Examples 2.5 & 2.6] and other clas- 
sical constructions, such as the Nagata’s idealization and the CPI extensions (in the 
sense of Boisen and Sheldon [1]) are strictly related to it (see [6, Example 2.7 & Remark 
2.8]). See for instance [2, 3, 5, 6, 7, 8, 9, 10]. 

Let R be a commutative ring. For a nonnegative integer n, an R-module F is called 
n-presented if there is an exact sequence of R-modules: 


Fn - Fn-1 >... F1 ~ Fo > E- 0 


where each F; is a finitely generated free R-module. In particular, 0-presented and 
1-presented R-modules are, respectively, finitely generated and finitely presented R- 
modules. 
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Let A be a ring, E be an A-module, and R := A « E be the set of pairs (a, e) with 
pairwise addition and multiplication given by (a, e)(b, f) = (ab, af + be). R is called 
the trivial ring extension of A by E (also called the idealization of E over A). Recall that 
Spec(A « E) = {P x E/P € Spec(A)}. 

For non-negative integers n and d, we say that a ring R is an (n, d)-Krull ring if 
any n-presented prime ideal P of R has height at most d; that is hta(P) < d. Note that 
if dimR = d (where dimR is the Krull dimension of R), then R is an (n, d)-Krull ring 
for each integer n, and if n’ > n and d’ = d, then every (n, d)-Krull ring is also an 
(n’, d')-Krull ring. 

This notion generalizes, in some way, the Krull dimension. In particular, for Noeth- 
erian rings, the (n, d)-Krull property coincides with the finite Krull dimension. Apart 
from the Noetherian settings, the importance of this classification lies in its ability to 
classify some rings with infinite Krull dimension (see [11]). 

In [11], the author asks whether there are examples of (n, d)-Krull rings which are 
neither (n, d—1)-Krull rings nor (n—-1, d)-Krull rings for all non-negative integers n and 
d? Some limitations are immediate, for d = 0 orn = 0, the conjecture reduces to (n, 0)- 
Krull ring not (n — 1, 0)-Krull ring or (0, d)-Krull ring not (0, d — 1)-Krull ring. Again 
in [11], the author made use to trivial extensions to solve the casen < 1 and d arbitrary. 
Later, in [12], the author construct a class of (2, d)-Krull rings which are neither (2, d— 
1)-Krull rings (for d=1) nor (1, d)-Krull rings for (d = 0, 1). Finally, in [13], the authors 
give a new examples of non-coherent domains which are (0, d)-Krull domains, not 
(0, d — 1)-Krull domains, and where the Krull dimension equals d + 1. 

The purpose of this work is to give new examples of (0, 0)-Krull rings and (1, 0)- 
Krull rings having infinite dimension, and classes of (1, d)-Krull rings which are 
neither (0, d)-Krull rings (d > 0) nor (1, d — 1)-Krull rings (d > 1). 


2 Construction of (n, d)-Krull rings having infinite 
dimensions 


In this section, we study the amalgamated algebra A » J to be (0, 0)-Krull ring. The 
goal is to provide examples of (0, 0)-Krull rings having infinite dimension. 

First, itis worthwhile noting that the function f": A" — B" defined by f” ((a;)i=") = 
(f(a;))=" is a ring homomorphism, (A »! J)" = A"! J" and f"(aa) = f(a)f"(a) for all 
aeAandae A” 

Next, before we announce the main result of this section (Theorem 2.1), we make 
the following useful remark. 


Remark 2.1. Let (A, M) bea local ring, f : A — B bea ring homomorphism, and let J be 
a proper ideal of B such that J ¢ Rad(B). Then: 

1. Ar Jis a local ring and M w J is its maximal ideal. 

2. f(A\M) +J ¢ U(B). 
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Proof. (1) Indeed, by [7, Proposition 2.6 (5)], Max(A vo J) = {mo J 7m € Max(A)}u{Q} 
with Q € Max(B) \ VJ) and Q := {(a, f(a) +j)7aéA,j € J, f(a) +j € Q}. SinceJ ¢ 
Rad(B) then, J ¢ Qforall Q € Max(B). So, Max(AvJ) = {mom € Max(A)} = Mo] 
since (A, M) is a local ring. Therefore (A »/ J, M of J) is a local ring. 

(2) Let x ¢ A\M,j ¢ J. Then f(x) +j = fQod(1 + jf(x")) € U(B) since f(x) € U(B) and 
1 + jf(x-!) € U(B), as desired. 


Next we announce the first main result of this paper. 


Theorem 2.1. Let f: A — B be aring homomorphism, and let J be a proper ideal of B. 
1. Assume that J < Nil(B). If A is a (0, 0)-Krull ring, then so is A w J. 
2. Assume that either f(Spec(A)) ¢ J or (A, M) is a local ring such that f(M)J = 0. 
(a) Assume that J ¢ Nil(B) and J is not finitely generated ideal of f(A) + J. Then 
Aw! J is a (0, 0)-Krull ring. 
(b) Assume that J is not finitely generated ideal of f(A) +J and Spec(B) ¢ (f(A) +J). 
If f(A) + J is a (0, 0)-Krull ring, then so is A wf J. 


Before proving Theorem 2.1, we establish the following Lemma. 


Lemma 2.1. Let f: A — B bearing homomorphism, J be an ideal of B, and let U be an 
(f(A) + J)-module such that U ¢ (f(A) + J)". Then 
1 U:={(a,f(aytka eA", ke J", fr(aytk € U} cA"! J" is an (Ar J)-module. 
2. If U is a finitely generated (A »! J)-module, then U is a finitely generated (f(A) + J)- 
module. 


Proof. 1. Itis obvious. 
2. Assume that U = vie? Av Tai, f"(ai)+ki), where a; € A", k; € J" and f"(a;)+k; € 
U for eachi = 1,...,p. Then, DEP f(A) + J)(f"(a;) + ky) ¢ U. Conversely, let 

u =f"(a)+k ¢€ Uforsomea € A" and k ¢€ J". Then, (a, f"(a)+k) = Yi? (ai, fla) + 
jd(ai, F"(aj) + ki) € U, where (aj, f(a;) + ji) € Ao J for all i. So, u = YEP f(a) + 
j(F"(ai) + ki) € DAWA) + DF" (ai) + kj). Thus, U = YAP(F(A) + D(F"(ai) + ki), 

as desired. 


Proof of Theorem 2.1: (1) Assume that J ¢ Nil(B). By [7, Proposition 2.6 (5)], Spec(A vf 
J) = {Pw J/P « Spec(A)} U {Q} with Q « Spec(B)\VU), where V(J) := {P ¢€ 
Spec(B)/P 2 Jt and Q := {(a, f(a) +j)7aéA,j € J, f(a) +j € Q}. Since J ¢ Nil(B), 
then J < Q for all Q € Spec(B). So, Spec(A mw! J) = {Po JP € Spec(A)}. 

Assume that A is a (0, 0)-Krull ring, and let K := P > J bea finitely generated 
prime ideal of A » J. Clearly, P is a finitely generated prime ideal of A. So, ht,(P) = 0 
since A is a (0, 0)-Krull ring, and so At gy j(P vf J) = 0. Therefore A J is a (0, 0)-Krull 
ring. 

(2) Assume that either f(Spec(A)) ¢ J or (A, M) isa local ring such that f(M)J = 0. 

(a) Assume that J ¢ Nil(B) and J is not finitely generated ideal of f(A) + J. We 
claim that each prime ideal of A » J is not finitely generated. Otherwise, there exists a 
finitely generated prime ideal of A» J, K := Po J = Y="(A oe! J)(p;, flpi) + ki), where 
Pisa prime ideal of A, p; ¢ P, andk; ¢ J forall1 <i<n. 
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Assume that f(Spec(A)) ¢ J, and letj € J. Then (0, j) = YE" (ai, flai)+ii) (pis Flpi)+ 
kj) for some a; < A andj; < J.So,j = YE(flai) +f f@i+ki) « VENGA) +p) +k). 
Thus J = Ye GA) + J)(f(pi) + ki) since f(p;) € J for all 1 < i < n, acontradiction. 

Assume that (A, M) is alocal ring such that f(M)J = 0, and let k € J. Then, (0, k) = 
Yi-1 (Gi, flai) + ji)(vi, fi) + ki) for some a; € A and jj € J. So Yi-} aipi = 0, and 
k = Yiet(ai) + FW + ki) = L=TKlai) + iki € LTA) + Dki (Since f(P)J = 0). 
Thus J = Yai GA) + J)k;, a contradiction. Hence, each prime ideal of A xf J is not 
finitely generated and so A mo J is a (0, 0)-Krull ring. 

(b) Assume that J is not finitely generated ideal of f(A) + J, Spec(B) ¢ (f(A) + J), 
and f(A) + J is a (0, 0)-Krull ring. Let K be a proper finitely generated prime ideal of 
Aw? J. Then K = Q, where Q € Spec(B)\V(). So, Q is a finitely generated prime ideal 
of f(A) + J by Lemma 2.1 (2). Hence, ht4(Q) = O since f(A) + J is a (0, 0)-Krull ring. It 
is easy to show that ht ay (Q) = 0. Otherwise, there is K’ a prime ideal of A »/ J such 
that K’ ¢ K. 

If K' = Pw J, where P € Spec(A), then J < Q, a contradiction. So K’ = Q’, where 
Q' « Spec(B)\V(J). Let u = f(a) +j € Q’, where a € A, j € J. Then (a, f(a)+j) « K' cK. 
So, u = f(a) +j € Q, and so Q’ ¢ Q. Moreover, there is (a, f(a) + j) ¢ K \ K'. So 
f(a) +j € Q\ Q’. Thus, Q’ ¢ Q, the desired contradiction, and this complete the proof 
of Theorem 2.1. 

The following Corollaries are immediate consequences of Theorem 2.1. 


Corollary 2.1. Let A be a ring and let I be a proper ideal of A. 
1. Assume that I ¢ Nil(A). If A is a (0, 0)-Krull ring, then so is A w I. 
2. Assume that (A, M) is a local ring such that IM = 0. 
(a) Assume that I ¢ Nil(A) and I is not finitely generated ideal of A. Then A » I is 
a (0, 0)-Krull ring. 
(b) Assume that I is not finitely generated ideal of A. If A is a (0, 0)-Krull ring, then 
soisAm]. 


Corollary 2.2. Let A be a ring such that Spec(A) = I be not finitely generated ideal of 
A. Then A «I is a (0, 0)-Krull ring. 


Now, we are able to give classes of (0, 0)-Krull rings having infinite dimension. 


Example 1. Let (R, m) be a local ring such that dimR = oo. Let A := R « (2) and 
M =m « (£)® its maximal ideal, B := A o E, where E be an 4-vector space, and 
let J := Nil(A) o E be a proper ideal of B. Consider the ring homomorphism f : A > B 
(f(a) = (a, 0)). Then 
1. dim(A wo! J) = Max{dimA, dim(f(A) + J)} = dimA = co by Proposition [7, Proposi- 
tion 4.1]. 
2. Av Jis a (0, 0)-Krull by Theorem 2.1 (1) since A is by Theorem [11, Theorem 2.3]. 


Example 2. Let A = K[[X1,...,Xn,...]] be the formal series ring of infinite indeterm- 
inates (X;)i=1,...,.00 over a field K, M its maximal ideal. Let B := A « (me be trivial 
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extension ring of A by (4)%, J:=Me (4), and consider the ring homomorphism 
f:A— B (f(x) = (a, 0)). Then: 
1. dim(A wf J) = dim(A) = co by Proposition [7, Proposition 4.1]. 
2. Arf J is a (0, 0)-Knull ring by Theorem 2.1 (2) (b) since for all P € Spec(A), f(P) = 
PaxOcJandf(A)+J=Acx Gi = Bisa (0, 0)-Krull ring by Theorem [11, 
Theorem 2.3]. 


Example 3. Let (R, m) be a local ring such that dimR = co and A := R « (Ey. Then 
1. dim(A ™ Nil(A)) = dimA = oo. 
2. Am Nil(A) is (0, 0)-Krull ring by Corollary 2.1 (1) since A is by Theorem [11, Theorem 
2.3]. 


Now we establish the second main result of this section. 


Theorem 2.2. Let f: A — B be aring homomorphism, and let J be a proper ideal of B. 
1. Assume that J ¢ Nil(B). If A is a Von-Neumann regular ring, then Aw J is an (0, 0)- 
Krull ring. 
2. Assume that J is not finitely generated ideal of (f(A) + J) and Spec(B) ¢ (f(A) + J). 
If f(A) + J is a Von-Neumann regular ring, then A xf J is an (0, 0)-Krull ring. 


Proof. (1) Assume that J ¢ Nil(B). Then Spec(Am J) = {Po J./P € Spec(A)}. Let Po J 
be a finitely generated ideal of (A » J), where P is a proper prime ideal of A. Clearly, P 
is a finitely generated ideal of A. Consider the exact sequence of A-modules 


0>P>A>$-0 


The cyclic A-module 4 is a projective since it is a finitely presented A-module and A 
is a (1, 0)-ring. Thus, the above exact sequence splits. So, P = Ae is generated by an 
idempotent element e ¢ P (# 0). Our aim is to show that ht4,.°7(P vi J) = 0. Otherwise, 
there is P’ a prime ideal of A such that P’ »/ J ¢ Pow J. So, P’ ¢ P. But, e(e-1) = O€ P’. 
Soe € P’ ore-1 € P' since P’ is prime ideal of A. Assume that e —- 1 € P’ ¢ P. Then 
1 =(1-e)+€e € P, absurd since P is a proper ideal of A. Hence e € P’ andso P’ = P, 
the desired contradiction. 

(2) Assume that J is not finitely generated ideal of (f(A)+J) and Spec(B) ¢ (f(A)+J). Let 
Qbea finitely generated ideal of (A »/J), where Qisa proper prime ideal of f(A)+J. Then 
Qis a finitely generated ideal of f(A) + J by Lemma 2.1. Consider the exact sequence of 
(f(A) + J)-modules 


0->-Q->f(A)+J- 


f(A) +] 
Oo. 


Since the cyclic (f(A) + J)-module, bal is a finitely presented and f(A) + J is a (1, 0)- 
ring, then A SO is a projective. Thus, the above exact sequence splits. So, Q = (f(A) + 
J)f is generated by an idempotent element f € Q (¢ 0). Therefore, ht ‘Avet j(Q) = 0. 
Otherwise, there is Q’ a prime ideal of f(A) + J such that Q' ¢ Q. So, Q' ¢ Q. But, 
f(f-1) = 0 € Q' implies that f « Q’, andso Q’ = Q, acontradiction, and this completes 
the proof of Theorem 2.2. 
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We make the following corollary. 


Corollary 2.3. Let A be a ring and let I be a proper ideal of A. Assume that either I ¢ 
Nil(A) or lis not finitely generated ideal of A. If A is a Von-Neumann regular ring, then 
Aw Tis an (0, 0)-Krull ring. 


Example 4. Let A be a non-Noetherian Von Neumann regular ring and let I be a non 
finitely generated ideal of A (see for example [4, Example 2.7]). Then A »/ I is an (0, 0)- 
Krull ring by corollary 2.3. 


Example 5. Let A be a Von-Neumann regular ring, I be a proper ideal of A, and let n > 2 
such that I" # 0. Let B := A; and consider the ring homomorphism f : A — B (f(a) = @). 
Then A » Tis an (0, 0)-Krull ring by Theorem 2.2 (1). 


3 Construction of (n, d)-Krull rings which are neither 
(n, d — 1)-Krull rings nor (n — 1, d)-Krull rings 


In this section, we investigate the amalgamated algebra A rf J to be (1, 0)-Krull ring. 
The aim is to give new classes of (1, d)-Krull rings which are neither (1, d - 1)-Krull 
rings nor (0, d)-Krull rings. 


Theorem 3.1. Let (A, M) be a local ring, f: A — B be a ring homomorphism, and let 
J be a proper ideal of B such that f(M)J = O and J ¢ Nil(B). Assume that either A is 
a (1, 0)-Krull ring or M is not finitely generated ideal of A or J is not finitely generated 
ideal of f(A) + J. Then A » J is a (1, 0)-Krull ring. 


Proof. Assume that A is a (1, 0)-Krull ring. Let K := Poo! J := YE"(A oe J)(p;, flpi) + ki) 
be a finitely presented ideal of A » J, where P is a prime ideal of A, p; € P, and kj « J 
for all1 < i < n. Then P = ye" pi and J = i"(f(A) + J)k;. We may assume that 


{(piiz"} is a minimal generating set of P, and {(ki)I="} is aminimal generating set of J. 
Consider the exact sequence of A-modules: 


0 > Kerv > A" > P>0 (1) 

where v((ai)i=") = bret a;p;. On the other hand consider the exact sequence of (f(A) + 
J)-modules: 

0 > Keru > (f(A) + J" ~J 0 (2) 


where u((f(ai) + ji)iet,...n) = DE(F(ai) + ji)ki. So, 


Keru = {(flai) + jiimt..an € (A) +)" 7 ¥ (lai) + jkr = 0} 


i=1 
= f"(M")+Ly. 
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(by Remark 2.1 since {(k)E"} is a minimal generating set of J), where L;, = {iyi € 
J"/ Yj=7 jiki = 0}. Consider the exact sequence of (A vf J)-modules: 


0 > Kerw = (Aw J)" = Pw J 50 (3) 


where w((ai, (ai) + jidiet,...n) = Lint i fai) + ji(pi fDi) + ki) = Liztauwi, flaipi) + 
(flai)+jiki)) = (Liat api, Vix} Flaipi) + D j=1 flai)ki + Yj] Kiji). It follows that Kerw = 
Kerv»" Ly (since Kerv ¢ M"). By asequence (3), Kerw isa finitely generated (A vo J)- 
module. Thus, Kerv is a finitely generated A-module. Therefore P is a finitely presen- 
ted ideal of A by a sequence (1). So, hta(P) = O since A is a (1, 0)-Krull ring, and so 
ht awy(P «f J) = 0. Thus A ow J is a (1, 0)-Krull ring. 

Assume that J is not finitely generated ideal of f(A) +J. Then Ao J is a (0, 0)-Krull 
ring by Theorem 2.1 (2) (a), and so, A vo J is a (1, 0)-Krull ring. 

Assume that M is a not finitely generated ideal of A. We claim that each prime ideal 
of A» J is not finitely presented. Indeed, assume that there exists a finitely presented 
ideal K := P >! J of Ao J, where P is a prime ideal of A. Then P and J are finitely 
generated ideals of A and f(A) + J respectively. Let {(piiz"} is a minimal generating 
set of P, and {ki} is a minimal generating set of J. Consider the exact sequence of 
A-modules: 

0 — Kerv > A" > P50 (4) 


where v((ai)'=") = bat a;p;. On the other hand consider the exact sequence of (f(A) + 
J)-modules: 
0 > Keru > (f(A) + J)" ~>J—-0 (5) 


where u((f(ai) + ji)ict,....m) = Di"(Flai) + jiki. So, 


Keru = {(flai) + jdict,uum € (f(A) +)" Y¥ (flai) + jdki = 0} 


i=l 
=f™(M™")+Ln. 


(by Remark 2.1 since {(ki)'2"} is a minimal generating set of J), where Ly», = Gj € 
J" Yj=1 jiki = 0}. Consider the exact sequence of (A vf J)-modules: 


i= 
0 > Kerw 3 (Aw! n™™ | Pw J 30 (6) 


where 
W((ai, fi) + Jidizt,....n1 Bis (Bi) + 8idi=1,....m) 

= Yi=t (i, fai) + Ji)Wir fli) + Yizt (Bi. fBi) + 81)(0, ki) 

= (Y=) Givi, Yi-7 flaipi) + Yi=1' Bi) + giki . 
It follows that Kerw = Kerv "J" @ M"™ wo" L». Therefore Kerw is not finitely gen- 
erated (A » J)-module since M is not finitely generated ideal of A), a contradiction. 
Hence, each prime ideal of A »/ J is not finitely presented and so A» J isa (1, 0)-Krull 
ring, and this complete the proof of Theorem 3.1. 
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As a consequence of Theorem 3.1, we establish the following Corollary. 


Corollary 3.1. Let (A, M) bea local ring, and let I be a proper ideal of A such that IM = 
OandI ¢ Nil(A). Assume that either A is a (1, 0)-Krull ring or M or I is not finitely 
generated ideal of A. Then A wf I is a (1, 0)-Krull ring. 


Theorem 3.1 enriches the literature with new examples of (1, d)-Krull rings which are 
neither (1, d — 1)-Krull rings nor (0, d)-Krull rings. 


Example 6. Let A = K[[X1,..., Xn, ...]] be the formal series ring of infinite indeterm- 
A 


inates (X;)i=1,...,0o over a field K and M its maximal ideal. Let E be an ‘* -vector space, 
Me 
B:= a « a .e, where e € E(# 0), J = am « are, where m € M, and consider 


the ring homomorphism f : A — B (f(a) = (a, 0). Let Az be a Noetherian ring such that 
dimA2 = d, and set A, := Aw! J and C := A, x A; the direct product of A; and Ap. 
Then: 

1. dim(A wf J) = Max{dimA, dim4;} = dimA = co by Proposition [7, Proposition 
4.1]. 

2. Arf Jis a (1, 0)-Krull ring by Theorem 3.1 since M is not finitely generated ideal of 
A. 

3. Aw J is not (0, d)-Krull ring for each positive integer d. Indeed, assume that A vf 
J is (0, d)-Krull ring for a positive integer d. Let P be a prime ideal of A gener- 
ated by (X;)i=1,....a+1. Then Q = P » J is a prime ideal of A J. So, Atay y(Q) = 
hta(P) = d+ 1. But Q is a finitely generated prime ideal of A »! J (generated by 
(Xi, (Xi, 0))izt,...,a+1» (O, (mM, e))), a contradiction since A w J is (0, d)-Krull ring. 
Hence A w J is not (0, d)-Krull ring for each positive integer d. 

4. Cis a (1, d)-Knull ring since A; is a (1, d)-Krull ring for eachi = 1,2 by (2) and 
Theorem [11, Theorem 2.1 & Theorem 2.6]. 

5. C is not (0, d)-Krull ring since A, is not (0, d)-Krull ring by (3) and Theorem [11, 
Theorem 2.6]. 

6. Cis not a (1, d — 1)-Krull ring. Assume that C is a (1, d — 1)-Krull ring. Hence A2 
is a (1, d — 1)-Krull ring and so dimA < d- 1 by Theorem [11, Theorem 2.1], a 
contradiction since dimA2 = d. Therefore C is not a (1, d — 1)-Krull ring. 


Example 7. Let (R, m) bea ee and n > 2 such that m is not finitely generated ideal 


of Rand m" # 0. Let A: z x (ar it n° and M = a « (BE) its maximal ideal. Let 


I:= a (4 a in). ThenAwlisa a 0)-Krull ring by Corollary 3.1 since M is not finitely 
ae ideal of A. 
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Noor Mohammad Khan and Ahsan Mahboob 
Pure ideals in ordered [-semigroups 


Abstract: We introduce the notions of pure ideals, left(right) weakly pure ideals and 
purely prime ideals in an ordered I’-semigroup. We, then, define a right weakly regular 
ordered I’-semigroup and characterize right weakly regular ordered I’-semigroups in 
terms of its ideals, bi-ideals and interior ideals. 


Keywords: Ordered I-semigroup; pure ideal; right weakly regular ordered I'-semi- 
group. 


1 Introduction and Preliminaries 


In 1986, M.K. Sen and N.K. Saha introduced the notion of a I-semigroup. Later on in 
1993, the notion of an ordered I’-semigroup was introduced by M.K. Sen and A. Seth. 
Many classical notions of ordered [-semigroups have been studied by [2, 3, 4, 5, 6, 
7, 8, 9, 10, 11] and [13]. In 2009, Bashir and Shabir [1] introduced the notions of pure 
ideal, weakly pure ideal and purely prime ideal in ternary semigroup. Later on in 2014, 
J. Sanborisoot and T. Changphas [12] defined the concept of pure ideals, weakly pure 
ideals and purely prime ideals in an ordered ternary semigroups. Motivated by these, 
we introduce the concepts of pure ideals, weakly pure ideals and purely prime ideals 
in ordered I’-semigroups. 

Let S and I be two non-empty sets. Then S is called a ’-semigroup if there exists a 
mapping from SxI’xS to S which maps (a, a, b) > aab satisfying (ayb)yc = ay(byuc) 
for alla,b,ceSandy,yweTl. 

Let Sand be non-empty sets. Then the triplet (S, I, <) is called an ordered I’-semi- 
group if S isa I’-semigroup and (S, <) isa partially ordered set such thata < b > ayc < 
bycand cya < cyb foralla,b,ceSandyeTl. 

For any subsets A and B of an ordered I-semigroup S, denote 


AIB = {ayb|a¢A,beBandye Tl} 

and (A] = {te S|t< aforsomeae A}. 
Let S be an ordered I’-semigroup. A non-empty subset T of S is said to be [’-subsemi- 
group of S if for allx,y € Tandy € I, xyy € T. Anon-empty subset A of S called 


idempotent, if A = (AIA]. A non-empty subset A of S is called left(right) ideal of S 
if STA ¢ A(ATS ¢ A)anda¢ A, S>b<a-z>be€ A.A non-empty subset J 
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of S is called an ideal of S if J is both a left ideal and a right ideal of S. A I’-sub- 
semigroup B of an ordered I’-semigroup S is called a bi-ideal of S if BSB ¢ B and 
aéB,Sabsaz>beé B.Itis easy to verify that the intersection of any family of 
ideals of an ordered [-semigroup S is either empty or an ideal of S and union of any 
family of ideals of an ordered I’-semigroup S is an ideal of S. An ordered I-semigroup 
S is called regular (left regular, right regular) if for each x € S there exist y « S and 
a, B ¢ I such that x < xayBx(x < yaxBx, x < xaxBy). 

Let S be an ordered I'-semigroup and let A be any non-empty subset of S. Then 
by L(A), R(A), J(A), and B(A), we denote the left ideal of S generated by A, the right 
ideal of S generated by A, the ideal of S generated by A and the bi-ideal of S generated 
by A respectively. It is easy to show that L(A) = (A USTA], R(A) = (AUATS], J(A) = 
(A USIA VATS U STATS] and B(A) = (AUATAUATSIA}. 

If A = {a}, we write (a] instead of ({a}], L(a) instead of L({a}), the left ideal of S, 
R(a) instead of R({a}) the right ideal of S, J(a) instead of J({a}) the ideal of S and B(a) 
instead of B({a}) the bi-ideal of S generated by a respectively in the sequel. 


Lemma 1.1. Let S be an ordered I’-semigroup and A, B be any non-empty subsets of S. 
Then followings hold 

(D) Ac (A]; 

(2) If A < B, then (A] < (B]; 

(3) ((A]] = (Al; 

(4) (A]I(B] ¢ (ATB); 

(5) If Lis left ideal and R a right ideal of S, then the set (LI'R] is an ideal of S; 

(6) If A, B are ideals of S, then (ATB], (BrA], AUB, ANB are ideals of S; 

(7) (SIa]((alS], (SI'aIS)) is a left ideal (resp. right right, ideal) of S for every a € S; 
(8) ((A]I(B]] = (ATB}. 


2 Pure ideals 


Definition 2.1. Let (S, I, <) be an ordered I'-semigroup. An ideal A of S is called a 
left(right) pure ideal of S if for each x € A, there exist y €« A and y € I such that x < yyx 
(x < xyy). 


Theorem 2.1. Let (S, I’, <) be an ordered I-semigroup and let A be an ideal of S. Then 
A is aright pure ideal if and only if Bn A = (BIA] for each right ideal B of S. 


Proof. Assume that A is a right pure ideal of the ordered ’-semigroup S. Take any right 
ideal B of S. Then BIA c BIS ¢ B. Therefore, by Lemma 1.1, (BI'A] ¢ (B] = B. Since 
BIA c SIA ¢ A implies (BrA] ¢ (A] = A. Therefore (BrA] ¢ Bn A. To prove the 
reverse inclusion, let x ¢ Bn A. By assumption, there exist y € A and y € I such that 
xX < xyy. Since xyy € BIA. Therefore x € (BIA]. Thus Bn A ¢ (BIA]. 
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Conversely suppose that Bn A = (BIA] for each right ideal B of S. Let x € A. Since 
(x UXIS] is right ideal of Sand STA ¢ A. By assumption 


(XU XTS] NA = (XU XTSIPA] = (x UXPSIP(AT] = (x U xPS)PA] 
= (xTA UXISTA] ¢ (xTA] 


Since x € (XU xI'S]N A, x € (xIA]. Hence A is a right pure ideal of the ordered 
I-semigroup S. 


Theorem 2.2. Let (S, I, <) be an ordered I’-semigroup with 0. Then 

(i) {0} is right pure ideal of S; 

(ii) Union of any family of right pure ideals of S is a right pure ideal of S; 
(iii) Finite intersection of right pure ideals of S is a right pure ideal of S. 


Proof. (i). obvious. 

(ii). Let {A,}ac, be any family of right pure ideals of S. As union of ideals is an ideal, 

ae a is an ideal of S. Let x ¢€ vA a. Then there exist some A € A such that x € Aj. 
€. €. 


Since A, is right pure ideal, there exist y ¢€ A, and y € I such that x < xyy. Now 
ye A jand y € I'such that x < xyy. Hence VA jis aright pure ideal of the ordered 
I-semigroup S. 

(iii). Let A;,A2A3,...,An be right pure ideals of S. Then nt Ai is an ideal of 
S. Let x € nt Ai for k=1,2,3,......n there exist yy € Ax and yx ¢€ I such that 
X < XV Le. X S XYiV1,X S XY2V2..000 X < XynYn. Therefore x < xyiyi < 


XV2V2V1V1 SS ceeeeeee S XVnYnYn-1Yn-1-+++ Y1¥1 S XYnVnYn-1Yn-1-+++ Y1Yi). Since 
VnYn-1Yn-1eeeee yi¥1 € Ni, Aj. Therefore ni, A; is a right pure ideal of S. 


Theorem 2.3. Let (S, I, <) be an ordered I-semigroup with 0 and let A be an ideal of S. 
Then A contains the largest right pure ideal of S denoted by 8(A). It is called the pure 
part of A. 


Proof. Since 0 is a right pure ideal of the ordered [’-semigroup S contained in A, it 
follows that union of all right pure ideals of S contained in A exists and is the largest 
right pure ideal of S contained in A. 


Proposition 2.1. Let (S, I, <) be an ordered I’-semigroup with 0. Let A, Band Aj, (A € 
A) be ideals of the ordered I'-semigroup S. Then 
@) 8(A NB) = 8(A)n 8(B); 
(ii) U 8(Aq) € 8CU Ag). 
AeA AeA 


Proof. (i). Since 8(A) ¢ A and 8(B) ¢ B, S(A) Nn 8(B) ¢ ANB. But S(A) n S(B) is right 
pure ideal, so 8(A) N 8(B) ¢ S(A NB). As 8(AN B) ¢ ANB ¢ A and S(A n B) is right 
pure ideal, S(A n B) ¢ S(A). Similarly 8(A n B) ¢ S(B). Thus S(A nN B) ¢ S(A)  S(B). 
Hence S(A Nn B) = S(A) nN S(B). 
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(ii). Since S(Aq) ¢€ Aa, so UY S4n Cc Ar As S8(A,) is right pure, U SAn is also 
€ € € 
right pure ideal. Thus U S(A,) € S(_U Aj). 
AeA AeA 


Definition 2.2. Let (S, I, <) be an ordered I-semigroup. Then a right pure ideal A is 
called purely maximal if for any proper right pure ideal BofS, AC B>A=B. 


Definition 2.3. Let (S, I, <) be an ordered I-semigroup. Then a right pure ideal I is 
called purely prime if I, 1 Iz ¢ Timplies I, ¢ I or In ¢ I for any right pure ideals I, 
and I of S. 


Proposition 2.2. Any purely maximal ideal of an ordered I'-semigroup (S, I, <) is purely 
prime. 


Proof. Suppose A is purely maximal ideal of S and A;, A are right pure ideals of S 
such that A; N Az ¢ A, Suppose A, ¢ A. Then A, UA isa right pure ideal of S such 
that A ¢ A, UA. Since A is purely maximal. So A; UA = S. Thus Ap = Az NS = 
A2 (A, UA) = (A2N Az) U(A2 NA) C AUA =A. Hence A is purely prime. 


Proposition 2.3. The pure part of any maximal ideal of an ordered I-semigroup 
(S, I, <) with 0 is purely prime. 


Proof. Let A be a maximal ideal of an ordered I’-semigroup (S, I’, <) and S(A) be its 
pure part. Suppose A; 1 Az © S(A), where Aj, A> are right pure ideals of S. If A; ¢ A, 
then A, ¢ S8(A). If A; ¢ 8(A), then A; ¢ A. As A is maximal, A; UA = S. Now 


Ayr = A2NS = A2N(A; UA) 
= (A? NA1)U (A2 NA) 
CS8(A)UACAUA=A. 


As A; is right pure and S(A) is the largest right pure ideal contained in A, Az ¢ S(A). 
Hence 8(A) is purely prime. 


Proposition 2.4. Let I be aright pure ideal of an ordered I’-semigroup (S, I, <) anda € 
S such that a ¢ I. Then there exist a purely prime ideal K of S such thatI ¢ Kanda ¢ K. 


Proof. Let X = {J| J is right pure ideal of S, Ic Janda ¢ J}. AsIcIanda¢I, Ie X. 
X is partially ordered by inclusion. Let {J,},<, be any totally ordered subset of X. As 
union of right pure ideals is right pure, ae Ja is right pure ideal. Since I ¢ a Ja and 
a¢ e i, A, SO Lv Ps a € X. Thus, by Zorn’s Lemma, X has a maximal element, say, K such 
that K is ight Pires Ic Kanda ¢ K. We claim that K is purely prime. Suppose I; 
and I> are right pure ideals of an ordered [’-semigroup S such that I; ¢ K and Iz ¢ K. 
Since I, Iz and K are right pure, I, U K and I, U K are right pure ideals of S such that 
K¢I,UKandK ¢1,UK.ThusaeéI,UK,bUK.Asa ¢ K,a € 1 Nk. Hence 
I, NIz ¢ K. This shows that K is purely prime ideal of S. 
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Proposition 2.5. Any ideal I of an ordered I-semigroup (S, I, <) is the intersection of 
all the purely prime ideals of S containing I. 


Proof. By Proposition 2.4, there exists a purely prime ideal containing I. Let {Ja}jca 
be the family of all purely prime ideals of the ordered I-semigroup S which contain I. 
Since I ¢ J, foreachA € A,I¢ A. a To show that ra. Wa ¢ I. Suppose on contrary 


that ao Wa ¢ I. Leta € ie Wa ede that a ¢ I. Then, iy Propesition 2.4 there exists a 
pare prime ideal J Sr that I ¢ Janda ¢ J. It follows that a ¢ ro. Re 4 which is a 


contradiction. Therefore n J, ¢ I. Hence n J, = 
AeA AeA 


3 Weakly pure ideals in ordered [-semigroups 


Definition 3.1. Let (S,I, <) be an ordered I-semigroup. An ideal A of S is called 
left(right) weakly pure if An B = (AI'B] (AN B = (BIA}) for each ideal B of S. 


It is easy to see that in an ordered I’-semigroup, every left (right) pure ideal is left (right) 
weakly pure. 


Proposition 3.1. Let (S, I’, <) be an ordered I’-semigroup with O. If A and B are ideals 
of S, then 
t={seS|xys¢Bforallxe A,yeT} 


and 
={séeS|syxeBforallxeA,yeTl} 


are ideals of S. 


Proof. We have to show that BA“? is an ideal of S. Clearly 0 ¢ BA“!. Lettuce S, yeT 

and s ¢ BA™!. To show that uys ¢ BA™!, take any x ¢ A. Since xau ¢€ A foralla< I, 

we have xa(uys) = (xau)ys € B. Thus uys € BA“}. Similarly syu ¢ BA. 

Let x ¢ BA“! and y € S be such that y < x. Now for any z ¢€ A, since zyy < zyx for 

y ¢ and zyx ¢ B, we have zyy € B. Hence y € BA“. Therefore BA“! is an ideal of S. 
Similarly we may show that A_;B is an ideal of S. 


Theorem 3.1. Let (S, I, <) be an ordered I-semigroup and let A be an ideal of S. Then 
A is a left(a right) weakly pure ideal if and only if BA-'n A = ANB(A_1BNA=ANB) 
for allideals B of S. 


Proof. Suppose that A is left weakly pure ideal and let B be an ideal of S. By Proposi- 
tion 3.1, BA~! is an ideal of S. Thus ANBA™! = (AI(BA™')]. Since A[(BA“!) ¢ ATS ¢ A, 
we have (AI(BA™!)] ¢ (A] = A. Let t ¢ (AI(BA“!)]. Then t < xyy forsomex ¢ A,y eT 
andy ¢ BA“!. By definition of BA~!, xyy ¢ B. Thust ¢ B. Thisimplies that ANBA™! = 
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(AI(BA-1)] ¢ ANB. For the reverse inclusion, take any a ¢ AN B. Since xya € B for 
anyx ¢ A, y <I, wehavea ¢ BA!. Thusa ¢ BA7'nAandsoAnBc BA!NnA. 
Conversely suppose that BA~' n A = ANB for each ideal B of S. To show that A 
is left weakly pure, we show that for any ideal C of S, An C = (AIC]. By assumption, 
AnC =CA™'nA. Since AIC ¢ ATS ¢ A, (AIC] ¢ (A] = A. Let t € (AIC], then t < xyy 
for some x € A, y € Tandy € C. Now for anya ¢€ A, a € I, aa(xyy) € Candso 
xyy ¢ CA71. Therefore t ¢ CA~!. Thus (AIC] ¢ CA™!. Now (AIC] ¢ CA*1NA=ANC., 
For the reverse inclusion take anyc € C, ae Aandy € I. Nowayc € AIC ¢ (AIC). 
This implies that c ¢ (AT'C]A71. Therefore C ¢ (AIC]A~!. Now ANC ¢ (AICJA“!NA = 
An (AIC] ¢ (AIC]. Therefore (AIC] = ANC. 


Definition 3.2. An ordered I’-semigroup (S, I, <) is said to be right weakly regular if for 
any x € S, x € ((xIS)I'(xIS)] or equivalently A ¢ (AI'STATS] foreachA ¢ S. 


It is easy to check that every regular ordered I’-semigroup is right weakly regular. 


Definition 3.3. An ordered I-semigroup S is said to be commutative if ATB = BIA for 
eachA,BcS. 


Proposition 3.2. Let (S, I, <) be an ordered I'-semigroup. If S is commutative right 
weakly regular then it is regular. 


Proof. Let Sbe a commutative right weakly regular ordered I-semigroup. Let A be any 
subset of S. Therefore A ¢ (AISTAIS] = (AISISTA] ¢ (AISITA]. Hence S is regular 
ordered I’-semigroup. 


Definition 3.4. A I'-subsemigroup I of an ordered I’-semigroup S is said to be an interior 
ideal of Sif STITS ¢ Tanda ¢€1,S 3 b < a => b € I, It is easy to show that I(A) = 
(AU AIA U STATS] and I(a) = (aU ala U STaYPS) are the interior ideals generated by 
the subset A and an element a of S respectively. 


Proposition 3.3. Let (S, I’, <) be aright weakly regular ordered I-semigroup. Then every 
interior ideal of S is an ideal of S. 


Proof. Let I bean interior ideal of a right weakly regular ordered ’-semigroup S. There- 
fore ITS ¢ (ITSTIPS|F'S = (ITSTIFS]I(S] ¢ UTSTIPSTS] ¢ (ITIPS] < (STIFS] ¢ (I] € I. 
Also SII ¢ SI(ITSTILS] = (S\[ULSTILS] < (STIFSTILS] < (STILS] ¢ (I] ¢ I. Hence I 
is an ideal of S. 


Corollary 3.1. Let (S, I, <) be an ordered I’-semigroup. If S is right weakly regular, then 
interior ideals and ideals coincide. 


Theorem 3.2. Let (S, I, <) be an ordered I’-semigroup. Then the followings are equival- 
ent: 
(i) Sis right weakly regular; 
(ii) Each right ideal of S is idempotent; 
(iii) ANB = (BIA| for each right ideal B and ideal A of S. 
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Proof. (i) = (ii). Assume that S is right weakly regular. Let A be a right ideal of a 
I-semigroup S. Since ATA ¢ AT'S ¢ S ¢ A, we have (AIA] ¢ A. Let x € A. By assump- 
tion, x € ((xI'S)I'(xIS)] ¢ (APA]. Then A ¢ (ATA]. Therefore (AT'A] = A 

(ii) = (i). Suppose that every right ideal of S is idempotent. Let x ¢ S. Then (x U xI'S] 
is the right ideal of S, so idempotent i.e; 


(x UXTS] = (x UxXPS|I(x U xPS]] 
= ((x UxXIS)I(x U xPS)] 
= (xXx UXIXTS U xXVSTx U xPSIPxTs] 
€ (XTS)P(XTS)] . 


Asx € (xUXTS], x € ((xIS)I'(xIS)]. Hence S is right weakly regular. 

(i) = (iii). Suppose S is right weakly regular ordered ['-semigroup and B be a right 
ideal and A an ideal of S. Then BIA ¢ BIS ¢ B. This implies that (BI'A] ¢ B. Similarly 
(BrA] ¢ A. Then (BrA] ¢ AN B. Let x € BN A. We have ((xI'S)I'(xIS)] ¢ (BIA). By 
assumption, we get x € ((xI'S)I'(xIS)]. Hence x € (BrA]. Thus Bn A ¢ (BIA]. Hence 
BoA =(BIA). 

(iii) = (i). Assume that Bn A = (BIA) for all right ideals B and all ideals A of S. 
To prove that S is right weakly regular, take any x € S. Then B = (x UxIS] and A = 
(x UXIS U STx U SIxIFS] are right ideal and ideal of S respectively. So, by hypothesis 


x€ANB=(BIA] 
= ((xXUXTS|I(x UxIS U SIx U SPxTS]] 
= ((x UXTS)I(x UXTS U STx U STXTS)] 
C (xXTx UxXIxTS UxTSTx UxTSTXTS)] . 


Therefore x < xax or x < xaxBa or x < xaaBx or x < xaaBxyb for some a,b € S 
anda, B,y ¢ I. Ifx < xax, then x < xaxaxax. If x < xaxBa, then x < xaxaxB(aBa). 
If x < xaaBx, then x < xaaBxaaBx = xaaBxa(aBx). In all cases x € ((x'S)I(xTS)). 
Hence S is right weakly regular ordered I’-semigroup. 


Theorem 3.3. Let (S, I, <) be an ordered I’-semigroup. Then S is right weakly regular if 
and only if Bn I ¢ (BIT for each bi-ideal B and each interior ideal I of S. 


Proof. Let S be a right weakly regular ordered I-semigroup. Let B and I are bi-ideal 
and interior ideal of S. Take a € BI. Since S is right weakly regular, there exist 
x,y € Sanda, $B, y ¢ I suchthat a < aaxBayy € BISTILS ¢ BII. Therefore a € (BIT]. 
Hence Bn I ¢ (BIT). 

Conversely take any x € S. Let B = (x UxI'x UxISIx], the bi-ideal generated by x 
and I = (x UxI'x U SIxIS], the interior ideal generated by x. By hypothesis 


xe BnIc (BIT) 
= ((X U XTX UXTST x(x U xPx U SPX] 
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= ((x UXIx U xXISTx)I(x U xPx U SPxTs)] 
C (xx U xXIxlx UxTSTx UxTSTxls) . 


Therefore x < xax or x < xaxBx or x < xaaBx or x < xaafBxyb for some a,b <« S 
anda, B,y ¢ I. 1fx < xax, then x < xaxaxax. Ifx < xaxPx, then x < xaxBxaxBx = 
xaxBxa(xBx). If x < xaaBx, then x < xaaBxaaBx = xaaBxa(aBx). In all cases x € 
((xI'S)I'(xIS)]. Hence S is right weakly regular ordered ’-semigroup. 


Corollary 3.2. Let (S, I, <) be an ordered I’-semigroup. Then S is right weakly regular if 
and only if BN A ¢ (BIA for each bi-ideal B and each ideal A of S. 


Proof. As every ideal is an interior ideal, therefore, by Theorem 3.3, Bn A ¢ BIA for 
every bi-ideal B and every ideal A of S. 

Conversely take any x € S. Let B = (x UxI'x U xISTx], the bi-ideal generated by x 
and A = (x UxIS U SIx U STxIS], the ideal generated by x. By hypothesis 


xé€BnAc(BIA] 
= ((x UXITx UXTSTx|I(x UxTS U STx U SFxTS]] 
= ((x UxIx UXTSTx)I(x UXTS U SIx U SPxTs)| 
€ (xXIx U xXPSTx U xXPxTS U xTSTXTS] . 


Therefore x < xax or x < xaaBx or x < xaxBa or x < xaaBxyb for somea,b « S 
and a, B,y € I. If x < xax, then x < xaxaxax. If x < xaafx, then x < xaaBxaaBx = 
xaapBxa(aBx). If x < xaxBa, then x < xa(xaxBa)Ba = xaxaxB(aBa). In all cases 
x € ((xX'S)I(xIS)]. Hence S is right weakly regular ordered ’-semigroup. 


Theorem 3.4. Let (S, I, <) be an ordered I-semigroup. Then S is right weakly regular if 
and only if BN IMR ¢ (BIIFR] for each bi-ideal B, each interior ideal I and each right 
ideal R of S. 


Proof. Let S be a right weakly regular, ordered [’-semigroup, B a bi-ideal of S, J an 
interior ideal of S and R a right ideal of S. Leta ¢€ BN INR. Since S is right weakly 
regular there exist x, y ¢ Sanda, B, y € I such that 


a < aaxBayy 
< aaxB(aaxBayy)Bayy 
= (aaxBa)a(xBayy)B(ayy) 
€ (BISTB)I(STITS)I(RTS) ¢ BIIFR 


Therefore a € (BIITR]. Hence BN INR ¢ (BIITR]. 
Conversely take any x € S. Let B = (x UxI'x U xI'SIx], the bi-ideal generated by x, 
I = (x UxIx U SIxTS], the interior ideal generated by x and R = (x U xIS], the right 
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ideal of S generated by x. By hypothesis, 


xeBnInR 
c (BIITR] 
= (XU XTx UXTST x(x U xXPx U SPxS|I(x U xPS]] 
C (XU XTX U XTSTx|I'((x U xXPx U SPxTS)I(x u xPS))] 
= ((x UXIx U xXTSTx)I(x U xPx U SPxTS)I(x U xXPS)] 
© (xXIPxTx U xXPxXP xx VU xXPxPxTxlx U xPSPx U xXVSTxTSs] . 


Therefore x < xaxBx or x < xaxBxyx or x < xaxBxyx6x or x < xaaBx or x < xaaBxyb 
forsomea, b « Sanda, f, y, 6 « T.1fx < xaxBx, thenx < xaxBxaxBx = xaxBxa(xBx). 
If x < xaxBxyx6x, then x < xaxBxy(x6x). If x < xaaBx, then x < xaaBxaapBx = 
xaaBxa(aBx). In all cases x € ((xI'S)I'(xIS)]. Hence S is right weakly regular ordered 
I’-semigroup. 


Corollary 3.3. Let (S, I, <) be an ordered I’-semigroup. Then S is right weakly regular if 
and only if BQ INR ¢ BIIPR for each bi-ideal B, each ideal I and each right ideal R of 
S. 


Proof. As every ideal is an interior ideal. Therefore, by Theorem 3.4, BN INR ¢ BIITR. 

Conversely take any x € S. Let B = (x U xx U xI'STx] the bi-ideal generated by x, 
I = (xUxIS U STx U SIxTS] the ideal generated by x and R = (x U xIS] the right ideal 
of S generated by x. By hypothesis 


xeBnInR 
¢ (BIITR] 
= ((xUXITx UXTSTx|I(x UxTS U STx U SPxS\F(x U xPS]] 
Cc (x UxXIx UxXPSTx)I(x UxIS U STx U SPxTs)| F(x U xPs]] 
= ((x UXIx UXTSTX)I(x UXTS U STx U SPxTS)I(x U xXPS)] 
© (xXPxXTx U xXPxTxlx U xPSTx U xXVSTxTs] . 


Therefore x < xaxBx or x < xaxBxyx or x < xaaBx or x < xaaBxyb for some a, b « S 
and a, B, y,6 ¢ I. If x < xaxBx, then x < xaxBxaxBx < xaxBxa(xPx). If x < xaaBx, 
then x < xaaBxaaBx = xaaBxa(aBx). In all cases x € ((xI'S)I'(xIS)]. Hence S is right 
weakly regular ordered I’-semigroup. 


Theorem 3.5. Let (S, I’, <) be an ordered I'-semigroup. Then S is right weakly regular if 
and only if every ideal I of S is right pure. 


Proof. The proof follows from Theorem 2.1 and Theorem 3.2. 
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Hidetoshi Marubayashi and Akira Ueda 
Projective ideals of differential polynomial 
rings over HNP rings 


Abstract: Let R be a hereditary Noetherian prime ring with derivation 6. We describe 
all projective ideals of a differential polynomial ring R[x; 6] and give some examples 
of hereditary Noetherian prime rings R with derivation 6 to show various phenomena 
about projective ideals in R[x; 6]. 
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1 Preliminary 


Let R be an HNP ring with its quotient ring Q, 6 be a derivation of R and S = R[x; 6] be 
a differential polynomial ring in an indeterminate x. 

The aim of this paper is to describe all projective ideals of S, that is, left and right 
projective ideals of S, which is used to show S is a G-HNP ring defined in [2]. 

In Section 2, first we describe 6-maximal projective ideals of R (Lemma 2.1) which 
is used to describe all projective ideals of S and show that any projective ideal of S 
is a product of an invertible ideal and an eventually idempotent projective ideal. In 
particulary, an eventually idempotent projective ideal is of the form: a[x; 6], where ais 
a 6-stable eventually idempotent ideal of R. 

In Section 3, we provide examples of HNP rings with derivations 6 in order to explain 
the various phenomena in Section 2. 

Let R bea prime Goldie ring with its quotient ring Q. We use the following notation; 
for X and Y be subsets of Q, (X: Y)) = {qe Q| qY ¢ Xsand(X: Y), = {qe Q| Yq ¢ X}. 
Let I be a fractional right R-ideal. We define I, = (R : (R : Dj);, a fractional right R- 
ideal containing I. I is called a right v-ideal if I, = I. Similarly for any fractional left 
R-ideal J, define ,J = (R : (R : J),); which is called a left v-ideal if ,J = J. A fractional 
R-ideal A is called a v-ideal if yA = A = A,. An integral v-ideal is referred to as a v- 
ideal of R. By a maximal v-ideal of R we mean a v-ideal which is maximal amongst all 
v-ideals of R. 

We refer the reader to [10] for elementary properties for order theory. 
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2 Structure of projective ideals of S 


Throughout the paper, R is a hereditary Noetherian prime ring (an HNP ring for short) 
with derivation 6 and Q is its quotient ring of R unless otherwise stated. 6 is extended 
to a derivation of Q by 6(c~!) = -c718(c)c!. Let S = R[x; 6] be a differential polyno- 
mial ring in an indeterminate x and T = Q[x; 6]. 6 is extended to a derivation of S (T) 
by 

5(f(x)) = 6(an)x" +--+. + (ag), where f(x) = anx" +---+ aq € S(T), 


equivalently, 6(f(x)) = xf(x) — f0dx, an inner derivation induced by x. 
The following elementary properties of 5-stable ideals are frequently used in the pa- 
per: 


(1) Any idempotent ideal a of R is 6-stable, that is, 6(a) ¢ a. 

(2) For any ideal a of R, a[x; 6] is an ideal of S if and only ais 6-stable. 

(3) Any ideal A of S is 6-stable since 6 is inner induced by x and a = An R is also 
6-stable. 

(4) For any ideal A of S, C(A) = {ay € R | Af(x) = anx" +--+ +o € A} U(0) is 6-stable. 


Definition 2.1. A 5-stable ideal p of R is called a 6-prime ideal if ab ¢ p, where a, b are 
6-stable ideals, implies either a ¢ p or b ¢ p, which is equivalent to if ab ¢ p, where a, b 
are ideals and one of them is 6-stable, implies either a ¢ porb ¢ p. 


Lemma 2.1. Let p be a 6-stable ideal of R. Then the following three conditions are equi- 
valent: 

(1) pis a 6-maximal ideal (ideal maximal amongst the 6-stable ideals). 

(2) p is a 6-prime ideal. 

(3) Either p is an idempotent maximal ideal or p = m® for some invertible maximal ideal 
m such that m° is 6-stable for some e > 1 and mis not 6-stable for all1(1 < 1 < e)in 
case e > 2. 


Proof. (1) => (2) is clear. 

(2) = (3) Suppose p is a 6-prime ideal and let m; be the maximal ideals containing p 
(i=1,...,n). Then (m,N---N my)! ¢ p for some! > 1. 

(i) If m; are all idempotents, then p = m; for some i and so p is an idempotent maximal 
ideal. 

(ii) If there is some m; which is invertible, then we may assume that mj,,..., m, are 
invertible (r > 1) and m,41,..., my, are idempotent. Puta = m,N---Nm,;=m,...m, 
and 6 = my41 N--: A my. By [5, Proposition 2.8], ab = an b = ba. Thus a’b! = (anb)! = 
(m,--:A mp)! ¢ pand b! is 6-stable. Hence either a! ¢ por 6! ¢ p. 

In case b! ¢ p, we have b ¢ p C m,41 and sop = my. 

Incase a! c p. If b # R, then a! ¢ p ¢ m4, a contradiction. If b = R, that is, all m; are 
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invertible and so r = n. Then, by [5, Theorem 4.2 and Proposition 2.1], p = mf’... m;," 
for e; = 1. It is enough to prove that n = 1. We suppose, on the contrary, that n > 1. 
For any a; € m;' (1 <i <n), we have 


me" > p > 6(a,...dn) = 6(A,... An-1)An + A1... An-16(An) . 


Thus a1... @n-16(an) € m® and m{?...m)"}6(an) © my” follows. Since 
mj2...mp"} + my" = R, we have 6(an) € m;" and so 6(m;") © my", that is, mp" is 
6-stable. Hence either m{!...m>"} ¢ p or m;" ¢ p, which are both impossible. Hence 
n = 1, that is, p = m®° for some invertible maximal ideal m and some e = 1. It is easy to 
see that m! is not 6-stable for all] (1 <1 < e)ife> 1. 

(3) > (1). Itis enough to prove that p is a 6-maximal ideal in case p = m® (e > 1) andm! 
is not 6-stable for all (1 < 1 < e). Let abe an ideal such that R > a > p. Since mis only 
maximal ideal containing a, we may assume that m! 2 aand m"! # a for some | with 
e>1l>1.SoR2m_aandif R > ma, then m 2 ma. Thus a ¢ m'"!, a contradiction. 
Hence R = m‘aand a = mis not 6-stable. Therefore p = m° is a 6-maximal ideal. 


We use V;(S) to denote the set of all ideals of S which are right v-ideals and Vim,+) to 
denote the set of all maximal members in V,;(S). 

Note that gl.dim(S) = 2 ([10, (7.5.3)]). So an ideal A of S isin V,(S) ifand only if A is 
right projective by [3, Proposition 5.2]. We also define V;(S) and Vim,n(S) analogously. 
We use the notation: Speco(S) = {P: a prime ideal of S with PN R = (0)}. Then we have 
the following lemma. 


Lemma 2.2. The mapping 
Speco(S) — Spec(T) 
P — PT 


is a bijection whose converse is given by P'!' —> P'S for all P’ ¢ Spec(T). Furthermore 
PT NS = P forall P € Speco(S) and P is a v-ideal, equivalently P is a projective ideal 
(left and right projective). 


Proof. It follows from the proofs of [9, (2.3.16) and (2.3.17)] that the mapping is a bijec- 
tion and each P € Speco(S) is a v-ideal. 


Lemma 2.3. (1) Vim,n(S) = {m[x; 6] : mis a 6-maximal ideal of R} U Spec(S). 

(2) Von,n(S) = Von,n(S), which is denoted by Vin(S) and an ideal of S is a maximal pro- 
jective ideal (ideal maximal amongst the projective ideals) if and only if it is a member 
in Vin(S). 

(3) Each P € Speco(S) is invertible. 


Proof. (1) LetA € Vim,(S). Assume that a = ANR # (0). Then it is a 6-prime ideal since 
Ais a prime ideal by [8, Lemma 1.1] and so a is 6-maximal by Lemma 2.1. To prove A = 
a[x; 6], we assume, on the contrary, that A > a[x; 6], then the leading coefficients ideal 


124 —— =H. Marubayashi and A. Ueda 


C(A) of A is 6-stable with C(A) > aandso C(A) = R, thatis, there is a monic polynomial 
a(x) € A. To prove that (S : A); = S, let q € (S : A)), that is, gA ¢ S. Then qg € T since 
AT = T. Write g = qnx" +--- + do, where qj € Q. ga(x) € Simplies gn € R since a(x) 
is monic, that is, gnx"a(x) € S and (qn_1x""1 + --- + ag)a(x) = ga(x) - qnx"a(x) € S. 
Thus we inductively have q; € R for alli(O < i< n-—1).Henceg € Sand(S: A); =S 
follows since (S : A); 2 S. Hence Ay = (S : (S : A)1)y = (S : S)y = S, which contradicts 
A =Ay,. Hence A = a[x; 6]. 

Conversely, let m be a 6-maximal ideal of R and let A € Vim,r with A > m[x; 6]. 
Then a= ANR =m. Hence A = a[x; 6] = m[x; 6] as above. 

Assume that AN R = (0). Then AT c T and so there is a maximal ideal P’ of T 
with P’ > AT. Thus P = P'S > Aand P = A by Lemma 2.2, that is, A € Speco(S). 
Conversely, let P € Speco(S) and assume that there is a B € Vim,)(S) such that B > P, 
then b = BNR # 0 by Lemma 2.2. It follows as above that B = b[x; 6] and that S > 
B > P > (0). Then, by [10, (6.3.11) and (6.5.4)]), we have 2 > K(R[x;6]) > K(S/P) > 
K(S/B) = K(S/B), where S = S/P, which implies K(S/B) = 0, acontradiction, because 
S/B = (R/6)[x; 6] is not Artinian. Hence P € Vim,7)(S). 

(2) By symmetry Vim, = {m[x; 6]: m is a 6-maximal ideal of R } U Speco(S) and so 
Vim,r) = Vim,p- The last statement follows from [3, Proposition 5.2] since a left (right) 
projective ideal is a left (right) v-ideal, respectively. 

(3) Let P € Speco(S). If P = (S : P))P, then PT = (T : PT);PT = T by [9, (2.3.16)], a 
contradiction. Thus P c (S : P)j)P ¢ Sand ,((S : P);P) = S. Similarly, (P(S : P);)y = S. 
This implies that P is v-invertible. Hence P is invertible by [1, Lemma 2.2]. 


From Lemmas 2.1 and 2.3 we have the following: 
Corollary 2.1. Any element in Vin(S) is either idempotent or invertible. 


We first describe the structure of invertible ideals of S. A finite set of distinct idem- 
potent maximal ideals m;,,..., mp (n > 1) is called a cycle if O;(m,) = Oj(m2),..., 
O;(mn) = O1(m). 


Lemma 2.4. Let P be an ideal of S with PN R # (0). Then P is a maximal invertible 
ideal (ideals maximal amongst the invertible ideals) if and only if there is either a cycle 
m1,...,™M, or a 6-maximal invertible ideal m® such that either P = m,[x;6] N--- nN 
mn[X; 6] or P = m®[x; 6]. 


Proof. Suppose P is a maximal invertible ideal of S. By Lemmas 2.1 and 2.3, there is 
either a idempotent maximal ideal m, such that m,[x; 6] 2 P or an invertible maximal 
ideal m such that m®[x; 6] 2 P. In the latter case it is clear that P = m®[x; 6]. In the 
first case, as in [1, Lemma 3.7], there isa cycle m,, m2,..., m, such that P = m;[x; 6]n 
-+-M my[X; 6]. It is also clear that both P = m,[x; 6] N---N my[x; 6] and P = m®[x; 6] 
are maximal invertible ideals. 
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Since S is a Noetherian ring, it is clear that any invertible ideal of S is a finite product 
of maximal invertible ideals and maximal invertible ideals are commute (see the proof 
of [5, Proposition 2.8.]). Hence we have the following theorem: 


Theorem 2.1. The invertible ideals of S generate an Abelian group and the generators 
are m1[x; 6]N---Amy[Xx; 6], where m1, ..., My is a cycle, m®[x; 6], where m° is a 6-max- 
imal invertible ideal and P € Speco(S). 


Next we describe the structure of ideals A of S such that A = A, and A is not contained 
in any invertible ideals. 


Lemma 2.5. Let P be a prime ideal of S with p = PNR # (0). Then either P = p[x; 6] or 
P contains a monic polynomial and Py, = S. 


Proof. It is clear that p is a 6-prime ideal and so it is 6-maximal by Lemma 2.3. P 2 
p[x; 6] implies that P = p[x; 6] or P > p[x; 6]. In the latter case C(P) = R, that is, P 
contains a monic polynomial and so P, = S follows (see, the proof of Lemma 2.3). 


Lemma 2.6. Let A be an ideal of S with A = A, and there are no invertible ideals con- 
taining A. Thena = AN R # (0). 


Proof. Assume that a = (0). Then AT is a proper ideal of T. Let P’ be a maximal ideal 
of T which contains AT. Then P = P’ 1S 2 A and P is invertible by Lemma 2.3, a 
contradiction. Hence a # (0). 


In the remainder of this section, let A be an ideal of S with A = A, (equivalently, A is 
a right projective) and there are no invertible ideals containing A. Puta = AN R. We 
will show that A = a[x; 6] in a similar way as in [1]. 

Assume that {m,[x; 6],..., m,[x; 6]} is the full set of maximal projective ideals 
containing A, that is, m; are idempotent maximal ideals of R (see, Lemmas 2.1, 2.3 and 
2.4) and put n = m, N---N m,. Then: 


(5) n& ¢ C(A) for some s < r (see [1, Lemma 3.11]). 

(6) If nis idempotent, then A = n[x; 6] (see, [1, Corollary 3.12]). 

(7) Assume that O,(m,) = R’ = O)(m2) (note that R’ is 6-stable) and put S’ = R’[x; 6]. 
Then, for any fractional right S-ideal J and fractional left S-deal J, (S' : IS’); = 
S'(S : Dj, and (S' : S'J), = (S : J),S'. In particular, (IS'). = I,S' and y(S'J) = S'(yJ), 
where (IS’) y= (S'(S! : IS’)1), and y(S'J) = (S' : (S’: S'J),); ([1, Lemma 3.14]). 

(8) Under the same conditions as in (7), my R’ = my, R’m, = R’, R'm) = mo and 
m2R’ = R’, and so m,[x; 6]S’ = m,[x; 6], S’m,[x; 6] = S’, S'm2[x; 6] = mo[x; 6] 
and m2[x; 6]S' = S’. In particular, R’ is a projective R-ideal since it is a fractional 
R-ideal. 


Lemma 2.7. Under the same conditions as in (7), 
(1) (S : m2[x; 6]); = O,(m2)[x; 6] = R'[x; 6] which is S-projective, that is, left and right 


126 — =H. Marubayashi and A. Ueda 


S-projective. 
(2) (S : S') = m4[x; 6], which is S-projective. 


Proof. (1) R'[x; 6]m2[x; 6] = R’m2[x; 6] = m2[x;6] ¢ S by (8). Thus R’[x; 6] ¢ (S: 
mz[x; 6]);. Conversely, let gq € (S : m2[x; 6]);. Then gm2[x; 6] ¢ S implies q € qT = 
qm 2[x; 6]T ¢ ST = T. Thus write q = qnx" +---+ qo, where q; € Q. Since gm2 ¢ S, we 
have q; ¢ (R : m2); = R’, that is, gq ¢ R'[x; 6]. Hence (S : mz[x; 6]); = R'[x; 6]. 
(2) is proved in a similar way as in (1). 


The proof of following proposition is similar to one in [1, Proposition 3.15]. However 
we give a complete proof of it since the proof here is a shorter and more readable than 
one in [1]. 


Proposition 2.1. Let A be an ideal of S with A = A, (equivalently A is right projective). 
If there are no invertible ideals of S containing A, then A = a[x; 6], wherea=ANR. 


Proof. a= AR # (0) by Lemma 2.6. Let m;[x; 6], ... , m,[x; 6] be the full set of max- 
imal projective idempotent ideals containing A. If either r = 1 or O,(m;) # O;(mj) for 
alli, j (1 <i,j, <r), then A = a[x; 6] by (6) and [11, Corollary 5.5]. 

Thus we may assume that r > 2 and the assertion is true for any ideal of a differen- 
tial polynomial ring over HNP ring which is a right projective, there are no invertible 
ideals containing it and is contained in at most r - 1 maximal projective ideals. Fur- 
thermore we may also assume, without loss of generality, that R’ = O,(m1) = O)(m2) 
and O,(m2) # O)(m;). Then m2m,, m3R’,..., m,R’ are all maximal idempotent ideals 
of R’ ([1, Proposition 2.7]). Put S’ = R’[x; 6]. 

We complete the proof by showing that there are 6-stable ideals 6), b2, 63 and b, of R 
such that 


(i) (mi [x; 6]Amz[x; 6])y = b1[x; 6], 
(ii) (m1 [x; 6]Am, [x; 6])y = b2[x; 6], 
(iii) (m2 [x; 6]Am2[x; 6]), = 63[x; 6] and 
(iv) (m2[x; 6]Am,[x; 6]), = b4[x; 6]. 


The proof of (i): Put A’ = S’AS' = S'm,[x; 6]Am2S". If S’ 5 Aly then we claim that any 
maximal projective ideals of S’ containing A’, is one of m2m,[x; 6], m3S’,..., m,S’. 
Let n’[x; 5] be a maximal projective ideal containing A’, where n’ is a 6-maximal pro- 
jective ideal of R' and so either n’ = mzm, or n’ = mR’ for some 6-maximal projective 
ideal m of R by [1, Proposition 2.7]. In the latter case, n’[x;6] N S = (n’ n R)[x; 6] = 
m[x; 6] > A and m = m; for somej (1 <j <r). 

However, j # 1, 2 since S’m,; = S’ = m,S' by (8). Hence, by induction on r and (7), 
A’, = (A!,)S' = b'[x; 6] for some 6-stable ideal b’ of R’ which is a projective R-ideal. In 
case A’, = S’, then we put A’, = b'[x; 6], where b! = R’. 
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In both cases, by using (7) and [8, Lemma 1.1], we have 
(m1 [x; 6]A),S! = (mi [x; 6JAS")y = (my [x; 6]S'AS')y = (m1 x; 6] 6’ [x; 6]) yr 
= (m1[Xx; 6]’ [x; 6]),S’ = (my [x; 6] 6" [x; 6])S’ = m1 b'[x; 6] , 
since m,[x; 6]b’ [x; 6] is S-projective and a right projective ideal is a right v-ideal. 
Thus, by (8), [1, Lemma 2.1] and Lemma 2.7 we have 
(mi [x; 6]Ama[x; 6])y = ((m [x5 6]A)yS’mz[x; 6])y 


= (m1 b'[x; 6]mz[x; 6]), = mb’m2[x; 6] = bi[x; 6] , 
where 6; = m;,6’m is a 6-stable ideal of R. 


The proof of (ii): Put J; = m,[x; 6]Am,[x; 6], an (S, S’)-ideal. As in (i), (S’I,)y: is con- 
tained in at most r — 1 maximal projective ideals of S’ (one of them is m2m,[x; 6]). By 
induction hypothesis and (7), (S'I))/S! = (S'I1)y = 65 [x; 6] for some 6-stable ideal 6}, 
of R’ which is a projective ideal of R. Hence, by (8), Lemma 2.7 and [1, Lemma 2.1], we 
have 


m4 65[x; 6] = (m165[x; 6])y = (mi (Sy) S")y = (M1 8")y = (m4 [xs BJAmy[x; 6]), , 
and bz = m,6} is a 6-stable ideal of R. 


The proof of (iii): Put In = (m2[x; 6]Am2[x; 6]), an (S’, S)-ideal. As before, (I2S’), is 
contained in at most r— 1 maximal projective ideals of S'. Thus there is a 6-stable ideal 
b4 of R’ such that (Iz)yS’ = (I2S')y = 64[x; 6]. Hence, by Lemma 2.7, [1, Lemma 2.1] 
and (8), we have 


b4m2[x; 6] = 65[x; 6]m2[x; 6] = (65 [x; 6]m2[x; 6])y = ((2)vS'm2[x; 6])y 
= (U2)vma[x; 6])y = U2m2[x; 6])y = (ma [x; 6]Am2[x; 6]),, 
and 63 = b’3m) isa 6-stable ideal of R. 


The proof of (iv): Put Iz = m2[x;6]Am,[x; 6], an ideal of S’. As before, there is a 
6-stable ideal b/, of R’ such that (I3),S’ = (I3S’)y = 6/,[x; 6]. Hence, by [1, Lemma 
2.1] and Lemma 2.7, we have 


(m2[x; 6]Amy[x; 6])y = (I3)v = (3S')v = (a)vS')v = (64, [x5 6])y = 6) [x5 6] , 
and b, = b/, isa 6-stable ideal of R. Now, by using (i) ~ (iv), we have 
(61 + 63)[x; 6] = ((61 + 63)[x; 6])y 
= ((m1[x; 6]Am2[x; 6])y + (ma[x; 6]Am2 [x3 6])y)y = (Am2[x; 6))y 
and 
(62 + by) [x; 6] = ((b2 + b4)[x; 6])y 
= ((my[x; 6]Am, [x3 6])y + (ma[x; 6]Am,[x; 6])y)y = (Ami [x; 6])y , 
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since m; + m2 = R. Hence 


(61 + bz + 63 + by)[x; 6] = (Amz [x; 6])y + (Am [X; 6])v)y 
= (Am2[x; 6] + Am,[x; 6])y = Ay=A, 


which completes the proof. 


Combining Theorem 2.1 with Proposition 2.1, we have the following theorem. 


Theorem 2.2. Let R be an HNP ring with derivation 6 and S = R[x; 6]. If A is an ideal 
of S with A = A, (equivalently A is right projective), then A = Xb[x; 6], where X is an 
invertible ideal of S and 6 is a 6-stable eventually idempotent ideal of R. In particular, 
Ais left projective as well. Furthermore, if {m1[x; 6], ..., my[x; 6]} is the full set of max- 
imal projective idempotent ideals containing b[x; 6], then (b[x;6])” = b”[x; 6] and is 
idempotent. 


Proof. We may assume that A is not invertible. Let X be minimal among invertible 
ideals containing A and put B = X~1A. Then B = B, by [1, Lemma 2.1] and there are 
no invertible ideals containing B. Thus B = X~1A = b[x; 6] by Proposition 2.1, where 
b = BNR # (0). Hence A = Xb[x; 6]. Since ,A = (Xb[x; 6]) = Xy(b[x; 6]) = Xb[x; 6] = A 
by the left version of [1, Lemma 2.1], A is left projective. The last statement follows from 
[5, Proposition 4.5]. 


Note that if A is an ideal of S with A = ,A, then, by left version of Theorem 2.2, A = 
Xb[x; 6], where X is an invertible ideal and 6 is a 6-stable eventually idempotent ideal 
of R, and so A is a projective ideal. 

In [2], we defined the concept of generalized hereditary Noetherian prime rings (G-HNP 
rings for short) to study the structure of projective ideals as follows: A prime Goldie 
ring R is called a G-HNP ring if 


(i) Any ideal A of R with A = ,A (or A = A,) is a projective ideal. 
(ii) R is t-Noetherian (see [9] for the definition of t-Noetherian). 


A G-HNP ring is called a strongly G-HNP ring if any one sided v-ideal is projective. 
From Theorem 2.2, its note and [3, proposition 5.2], we have the following corollary: 


Corollary 2.2. S = R[x; 6] is a strongly G-HNP ring. 
We end this section with the following remark: 


Remark 2.1. Noetherian prime rings with global dimension two are not necessarily to 
be G-HNP rings (see [1]). 
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3 Examples 


In this section, we will give some examples of HNP rings R with derivations 6 to explain 
various phenomena about projective ideals of S = R[x; 6]. 

Let Q = M,(D) be a matrix ring over the division ring D (n = 2), e € Q be idempotent 
different from 1, R’ = Q[y], the polynomial ring over Q indeterminate y, a = eQ + yR’, 
a right ideal of R’ with R’a = R’. Put 


R =Ip(a)={r' € R' | rac a}, 


the idealizer of ain R’. 
Put b = Q(1 — e) + yR’, a left ideal of R’ with bR’ = R’. 


Proposition 3.1. (1) R is an HNP ring and R = Q(1 —e) +eQ+yR' = Q(1-e)+a. 
Furthermore, 
R = Ip(prb) = {r’ € R' | br’ cb}. 


(2) a and 6 are both idempotent maximal ideals of R and a, b is a cycle. In particular, 
an bis a maximal invertible ideal of R. 


Proof. (1) Since ais a generative and isomaximal right ideal of R’ in the sense of [10], 
R is an HNP ring by [10, (5.5.10)]. It is clear that 


R2>Q(1-—e)+eQ+yR'. («) 


Conversely let r ¢ R. Thenr = qo+yr’ = qo(1—e)+qoet+yr', where go € Qandr’ ¢€ R’. 
By (*), doe € Randso qoe = qoee € qoea € a = CQ + yR’, which implies qoe «€ eQ. 
Hencer € Q(1—e)+eQ+yR’. By the left hand version, R = eQ+6 = eQ+Q(1-e)+yR’. 
(2) It follows from [10, (5.5.10)] that a and 6 are idempotent maximal ideals such that 
O,(a) = R’ = O;(6). To prove a, 6 is a cycle, we prove that O)(a) = eQ(1 — e)y"1 +R. 
Clearly O(a) > eQ(1 — e)y7! + R. Let g € Oj(a), that is, ga ¢ aandso qgyR’ ¢ aR’ ¢ 
R' Thus q € R’y~!. Write g = g(y)y~!, where g(y) = qo + qiy +:::+ qiy' € R! and 
q = QoY 1 +41 + (gay +++ + qiy'), which implies goy"! + qi € O(a). 

So, in particular, (qgy~! + qi)e € EQ + yR' and (qoy"! + qi)y € EQ + yR’. Thus 
doe = 0, do € eQand qie € eQ. It follows that go € eQ(1-e) and that gq; = qie+qi(1- 
e) € eQ+ Q(1-e) CR. Thus qg € eQ(1-e)y-! + Rand hence O;(a) = eQ(1-e)y-1 +R. 
Similarly O,(b) = eQ(1-e)y~1+R. Hence a, bis acycle and anb isa maximal invertible 
ideal of R by [5, Theorem 2.6]. 


Lemma 3.1. Let f(y) = y" + an_1y""1 +--+ a9 be a monic polynomial in R'. Then f(y)R' 
is an ideal if and only if f(y) € K[y], where K is the center of Q. In particular f(y)R' is a 
prime ideal if and only if it is an irreducible polynomial in K[y]. 
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Proof. By ([4] or [9, p135]), f(y)R' is an ideal of R’ if and only if f(y)a = af(y) for all 
a «€ Qand f(y)y = (y + b)f(y) for some b € Q. It follows that a; € K for all iand b = 0, 
that is, equivalently, f(y) ¢ K[y]. The last statement is clear. 


In the remainder of this section we consider the following derivation 6 of R’ (see, [6, 
Lemma 1.2]): 
d(y) = y- and 6(a) = OforallaeQ. 


Lemma 3.2. Let f(y) = y" + an-1y™1! +--+ a0 € K[y]. Then for any natural number 
land fora € Q, (ay') = lay'*! and 8(f(y)') = If) 6(fy)) = Yo) A(y)y?, where 
h(y) = ny""1 4+ (n—1)an-1y"? +--+ + ay. 


Proof. It is easily proved by induction on I. 
Note that R’ = Q[y] is a principal ideal ring. 


Lemma 3.3. Let p’ be a prime ideal of R', where p' = f(y)R' and f(y) = y" + an_1y™1 + 
+++ + dq is an irreducible polynomial in K[y]. 

(1) Incase ap = 0. p' = yR' and p’ is 6-stable. 

(2) Incase do ¢ 0. 

(i) If char K = 0, then p"' is not 6-stable for all 1 > 1. 

(ii) If char K = p # 0, then 

(a) p' is 6-stable if and only if 5(f(y)) = 0. 

(b) p'? is always 6-stable. If p' is not 6-stable, then p" is not 6-stable for any I(1 < 1< p). 
In particular, if deg f(y) = 1, then p' is not 5-stable. 


Proof. (1) is clear. 
(2) (i) If p” is 6-stable, then f(y)'R’ > d(f(y)') = Ifty)'"h(y)y? by Lemma 3.2 and so 
p’ > h(y)y’, which implies either p’ 5 y* or p! 5 h(y). In the first case, p’ = yR’ which 
does not happen since ap # 0. The second case is also impossible since deg h(y) = n-1 
and deg f(y) = n. 

(ii) (a) If p’ is 6-stable, then as in (2) (i), we have p’ 5 h(y) and so h(y) = O since deg 
h(y) < n-1and f(y) is a monic polynomial with deg f(y) = n. Hence d(f(y)) = 0 by 
Lemma 3.2. Of course, p’ is 6-stable if 6(f(y)) = 0. 

(b) p’? is 6-stable by Lemma 3.2. If p’ is not 6-stable and p’’ is 6-stable for some 1(1 < 
1 < p), then, as before, we have f(y)R’ > h(y)y2 which is again impossible. The last 
statement is clear. 

Note that 6 induces a derivation of R and we use [10, (5.6.11)] to study the structure of 
prime ideals of R. 


Lemma 3.4. (1) Spec(R) = {a, 6, p = p'N R| p’ = f(y)R’ €Spec (R’) with f(y) # y } and 
p is an invertible ideal of R. 

(2) p"' = p'R! and p! = pn R for any 1> 1. 

(3) p is 6-stable if and only if so is p'. 
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Proof. (1) follows from [10, (5.6.11)] (note that a > yR’). 
(2) Since 6 is a left R’-ideal with bR’ = R’, we have p’b c bandsop’b ¢ Rn py! = p. 
Thus p’ = p/R! = p'6R! Cc pR’. Hence p’ = pR’ follows. Suppose p’! = p!R! inductively. 
Then p+) = pp! = p!R’pR! = ply! = p/DR! and so p!! = p!R’ for any 1 > 1. To prove 
p! =p!" R for any1 > 1, we may assume that p! = p/n R for some 1. If p*1 c p41 nR, 
then pt cp'*IqRcp"!nR=plandsopc (pn R)p! c R. Thus (p’"*1n R)p! =R 
since p is a maximal ideal of R and p’*1 1 R = p! follows. Then p!*1 > p'R! = p",a 
contradiction. Hence p! = pn R for any1> 1. 
(3) follows from (2). 


Combining Lemmas 3.3 with Lemma 3.4, we have the following proposition: 


Proposition 3.2. Under the same notation as in Lemma 3.4. 

(1) If char K = 0, then there are no 6-prime ideals of R which is invertible. a and 6 are 
only idempotent maximal ideals of R. 

(2) If char K = p + 0, then p is either a 5-prime ideal or p! is not 5-stable for any 1(1 < 
1 < p)and p? is a 6-prime ideal. 


In the reminder of this section, let S = R[x; 6] and T = Q(R)[x; 6], where Q(R) is the 
quotient ring of R, that is, Q(R) = Q(R’) = Q(y). 


Lemma 3.5. If char K = 0. Then T is a simple ring. 


Proof. If T is not a simple ring, then, by [7, Proposition 2.8], there is a monic semi- 
invariant polynomial p(x) = x + a, where a € Q(R), that is, for each b € Q(R) there 
is c € Q(R) such that p(x)b = cp(x). It follows that bx + 6(b) + ab = cx + ca. Thus 
b = c and 6(b) = ba - ab, an inner derivation induced by a. In case b = y, 6(y) = O,a 
contradiction. Hence T is a simple ring. 


Lemma 3.6. Suppose char K = p # 0. Then 
(1) (xP + 1)T is the unique maximal ideal of T and (x? + 1) is a central element. 
(2) (xP + 1)S € Spec,(S). 


Proof. Foranyr’ = a aiy' € R’, weclaim that (x? +1)r! = 1! (xP +1). (x? +1)r! = xPr'+ 
1 = Veg pCiS'(r’)x?t + r! = r'x? + 6P(r') +1’. Since 6 is additive and 6(ay') = ad(y') 
for any a € Q and any i, we have 6?(r') = Y!_, a:6?(y') and 6?(y') = i(i+ 1)... (i+ 
p—-1)yi*? = 0. Hence (x? + 1)r’ = r'(x? +1) and x? + 1 is a central element since 
(xP +1)x = x(x? +1). By [7, Proposition 2.8] and [4, Theorem 5.1.4], (x? + 1)T is the 
unique maximal ideal of T. 

(2) It is clear that (x? + 1)T MS D> (x? +.1)S. Let (x? + 1)s'’ € (x? + 1)T 1S, where 
ss yy ix! € T. If 1 = 0, then S 5 (x? + 1)qo = qox?+ (the lower degree parts) and 
SO go € R. Thus (x? +1)qo € (xP + 1)S. If] > 1, then S > (xP + 1)s! = (xP + 1)qyx! + 
(x? + 1)(Y523 gix') = qix?*!+ (the lower degree parts). Thus q; € R and (x? + 1)qix! € 


(xP +1)S ¢ (xP +1)TNS. Since (xP +1)(Yo} qix7!) = (xP +1)s!—(xP +1) qix! € (x? +1)TNS, 
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by induction on I, (x? + iy qix') € (x? +1)S and thus (x? +1)s’ € (x? +1)S. Hence 
(xP + 1)TNS = (x? + 1)S. By Lemma 2.2, (x? + 1)S € Speco(S). 


Finally we give the following remarks which show various phenomena about project- 
ive ideals in S = R[x; 6]. 


Remark 3.1. (1) Incase char K = 0. 

(i) Speco(S) = ¢ (Lemmas 2.2 and 3.5). 

(ii) Maximal projective ideals of S are only a[x; 6] and 6[x; 6], and (aN 6)[x; 6] is the 
unique maximal invertible ideal (Lemmas 2.3, 2.4, 3.4 and Propositions 3.1, 3.2). 

(2) In case char K = p # 0. 

(i) Spec,(S) = {(x? + 1)S} (Lemmas 2.2 and 3.6]). 

(ii) {aLx; 6], bLx; 6], plx; 6], p? Lx; 6], (x? + 1)S | pis a 6-stable invertible maximal ideal 
of R, pis not 6-stable and p? is a 6-maximal invertible ideal} is the set of all maximal pro- 
jective ideals of S. Furthermore {(an b)[x; 6], p[x; 6], p? [x; 6], (x? +1)S | pis a 6-stable 
invertible maximal ideal of R, and p is not 6-stable, p? is a 6-maximal invertible ideal} 
is the set of all maximal invertible ideals of S (Lemmas 2.1, 2.3, 3.4 and Proposition 3.2). 


Remark 3.2. (1) Suppose K is an imperfect field. If char K = 2, then f(y) = y? + ao 
is irreducible if and only if ao ¢ K. Similarly if char K = 3, then f(y) = y? - ao is 
irreducible if and only if %/dao is not in K. In both cases p' = f(y)R' is 6-stable so that 
p[x; 6] is a maximal invertible ideal of S. 

(2) If char K = p # Oand f(y) = y + ao (ao # O), then p’ = f(y)R' is not 6-stable 
(Lemma 3.3). So p is not 6-stable and p?[x; 6] is a maximal invertible ideal of S. In the 
case of a finite field K, there are so many examples of irreducible polynomials f(y) € K[y] 
such that p' = f(y)R’ is not 6-stable, which implies p? [x; 6] is a maximal invertible ideal 
of S. 
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Tsiu-Kwen Lee 
Additive central m-power skew-commuting 
maps on semiprime rings 


Abstract: Let R be an m!-torsion free semiprime ring with maximal left ring of quo- 
tients Qmi(R), where m is a positive integer greater than 1. Given an additive map 
f:R > Qmi(R), itis proved that f(x)x™+x™f(x) € C forall x ¢ Rifand onlyiff(x)R ¢ C 
and Rf(x) ¢ C for all x € R, where C denotes the extended centroid of R. In particular, 
additive m-power skew-commuting maps of semiprime rings are characterized under 
some assumptions. 


Keywords: Central m-power skew-commuting map; extended centroid; maximal left 
ring of quotients; prime ring; semiprime ring. 


1 Results 


Rings in the paper are always associative but are not necessarily with unity. A ring 
R is called semiprime (resp. prime) if, fora € R, aRa = O implies a = 0 (resp. for 
a,b € R, aRb = O implies that either a = 0 or b = 0). Throughout, let R be always a 
semiprime ring with maximal left ring of quotients Qin)(R). The ring Qmi(R) is alsoa 
semiprime ring and its center, denoted by C, is called the extended centroid of R. It is 
known that C is a commutative regular self-injective ring. Moreover, R is a prime ring 
if and only if C is a field. We refer the reader to the book [2] for details. For a, b € R 
we write [a, b] := ab — ba, the commutator of a and b. Given additive subgroups A, B 
of R, [A, B] (resp. AB) is the additive subgroup of R generated by all elements [a, b] 
(resp. ab) fora ¢ Aand b « B.If B = Zb for some b «€ R, we write [A, b] (resp. Ab) 
to stand for [A, B] (resp. AB) for brevity. We let M,,(S) stand for the n by n matrix ring 
over the ring S. 

Given a positive integer m, amapf: R — Ris called an m-power commuting map 
(resp. an m-power skew-commuting map) if [f(x), x"] = 0 (resp. f(x)x™ + x™f(x) = 0) 
for all x € R. A 1-power commuting map (resp. 1-power skew-commuting map) is 
called a commuting map (resp. a skew-commuting map) for brevity. BreSar proved 
that every additive commuting map of a prime ring R is of the form x + Ax + p(x) for 
x € R, where A € Candy: R — C (see [4, Theorem 3.2]). Also, see [6, Corollary 4.2] 
and [16, Theorem 3] for the semiprime case. In [5] BreSar proved that every additive 
skew-commuting map on a 2-torsion free semiprime ring must be zero. The goal of 
the paper is to characterize additive central m-power skew-commuting maps from a 
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ring R to Qmi(R) if R is an m!-torsion free semiprime ring. To be precise, we prove the 
following main result. 


Theorem 1.1. Let R be an m!-torsion free semiprime ring, where m is a positive integer 
greater than 1. Suppose that f: R — Qm(R) is an additive map satisfying f(x)x™ + 
x™ f(x) € C for all x € R. Then f(x)R ¢ C and Rf(x) ¢ C forall x € R. 


We remark that Theorem 1.1 is false if m = 1. For instance, let R = M2(C), where C 
is a field, and let f: R — R be the additive map defined by f(x) = x - tr(x) for all 
x € R, where tr(x) is the trace of x. Since x? — tr(x)x € C for all x € R, we see that 
f(x)x + xf(x) € C for all x € R. Clearly, given an x € R, f(x)R ¢ C in general. In fact, the 
map x +> x-tr(x) for x € Ris the only counterexample in some sense (see Theorems 2.2 
and 2.3 below). 

A. Foner and Rehman posed a conjecture: Let R be a semiprime ring and m be 
a positive integer greater than 1. Then, with some torsion free assumption on R, any 
additive m-power skew-commuting map f: R — R is zero (see [8]). M. FoSner proved 
the above conjecture for m = 2 (see [9]). Ina recent paper M. FoSner et al. answered the 
conjecture in the affirmative when the considered semiprime ring R is m!-torsion free 
(see [10, Theorem 4]). However, the proof of [10, Theorem 4] contains a gap. Indeed, 
applying [10, Theorem 2] to solve the identity “f(x)x" + X"f(X) = 0 for all X € R/P,", 
they have to require that char(R/P,) = 0 or a prime p > n. However, they only choose 
prime ideals P, satisfying char(R/P,) # 2. We also note that the same situation occurs 
in the proof of [8, Main Theorem, p.208]. 

As a consequence of Theorem 1.1 we have the following. 


Theorem 1.2. Let R be an m!-torsion free semiprime ring, where m is a positive integer 
greater than 1. Then any additive m-power skew commuting map from R to Qmi(R) is 
zero. 


Let Z(R) denote the center of the ring R. An additive map f: R — Qwmi(R) is called 
Z(R)-linear if f(Bx) = Bf(x) for all B € Z(R) and x ¢€ R. In particular, any additive map 
f:R — Qmi(R) is Z(R)-linear if Z(R) = 0. Replacing the m!-torsion free assumption 
on the considered semiprime ring R by the Z(R)-linearity on the considered additive 
map, we have the following. 


Theorem 1.3. Let R be a 2-torsion free semiprime ring. Suppose that f : R — Qmi(R) is 
a Z(R)-linear map. Suppose that f(x)x™ + x™f(x) = 0 for all x € R, where m is a positive 
integer. Then f = 0. 


Motivated by Theorems 1.2 and 1.3, it seems reasonable to raise the following. 


Question 1.4: Let R be a 2-torsion free semiprime ring. Is any additive m-power skew- 
commuting map from R to Qm)(R) zero? 
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2 The prime case 


Throughout this section, R always denotes a prime ring with extended centroid C. The 
first aim is to prove the prime case of Theorem 1.1. 


Theorem 2.1. Let R be anoncommutative prime ring with char (R) = Ooraprime p > m, 
where m is a positive integer greater than 1. Suppose that f : R > Qmi(R) is an additive 
map satisfying f(x)x™ + x™f(x) € C for allx € R. Then f = 0. 


To begin with, we need the following. 


Lemma 2.1. Let R be a noncommutative prime ring, a € R, and m a positive integer. 
Suppose that [x, xax™ + x™*1q] = 0 forall x « R. Thena € Z(R). 


Proof. By assumption, 
[x, xax™ + x™+1q] = 0 (1) 


for all x € R. In view of [2, Theorem 6.4.1] or [7, Theorem 2], (1) holds for all x € RC. 
Suppose on the contrary that a ¢ C. Then (1) implies that R is a GPI-ring (see [18] or [7] 
for the definition of prime GPI-rings). In view of Martindale’s theorem (see [18, The- 
orem 3]), RC is a primitive ring with a minimal idempotent e € RC such that eRCe isa 
finite-dimensional central division C-algebra. Thus, RC is a dense subring of End(Vp), 
where V = RCe and D = eRCe. 

Case 1: dimpV > 1. Suppose on the contrary that there exists a vector v € V such 
that av and v are linearly independent over D. Choose an element x € RC such that 
xav = av # Oand xv = O. Then 


O= [x, xax™ + x™ aly = x(xax™ +x"™*1a)v =av #0, 


a contradiction. This proves that, for any v € V, av and v are linearly dependent over 
D. Since dimpV > 1, there exists 8 « D such that av = vf for all v « V. We claim that 
B € C. Indeed, let d ¢ Dand v € V be arbitrary. Then a(vd) = (vd)B = v(dB). On the 
other hand, a(vd) = (av)d = (vB)d = v(Bd). This implies that v(dB —- Bd) = 0. Since 
v € Visarbitrary, dB = Bd forall d « D. Thus, B € C.Soa =8 € C. Sincea € R, we get 
aéZ(R). 

Case 2: dimpV = 1. In this case, RC is a finite-dimensional central division C-algebra. 
Since R is not commutative, by Wedderburn’s theorem C is an infinite field. Choose a 
maximal subfield F of RC. Then RC @c F = M,(F), where dimcRC = n2 > 1. Moreover, 
by astandard argument, M,(F) also satisfies (1). Let e = e* € M,(F). Replacing x by e 
in (1), we get [e, eae + ea] = 0, implying ea(1 —e) = 0. Replacing e by the idempotent 
1 — e, we get (1 — e)ae = 0. Thus, [e, a] = 0. Since M,,(F) is spanned by idempotents 
as a vector space over F, this implies a ¢ F. But a € R, implying a € Z(R). 


Let R bea prime PI-ring. Then RC is a finite-dimensional central simple C-algebra (see 
[19, Corollary 1]). There exists an extension field F of C such that RC ®c F = M,(F), 
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where dimcRC = n?. We let tr(x) (resp. det(x)) be the trace (resp. norm) of x € M,(F). 
We consider RC as a C-subalgebra of M,,(F). It is known that if x € RC, then tr(x) is 
independent of the choice of the extension field F and tr(x) € C. For x € RC, we call 
tr(x) (resp. det(x)) the reduced trace (resp. reduced norm) of x, denoted by Rtr(x) (resp. 
Rn(x)). 


Lemma 2.2. Let R be anoncommutative prime PI-ring, char (R) # 2. Suppose that (Ax + 
yu(x))x™ € Cforallx € R, whereA € C,u: R — CisaZ(R)-linear map and mis a positive 
integer. 

Case 1: A = 0. Then yp = 0. 

Case 2:A + 0. Then RC®cF = M>(F) for some extension field F of C, and det(x)x™-! € F 
for all x € M2(F). In particular, Rn(x)x"™"! € C and u(x) = -ARtr(x) for all x € R. 


Proof. Since R is a prime PI-ring and p: R — Cis a Z(R)-linear map, it is known that 
there exist finitely many cj, dj ¢ RC such that p(x) = )); cjxdj for all x € R (see, for 
instance, [17, Lemma 2.2]). By assumption, we have 


Aap ( y cyxdj )x™ EC (2) 
j 


for all x ¢ R. Note that (2) also holds for all x ¢ RC (see [2, Theorem 6.4.1] or [7, Theorem 
2). If C is a finite field, then RC = M,C), where dimcRC = n?. If C is an infinite field, 
then RC ®c C = M,(C), where C denotes the algebraic closure of C. We let F be the 
field C if C is a finite field and be the field C if C is an infinite field. By (2), applying a 
standard argument we get 


Axis 4 (> cjxdj )x™ €F (3) 
j 
for all x ¢ M,(F). Note that pw can be uniquely extended to an F-linear map, denoted 
by the same yp also, from M,,(F) to F. Moreover, p(x) = oe, cjxdj; for all x ¢ M,(F). Thus, 
by (3) we get 


Ax™ 1 4 uOdx"™ € F (4) 


for all x € M,(F). Suppose that A = 0. Then p(x)x™ ¢€ F for all x € M,(F). Let e € 
M,(F) be a nontrivial idempotent. Then p(e)e € F, implying p(e) = 0. Since M,(F) is 
generated by idempotents as a vector space over F and p is F-linear, we get p = 0, as 
asserted. 

Suppose next that A # 0. By (4), we have 


xls a (x)x™ € F (5) 


for all x € M,(F), where py, := A~ty. Let e be a nontrivial idempotent in M,(F). By (5), 
(ui(e) + 1)e € Fandso py(e) = -1. Let x ¢ R. Then e + ex(1 - e) ande + (1 - e)xe 
are also nontrivial idempotents. Thus p,(e + ex(1 - e)) = -1 = w(e + (1 - e)xe). So 
ur(le, x]) = 0. 
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Let E denote the additive subgroup generated by all idempotents in M,(F). Then 
1a ([E, My(F)]) = 0. It is known that F is a noncentral Lie ideal of M,(F). Given a non- 
trivial idempotent e € M,,(F), ex(1 — e) = [e, ex(1 — e)] € [E, Mn(F)] for all x € My (F). 
Clearly, eM,(F)(1 - e) ¢ F. Thus, [E, M,(F)] is a noncentral Lie ideal of M,(F). In 
view of Herstein’s theorem (see [11, Theorem 1.5]), [Mn(F),Mn(F)] ¢ [E,Mn(F)] as 
char (F) # 2. Up to now, we have proved that yi1([M,(F), Mn(F)]) = 0. 

Let x,y € My(F). Then p1([x, y]) = 0. It follows from (5) that [x, y]"*? ¢ F.In 
particular, [e12, e21]™*! = e1, + (-1)™*1e22 € F. Thus, n = 2 follows. Let x € Mo(F). 
Then pi (1) = ui(e11 + €22) = —2, tr(2x — tr(x)) = 0 and so 


O = pi (2x — tr(x)) = 24(x) - tr) (1) = 2( mlx) + tr(x)) 


and so y44(x) = -tr(x). In particular, if x ¢ R then p(x) = —Rtr(x) and det(x) = Rn(x). 
Then 


x™1 sa (x)x™ = pale g + Hix) = ger ae - tr(x)x) = x™-ldet(x) € F 


for all x <¢ M2(F). Thus, for x ¢ R, we have x”-!Rn(x) € C and p(x) = —ARtr(x) for all 
xeR., 


Recall that C is a field. For x € R, deg(x) is defined as the minimal algebraic degree 
over C if x is algebraic over C and deg(x) = oo, otherwise. We let deg(R) := sup{deg(f) | 
t € R}. It is known that, for a positive integer m, deg(R) > mif and only if dimcRC > 
m2. In particular, if Ris nota Pl-ring, then deg(R) = co. Givenamapg: R"-! > Qmi(R) 
and 1 <i<n, welet 


g(x!) = g(xX1, eee yXj-15Xit1s + +s »Xn) 
for Xn := (X1,X2,..+5Xn) € R" 
Lemma 2.3. Let R be a noncommutative prime ring, char(R) = 0 ora prime p > m, 


where m is a positive integer greater than 1. Suppose that f : R > Qmi(R) is an additive 
map satisfying f(x)x™ € C forall x ¢ R. Thenf = 0. 


Proof. We first assume that R is not a PI-ring. Thus, deg (R) = oo. We let S,, denote the 
permutation group on {1, 2,..., m}. Multilinearizing f(x)x™ € C, we get 


m . 
( pa f (X01) Xa(2) et *Xo(m) )Xm+1 + > Bi Xing) Xi eC (6) 


OESm i=1 
for all x; ¢ R, where gj: R™ — Qmi(R) are m-additive maps fori = 1,...,m. Applying 
[1, Corollary 2.11] to solve (6), we get 
Y F(a) X02 +++ Xo(m) = 0 
OES 


for all x; € R, 1 < i < m. Repeating the same argument, we eventually get f = 0, as 
asserted. 
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We next assume that R is a PI-ring. There exists B € Z(R) \ {0} (see [19, Theorem 
2]). Multilinearizing f(x)x™ € C, we get 


Y f(X1)Xo(2) +++ Xo(m+1) 


ESm41,0(1)=1 


a > f(Xo(a))Xo(2) +++ Xo~m41) € C (7) 
O€Sm+1,0(1)#1 


for all x; ¢ R, 1 < i< m+1. Replacing x; by B fori > 1 in (7), we get 
m!(flocs)B™ + mf(B)x1B™1) € C 
for all x; € R. Since char (R) = 0 or a prime p > m, we have 


f(x) B + mf(B)x1 € C (8) 


for all x; € R. Thus, 


fx) = Ax + uo) (9) 


for all x €¢ R, where A = - ape and yw: R > Cis an additive map. We divide the proof 
into two cases. 

Case 1: f: R — C. Then (8) is reduced to f(B)x € C for all x € R. But R is not com- 
mutative. This implies f(8) = 0. Replacing x by x + B in f(x)x™ € C, we get floo)(x + 
yy! aix™ 'B') € C forall x € R, where a; = ("') fori=1,...,m-—1.Note that a, in 
C \ {0} and f(x)x™ € C. We conclude that 


foe" + yx? peg Ym-1) EC (10) 


for all x € R, where yj,--- , Ym_1 € C. By (10) and by the fact that (m — 1)8 is invertible 
in C, we have 


floc + B)( (+ By"? + vile + BY"? +--+ Ym-1) 
- foo(x™ yx? geet Ym-1) Coy 
and so 
fog (x™? + vix™F +--+ Vm) € C 


for all x € R, where v1, --- , Vm_2 € C. Repeating the same argument, we get eventually 
that f(x)x ¢€ C for all x € C. Thus, for x € R, either f(x) = 0 or x € C. That is, R is the 
union of its additive subgroups {x € R | f(x) = 0} and Z(R). This implies that either 
f =OorR = Z(R). The latter case is impossible as R is not commutative. Hence, f = 0, 
as asserted. 

Case 2: Consider the general case. By (9), 


fOOx™ = Ax™1 + (x)x™ € C (11) 
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for all x ¢ R. Let € Z(R) and x ¢€ R. Replacing x by nx in (11), we get nAx'™*? + 
y(nx)x™ € C. On the other hand, n( ax + uodx™) € C. Hence, 


(nin) - mlx) )x” eC 


for all x € R. Note that w(nx) — nu(x) € C for all x € R. Applying Case 1, we get 
Hu(nx) = nu(x) for all x € R. This proves that w: R > Cis a Z(R)-linear map. If A = 0 
then, by Case 1 of Lemma 2.2, wy = O and sof = 0. 

Suppose next that A # 0. By Case 2 of Lemma 2.2, there exists an extension field F 
of C such that RC @c F = M2(F) such that det(x)x™"! ¢ F for all x € Mo(F) In particular, 
let x = 1+ e;2. Since m > 1, we have 


det(x)x™ 1 =1+(m-—ler ¢F, 


as char (R) = 0 ora prime p > m. This is a contradiction. 


Proof of Theorem 2.1: We divide the proof into two cases. 
Case 1: Ris nota PlI-ring. In this case, deg (R) = oo. Multilinearizing f(x)x™ + x™f(x) € 
C, we get 


m mt+1 : 
( Y F(%o(a))Xo12 +++ Xocom )Xms1 + YS Kner + YAIR) €C (12) 
O€Sm i=1 j=l 


for all x1,--- ,Xm41 € R, where gj, hj: R™ — Qmi(R) are m-additive maps for i = 
1,...,mandj=1,...,m+1. Apply [1, Corollary 2.11] to solve (12). Then there exist 
(m-—1)-additive maps p;: R™1 _, Qmi(R), 1 <j < m,andan m-additivemapA: R™ > 
C such that 


m . 
Y f(Xo(1))Xo(2) +++ Xo(m) = Y xy jin) +A@%n) 


O€ESm j=l 


for all x1,--- , Xm € R. Repeating the same argument, we eventually get f(x) = xa+p(x) 
for all x € R, where a € Qmi(R) and uw: R > Cis an additive map. Then 


f0Ox™ + x™f(x) = (xax" + xm1q) + 2u(x)x™ €C (13) 
for all x € R. Commuting it with x, we get 
[x, xax™ + alae | =0 (14) 


for all x ¢ R. Note that R and Q,)(R) satisfy the same GPIs (see [2, Theorem 6.4.1] or 
[7, Theorem 2]). Thus, (14) holds for all x € Qmi(R). In view of Lemma 2.1, we get a € C. 
Then 


(ax + y(x))x™ eC (15) 
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for all x € R. In view of Lemma 2.3, ax + w(x) = 0 for all x € R. That is, f = 0, as 
asserted. 
Case 2: Risa Pl-ring. Multilinearizing f(x)x™ + xf(x) € C, we get 


»: f(Xo1y)Xo(2) +++ Xo(m)Xo(m+1) 


O€Sm41 


+ » Xo(1)Xo0(2) *** Xa(m)f (Xo(m+1y) € C (16) 


O€Sin41 


for all x1,--- ,Xmi1 € R. Since R is a prime Pl-ring, it follows that Z(R) # 0. Choose 
B € Z(R) \ {0}. Replacing x; by x and x; by f fori > 1, respectively, in (16), we get 


m(m!)B""*((B)x + xf(B)) + 2(m!)B™F0o) € C (17) 
for all x ¢ R. Since char (R) = 0 ora prime p > m > 1, it follows from (17) that 
f(x) = ax + xa + U(x) (18) 
for all x € R, where a € Qm)(R) and vw: R > Cis an additive map. Thus, 
f(x)x™ + x™f(x) = (ax + xa)x™ + x™(ax + xa) + 2u(x)x™ € C 
for all x € R. Commuting it with x, we get 
[x, (ax + xa)x™ + x™(ax + xa)| =0 (19) 


for all x € R. As in the proof of Lemma 2.3, (19) holds for all RC ®@c F = M,(F), where 
F = Cif Cisa finite field and F = C, the algebraic closure of C, if C is an infinite field. 
Note that n > 1 as R is not commutative. Let e € M,(F) be an idempotent. Replacing 
x by e in (19), we see that [e, (ae + ea)e + e(ae + ea) | = 0. That is, [e, a] = 0. This 
proves that a commutes with any idempotents in M,,(F). Clearly, a € F. Since a € RC, 


the implies a € C. Thus, 


fOOx™ + x™f(x) = (Zax + u(x))x™ + x™(2ax + UX) 
= 2(2ax + p(x))x™ €C 


for all x € R. In view of Lemma 2.3, 2ax + u(x) = 0 forall x € R, i.e., f = 0, as asserted. 
Oo 


The following characterizes additive central m-power skew commuting maps if 
the considered map is linear. 


Theorem 2.2. Let R be a noncommutative prime ring, char(R) # 2. Suppose that 
f: R > Qmi(R) is anonzero Z(R)-linear map satisfying f(x)x™ +x™f(x) € C forall x € R, 
where m is a positive integer greater than 1. Then dimcRC = 4 and f(x) = A(x — Rtr(x)) 
for allx € R, whereO#A€C. 
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Proof. By assumption, we have 
[f(x), x2] = [fodx™ + x™ fod, x™] = 0 
for all x €¢ R. Since char (R) # 2, it follows from [17, Theorem 1.1] that 
fx) = Ax + u(x) (20) 


for allx ¢ R, whereA € Candy: R — C. Replacing f(x) by Ax+py(x) in f(x)x™ +x™f(x) € 
C, we have 


(Ax + u(x))x™ € C (21) 


for all x ¢ Ras char(R) # 2. Suppose that R is not a PI-ring. Applying the same proof 
given in the proof of Lemma 2.3 for the non-PI case, we get Ax + w(x) = 0 for allx € R, 
ie., f = 0, a contradiction. Suppose next that R is a Pl-ring. Since f is Z(R)-linear, so 
is up. By Case 2 of Lemma 2.2, dimcRC = 4 and p(x) = —-ARtr(x) for all x € R. Thus, 
f(x) = A(x - Rtr(x)) for all x € R. 


Theorem 2.3. Let R be a noncommutative prime ring, char(R) # 2. Suppose that 
f: R > Qmi(R) is a nonzero Z(R)-linear map satisfying f(x)x™ € C for all x € R, where 
m is a positive integer greater than 1. Then dimcRC = 4 and f(x) = A(x — Rtr (x) for all 
x €R, whereO#A€C. 


Proof. If Risnota PI-ring, as before by [2, Corollary 2.11] we have f = 0, acontradiction. 
Thus, R is a Pl-ring. Let 0 # B € Z(R). Then f(B)B™ € C and so f(B) € C. In view of [19, 
Theorem 2], 

x 
B 
Since f is Z(R)-linear, f can be uniquely extended to a C-linear map from RC to itself. 
We denote such a map by the same f also. It is known that there exist finitely many 
cj, dj ¢ RC such that 


RC={=|xeRand0#PeEZ(R)}. 


f(x) = by cjxdj (22) 
j 


for all x ¢ RC. Clearly, f(x)x™ ¢€ C for all x € RC (see [2, Theorem 6.4.1] or [7, Theorem 
2]). That is, 
( x cjxdj )x™ eC (23) 
j 
for all x ¢ RC. As before, there exists an extension field F of C such that RC @c¢ F = 
M,(F), where dimcRC = n? > 1, f can be uniquely extended to an F-linear map from 
M,(F) to itself and 
f()x™ = ‘e cjxdj )x™ €F (24) 


J 
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for all x € M,(F). Set A := -f(1) € F. Since cj, dj ¢ RC, we have f(1) € C. Lete bea 
nontrivial idempotent in M,(F). Then f(e)e € F, implying f(e)e = 0. Note that 1 — e is 
also a nontrivial idempotent. Thus, f(1 - e)(1 - e) = 0. So 


f(e) =-A(1 -e). (25) 


If A = 0, then f = 0 because M,,(F) is generated by idempotents as a vector space over 
F. Thus A # 0. Let x € R. Then e + ex(1 — e) and e + (1 — e)xe are also nontrivial 
idempotents. By (25) we have 


fle + ex(1 -— e)) = -A(1 - e- ex(1 - e)) 
fle +(1—e)xe) = -A(1-e-(1-e)xe). 


The two equalities imply that 
f(le, x]) = Ale, x] (26) 


for all x ¢ M,(F). Let E denote the additive subgroup generated by all idempotents in 
M,(F). Then E and [E, M,(F)] are noncentral Lie ideals of M,(F). In view of [11, The- 
orem 1.5], [My (F), Mn(F)] ¢ LE, Mn(F)]. Thus, by (26), we have 


f(x) = Ax (27) 


for all x € [Mn(F), Mn(F)]. By (27), A(xy - yx)*! ¢ F for all x, y € My(F). This implies 
n = 2. Since char (R) # 2, tr(2x — tr(x)) = O and so 2x — tr(x) € [My(F), M,,(F)]. Hence, 


f (2x — tr(x)) = A(2x — tr(x)) (28) 
for all x € M2(F). We have 
f(2x - tr(xX)) = 2f00) - trOdf(1) = 2f0d + AtrOd) (29) 


for all x ¢ R. By (28) and (29), we get f(x) = A(x - tr(x)) for all x € M,(F). In particular, 
f(x) = A(x — Rtr (x) for all x € R. 


3 Proofs of Main Theorems 


Throughout, R always denotes a semiprime ring with extended centroid C. The set B 
of all idempotents of C forms a Boolean algebra with respect to the operations e+h := 
e+h-2ehande-h := eh foralle,h ¢ B. It is complete with respect to the partial 
order e < h (defined by eh = e) in the sense that any subset S of B has a supremum 
\V Sandaninfimum /\ S. 

A subset {ey ¢ B | v € A} of Bis called orthogonal if eye, = 0 forv # wandisa 
dense subset if ¥,<, evC is an essential ideal of C. A subset T of Qmi(R), where 0 € T, 
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is called orthogonally complete in the following sense: Given any dense orthogonal 
subset {ey € B| v € A} of B, there exists a one-one correspondence between T and the 
direct product [],<, Tey via the map 


Xr (xey) € [| Tev for xeT. 
veA 

Therefore, given any subset {ay € T | v € A}, there exists a unique a € T such that 
a+ (ayey). The element ais written as )., aye, and is characterized by the property 
that ae, = aye, forallv € A. 

In view of [2, Proposition 3.1.10], Qmi(R) is orthogonally complete. Moreover, P is 
a minimal prime ideal of Q)(R) if and only if P = MQm(R) for some m € Spec(B), 
the spectrum of B (i.e., the set of all maximal ideals of B) (see [2, Theorem 3.2.15]). In 
particular, it follows from the semiprimeness of Qmi(R) that mespec(py MQmi(R) = 0. 
We refer the reader to the book [2] for details. 

To begin with, we need the following, which has the same proof as that of [15, 
Lemma 2.1]. 


Lemma 3.1. Suppose that R is m!-torsion free. Then char (Qmi(R)/MQmi(R)) = 0 ora 
prime p > m for any m € Spec(B). 


Given an ideal I of R, for gq ¢ R we have qI = Oif and only if Iq = 0. Thus, Anng(J) := 
{q € R | qI = 0} is an ideal of R. Note that an ideal K of R is essential if Annr(K) = 0. 
The following is well-known (see, for instance, [14, Lemma 2.10] with replacing Q, the 
Martindale symmetric ring of quotients of R, by Qmi(R)). 


Lemma 3.2. Every annihilator ideal of Qm(R) is generated by one central idempotent. 
Let R denote the orthogonal completion of R; that is, 


. L 
R= i> Xaea | {Cq | a € I} is adense orthogonal subset of Band xg Ee RVaE | : 
ael 


Proof of Theorem 1.1. In view of Lemma 3.2, there exists an idempotent e € C such 
that Anng,,,:z)(Qmi(R)[R, R]Qmi(R)) = CQmi(R). Note that eQmi(R) ¢ C. Define g: R > 
e'Qmi(R), where e’ := 1 - e, by g(x) = e’f(x) for all x € R. Thus, 


g(x)x™ +.x™9(x) = e' (flox™ + x" f(x)) ee'C (1) 


for all x € R. We claim that g can be uniquely extended to an additive map : R > 
Qmi(R), which is defined by 


g: ¥en ad Y glxalea 
acl ael 
for Xq € R. To prove the map g to be well-defined, it suffices to prove that if xzeq = 0 
with xq € Rand eg € B, then g(xq)e,g = 0. Let y € R. By (1), 


B(V +Xa(¥ + Xa)™ + (V + Xa) Bly + Xa) € eC (2) 
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Multiplying (2) by eg, we see that 
SY + Xa)yCat SV +Xa)y™ea €e'C, 
where we have used x,€q = 0. Since g(y)y™ + y™g(y) € eC, we have 
8(Xa)y eq + 8(Xa)y"eq €e'C. 


In particular, [gexa)y"eate(Xa)y"eas z| = Oforally, z € Randso forall y, z € Qmi(R) 
because R and Q,/(R) satisfy the same GPIs (see [2, Theorem 6.4.1]). In view of [13, 
Theorem, p.19], [gixa)vea + 8(Xa)Vea, z| = 0 for all y, z € Qm)(R). That is, 


8(Xa)VCa + 8(Xalyea EC (3) 


for all y € Qm)(R). Commuting it with y, we get [g(xq)ea, y*] = 0 for all y € Qmi(R). 
By [13, Theorem, p.19], we conclude that g(xg)eg ¢€ C. Hence, (3) is reduced to 
&(Xa)€aQmi(R) ¢ C because R is 2-torsion free. This means that 


8(Xa)ea € Anng,,,(R)(Qmi(R)[R, R]Qmi(R)) = €Qmi(R) . 


However, 2(Xa)€a € e’Qmi(R), implying g(xq)eq = 0, as asserted. 
Since 9(R) ¢ e’Qmi(R), it is clear that &(R) ¢ e’ Qmi(R). Moreover, we have 


B(x)x™ + x™B(x) € C (4) 


for allx € R. 
Let m € Spec(B) and y € R. We claim that 3(mR) © MQmi(R). Indeed, let x € mR. 
There exists h ¢ B \ m such that hx = 0. By (4), we have 


By +x\y+x™+(y+x)"Biy +x) EC. 
Multiplying it by h and using (4), we get 
hy™ g(x) + hg(x)y™ € C. 
As before, we get h&(x)Qmi(R) € C and so 
hg(x) € Anng,,(R)(Qmi(R)[R, R]Qmi(R)) = @Qmi(R) - 


This implies that hg(x) = 0. Thus, (x) € MQ,m)(R), as asserted. Hence, g canonically 
induces an additive map Sm: R/mR > Qmi(R) /MQmi(R), which is defined by &m(X) = 
(x) for all x ¢ R. A direct computation shows that 


Bm(x)xX" +X" Bm(x) €C (5) 


for all X € R/mR, where C := C+MQmi(R)/MQmi(R). Itis known that R/mR is a prime 
ring with extended centroid C and Qmi(R)/mOQmi(R) is contained in the maximal left 
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ring of quotients of R/mR (we refer the reader to the book [2] for these basic proper- 
ties). It follows from Lemma 3.1 that char(R/mR) = 0 or a prime p > m. In view of 
Theorem 2.1, if R/mR is not commutative, then 8 = 0; thatis, 8(R) ¢ MQm)(R). Thus, 
either [R, R] ¢ mR or 8(R) ¢ MAmi(R). Hence, 8(R)Qmi(R)[R, R]Qmi(R) © MOQmi(R). 
But (mespec(B) MQmi(R) = 0. Hence, 8(R)Qmi(R)[R, R]Qmi(R) = 0, implying g(R) < 
€Qmi(R) and so g = O. In particular, g = 0. This implies that f(x) = ef(x) + g(x) = 
ef(x) € C€Qm(R) for all x € R. Since eQmi(R) ¢ C, we conclude that f(x)R ¢ C and 
Rf(x) ¢ C forall x € R. 


Proof of Theorem 1.2. Let f: R — Qymi(R) be an additive m-power skew commuting 
map. By assumption, 


fx™ + x™fOx) = 0 (6) 


for all x € R. In view of Theorem 1.1, f(x)R ¢ Cand Rf(x) ¢ C forall x € R. In particular, 
f(x) € C. Thus, by (6), we get that f(x)x”™ = 0 for all x « Ras R is 2-torsion free. 

Let m ¢€ Spec(B). We work in the prime ring Qmi(R)/MQmi(R). By Lemma 3.1, 
char (Qmi(R)/MQmi(R)) = 0 oraprime p > m. Then f(x)x"-1x = 0. Since f(x)x"-1 € C, 
we get that either f(x)x-1 = 0 or x = 0. In either case, f(x)x”-1 = 0. Repeating the 
same argument, we get eventually that f(x) = 0 for all x € R. Thus, f(R) © MQmi(R). 
Since m € Spec(B) is arbitrary, we see that f = 0. 

Applying an analogous argument given in the proof of Theorem 1.1, we have the 
following version of Lemma 2.3 for semiprime rings. For simplicity, we only give its 


statement without proof. 


Theorem 3.1. Let R be an m!-torsion free semiprime ring, where m is a positive integer 
greater than 1. Given an additive map f: R — Qmi(R), f(x)x™ € C (or x™f(x) € C) for 
allx € Rif and only if fX)R ¢ C. 


Finally, we turn to the proof of Theorem 1.3. The following lemma was due to Benkovié 
and Eremita (see [3, Lemma 2.1]) with replacing f: R ~ Rbyf: R > Qmi(R). They 
have the same proof. 


Lemma 3.3. Let R be a prime ring and let f: R — Qymji(R) be an additive map. If there 
exists a positive integer m such that f(x)x™ = 0 forall x € R, then f = 0. 


For our purpose we need a generalization of Lemma 3.3 to the semiprime case. 


Proposition 3.1. Let R be a semiprime ring and let f : R — Qmj(R) be an additive map. 
If there exists a positive integer m such that f(x)x™ = 0 for all x € R, then f = 0. 


Proof. We first extend the additive map f: R > Qmi(R) to an additive map f: R > 
Qmi(R) by defining 


f: YY Xaes aE > flxaea 


acl ael 
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for Xq € R. We claim that f is well-defined. Indeed, let xyeq = 0, where xq € R. Then 


fly + Xa)(y + Xa)™ = 0 


for all y € R. Multiplying it by eg and using f(y)y™ = 0, we see that f(xq)eay™ = 0 
for all y € R. Since R and Qm)(R) satisfy the same GPIs, we get f(xg)eay™ = 0 for all 
y € Qmi(R). Replacing y by 1, we have f(xq)eq = 0, as asserted. 

A direct computation shows that Fixx = 0 forall x € R. Let m € Spec(B). We 
claim that f(mR) © MQ m(R). Indeed, let x € mR and ye R. There exists h ¢ B \m 
such that hx = 0. We have 


fy+nytn™=0. 


Multiplying it by h and using fiyy™ = 0, we get hf (x)y™ = 0. Since y is an arbitrary 
element in R, we get hf (x) = 0. So rie) € MQm(R), as asserted. 

Thus f induces canonically an additive map fm: R/MR — Qmi(R)/MQmi(R), 
which is defined by 


Fon(X) = F(x) 


for all x € R. Clearly, fm(x)x”™ = 0 for all X ¢ R/mR. Since R/mkR is a prime ring, it fol- 
lows from Lemma 3.1 that fm = 0. That is, F(R) ¢ MQmi(R). But Mmespec(p) MQmi(R) = 
0. This implies f = 0. In particular, f = 0 


Proof of Theorem 1.3. Let x € R. Then [f(x)x™ + x™f(x), x] = 0 and so 


[Fo), x?" | =0. 


Sine f is Z(R)-linear and R is a 2-torsion free semiprime ring, it follows from [12, The- 
orem 1.4] that f(x) = Ax + w(x) for all x ¢ R, where A € Cand yu: R — C is an additive 
map. Thus, f(x)x™ + x™f(x) = 2f()x™ = 0 for all x € R. So f(x)x™ = 0 for all x € R. By 
Proposition 3.1, f = 0. 
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Shriram Khanderao Nimbhorkar and Deepali Brijlal Banswal 


A Note on CESS-Lattices 


Abstract: Some generalizations of the concept of a CS-lattice, namely a weak CS-lattice, 
a CESS-lattice and a lattice satisfying the condition (P) are introduced. Various results 
are proved to show the relationship between these lattices and result for lattices not 
satisfying the condition (P) are also proved. A characterization of a lattice to be a UC- 
lattice is given. 


Keywords: Ideal; CS-lattice (extending); weak CS-lattice (weak extending); CESS- 
lattice; UC-lattice; lattice satisfying the condition (P). 


1 Introduction 


The notion of a ring in which every complement right ideal is a direct summand was 
introduced by Chattres and Hajarnavis [5]. They called such a ring as a CS-ring (com- 
plements are summands). This notion was studied by several researchers in the con- 
text of modules under the names extending module or a module with 

C,-property or a CS-module. These modules and their generalizations are studied by 
several researchers such as Harmanci and Smith [9], Dung et. al. [6], Akalan, Birken- 
meir and Tercan [1], Miiller and Rizvi [12], Celik, Harmanci and Smith [4] and many 
others. 

In 1998, Celik [3] introduced a generalization of a CS-module, namely, a CESS- 
module. The module M is called a CESS-module if every complement in M with es- 
sential socle is a direct summand of M. He also introduced the concept of a weak CS- 
module and a module satisfying the condition (P). The module M is called a weak 
CS-module if every semisimple submodule of M is essential in a direct summand of M. 
The module M is said to satisfy the condition (P) if for any submodule N of M, there 
exists a direct summand K of M such that Soc(K) < N < K. 

Calugareanu [2] used lattice theory in module theory and studied several concepts 
from module theory in lattice theory. Keskin [10] obtained some properties of extend- 
ing modules using modular lattices. Nimbhorkar and Shroff [13, 14, 15] studied respect- 
ively, ojective ideals, generalized extending ideals and Goldie extending elements in 
modular lattices. 

In this paper, we introduce the concept of a CESS-lattice (max-semicomplement 
with essential socle are summands) and generalize the results of Celik [3] to a certain 
class of modular lattices. Smith [16, Question 1.4] posed the following question: 
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Question: Whether every direct summand of a weak CS-module M is also weak CS? 
We formulate and answer this question in the context of certain modular lattices. 
Throughout in this paper L denotes a lattice with 0. 


2 Preliminaries 


We recall some terms from lattice theory. These and undefined terms can be found in 
Gratzer [7]. 


Definition 2.1. A lattice L is said to be a modular lattice if for a, b,c € L witha < c, 
avV(baAc)=(avb)Ac. 


Calugareanu [2] developed the concept of an essential element in a lattice with least 
element 0, see also Grzeszczuk and Puczylowski [8]. 


Definition 2.2. Let L be a lattice with 0. Anelementa € L is called an essential element 
if a A b # 0, for any nonzero b € L. 

If a is essential in [0, b] then we say that a is essential in b and write a <e b and 
call b as an essential extension of a. 

If a <e b and there is no c € L such that a <e c and b < c, then we say that bisa 
maximal essential extension of a. 


0) 


Figure 1 


In the lattice L shown in Figure 1, b <e c and c is a maximal essential extension of b. 


ANote on Cess-Lattices —— 153 


Definition 2.3. Let a, b be elements of a lattice L with O. We say that a is closed (or 
essentially closed) in b if a has no proper essential extension in b. If a is closed in b then 
we write a <; b. If a does not have a proper essential extension in L, then we say that 
a is closed in L. 


The concepts of a semicomplement and a maximal semicomplement are known ina 
lattice with 0, see Szasz [17, p. 47]. Let a, b €¢ L, we say that a, b are semicomplements 
of each other ifa Ab = 0. 


Definition 2.4. If a, b ¢ L and b is a maximal element in the set {x € L | aN x = O} 
then we say that b is a max-semicomplement of a in L. An element x € L is called a 
max-semicomplement in L, if there exists a y € L such that x is a max-semicomplement 
of yinL. 


A max-semicomplement is called as a pseudo-complement by Calugareanu [2, p. 39]. 
However in order to distinguish it from the concept of the pseudocomplement of an ele- 
ment in a lattice (a is called a pseudocomplement of b if b is the largest element with 
the property a A b = 0) see Gratzer [7, p.63], we use the term max-semicomplement. 

In the lattice shown in Figure 1, cand d are max-semicomplements of a but a does 
not have a pseudocomplement in L. 

In the theory of modules (e.g. Lam [11, Proposition 6.24], Chatters and Hajarnavis 
[5, Proposition 2.2] and others), it is known that if A, B, C are modules of a ring R with 
Ac¢Bc Cand if A is closed in B and B is closed in C then A is closed in C. 

The following proposition is an analog of this result, the proof of which is due to 
Wehrung. 


Proposition 2.1. (Nimbhorkar and Shroff [15]). Let L be a modular lattice with O. For 
a,b,céL,ifa<co bandb <_ c thena << c 


Definition 2.5. Ifa, b,c € L aresuch that av b = cand a” b = 0 thenwe say that a, b 
are direct summand of c and we write c = a @ b. We say that c is a direct sum of a and 
b. 


The set of all direct summands of an element c € L is denoted by D(c). That is, for 
every a € D(c) there exists b € D(c) such that c= ab. 
The following lemma is from Nimbhorkar and Shroff [15]. 


Lemma 2.1. In a modular lattice L if c = a b, then a is a max-semicomplement of b 
inc. 
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The following lemma is from Nimbhorkar and Shroff, [14, Lemma 2.1]. 


Lemma 2.2. Ina lattice L the following statement hold. 
(D Ifa, b,c € L, thena <e bimpliesa Nc <e bAc. 
(2)Ifa<b<c,thena <¢ b, b <e cif and only if a <e c. 


The following lemma is from Grzeszczuk and Puczylowski [8, Lemma 3]. 


Lemma 2.3. Let L be a modular lattice. Suppose that a, b, c, d € L are such that a < b, 
c<dandbAd=0.Thena <¢ b,c <e dif and only ifa@c <e bed. 


Lemma 2.4. Let L be a modular lattice and a,b,c € L,a < b < c. If dis a max- 
semicomplement of a inc then d A b is a max-semicomplement of a in b. 


Definition 2.6. Let L be a lattice with O. An element a «€ L is called an atom, if there 
does not exist any b € LsuchthatO< b<a. 


Definition 2.7. A lattice L with the least element O is said to be an atomic lattice if every 
nonzero element of L contains an atom. 


Definition 2.8. [2, p. 47] The join of all atoms of L, denoted by Soc(L), is called the socle 
of the lattice L. 
Fora «€ L, Soc(a) is the socle of the lattice [0, a]. 


Definition 2.9. Let a, b,c € L anda €« [b,c]; x is called a relative complement of a in 
[b, clifanx=b,avx=c. 

A lattice L is said to be a relatively complemented lattice if every element a € L has 
a relative complement in L. 


Throughout in this paper, wherever necessary, we assume that L satisfies one or more 
of the following conditions. 
Condition (1): For any a < b in L, there exists a maximal essential extension of a in 
b. 
Condition (2): For any a < band for anyc < binL withaa”c = 0, there exists a 
max-semicomplement d > c of ain b. 
Condition (3): If the socle is involved, Soc(a) exists for any a «€ L. 
Condition (4): If a ¢ L is a join of atoms in L then any b < ais a join of atoms. 
A familiar and important class of lattices with these properties is that of upper con- 
tinuous modular lattice. In particular, the lattice of ideals of a modular lattice with 0. 
The following lemma is from Nimbhorkar and shroff [15, Lemma 2.5]. 


Lemma 2.5. Let L be a modular lattice satisfying the condition (2). Let a,b € L and 
a < b. Then ais closed in b if and only if a is a max-semicomplement of some c < b. 


The following definitions are from Calugareanu [2]. 


Definition 2.10. /2, p. 87] An element a « L is called uniform if every b < a, b # Ois 
essential in [0, a]. 
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Definition 2.11. [2, p. 68] A modular lattice L is said to have finite Goldie dimension 
(Uniform dimension) n if there exists a join independent family of uniform elements 
U1, U2,+++ , Up, in L whose join is essential in L. 


The following definition is from Nimbhorkar and Shroff [15]. 


Definition 2.12. Leta, b, c € L be suchthat a = bec. Then c is said to be b — injective 
in a if for every d < awithd Ac = 0, there exists an element e < a such thata = e®c 
and d<e. 


In the lattice shown in Figure 1,1 = a@b, wehaved<1anddAb=Oanddob=1. 
Hence b is a — injective in 1. 


0) 
Figure 2 


In the lattice L shown in Figure 2, 1 = g @a, we have b < 1andbAa = 0 but there is 
nox ¢€Lwithx <1and1=xoa,b <x. Hence a is not g - injective in1. 


3 CS-Lattices And Their Generalizations 


The following definition is from Nimbhorkar and shroff [13]. 


Definition 3.1. A bounded lattice L is called CS or extending if every nonzero element is 
essential in a direct summand of 1. 

A nonzero element a € L is called extending if, every nonzero b < a is essential ina 
direct summand of a. 
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g 
e f 
a d 
0) 
Figure 3 Figure 4 


In the lattice L shown in Figure 3, every nonzero x < g, is essential ina direct summand 
of g. Hence g is extending. 

In the lattice L shown in Figure 4, Consider the element g. Then c < g but c is not 
essential in a direct summand of g. Hence g is not extending. 

The proof of the following lemma is the same as that of Proposition 3.1 from Nimb- 
horkar and shroff [14]. 


Lemma 3.1. Let 0 + a € L. Then the following statements are equivalent. 
(1) Every closed element c < a ina is a direct summand of a. 
(2) For every d < a, there exists a direct summand k of a such that d <e¢ k. 


Definition 3.2. An elementa ¢€ L with O is called weak CS or weak extending if for every 
b < asatisfying b = Soc(b) is essential in a direct summand d of a. 
A bounded lattice is called weak CS, if 1is a weak CS element. 


1 1 
@ 


0) 0) 


Figure 5 Figure 6 
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In the lattice L shown in Figure 5, we have Soc(a) = a <e c, Soc(b) = b <e d, Soc(c) = 
a <e Cc, Soc(d) = b <e d,. Hence L is a weak CS. 

In the lattice L shown in Figure 2, Soc(a) = a. But a is not essential in any direct 
summand of 1. Hence L is not weak CS. 

Celik [3] defined the concept of a CESS-module (Complements with essential socle 
are direct summands) which is a generalization of a CS-module. We introduce this 
concept in a lattice. 


Definition 3.3. An element a ina lattice L with O is called a CESS element, if every max- 
semicomlement b < a such that Soc(b) <e b is a direct summand of a. 
A bounded lattice L is called a CESS-lattice if 1 is a CESS element. 


In the lattice L shown in Figure 1, a, c, d are max-semicomplements in L such that 
Soc(a) <e a, Soc(c) <e cand Soc(d) <e d. Also, 1=aeb=aec=aed. Hence L is 
a CESS lattice. 

In the lattice L shown in Figure 6, a, b, care max-semicomplements in L such that 
Soc(a) <e a, Soc(b) <e band Soc(c) <e c. But none of a, b, c is a direct summand of 
1. Hence L is not a CESS lattice. However, d is a CESS-element. 


Definition 3.4. Let L be a lattice with O and a, b «€ L. If b is a maximal element in the 
set {x | x € Landa <e¢ x}, then we say that b is an essential closure of a in L. 


In the lattice L shown in Figure 1, c is an essential closure of b in L. 


Definition 3.5. A lattice L is called a UC-lattice if each of its nonzero element has a 
unique essential closure in L. 


In the lattice L given in Figure 1, every nonzero element has a unique essential closure. 
Hence L is a UC-lattice. 

In the following lemma we prove a relationship between a CS-lattice, CESS-lattice 
and weak CS-lattice. 


Lemma 3.2. Let L bea lattice satisfying the conditions (1) and (3). Then every CS-lattice 
is a CESS-lattice and every CESS-lattice is a weak CS-lattice. 


Proof. Suppose that L is a CS-lattice. It follow that L is a CESS lattice. 
Suppose that L is a CESS-lattice. Let x = Soc(x), x # O. By the condition (1), there 
exists a maximal essential extension y of x. Then y is closed in 1 and so y is a max- 
semicomplement in L. We have x = Soc(x) < Soc(y) < y. Now x <e y implies that 
Soc(y) <e y. As L is CESS, y is a direct summand of 1. Thus L is weak CS. 


The following result is from Nimbhorkar and Shroff [15, Lemma 3.3]. 


Lemma 3.3. Let L be a modular lattice satisfying the conditions (1) and (2). If L is a 
CS-lattice then any direct summand of 1 is a CS-element. 
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In the next lemma, we show that a direct summand of 1 in a CESS-lattice is a CESS- 
element. 


Lemma 3.4. Let L be a modular lattice satisfying conditions (1), (2) and (3). If L is a 
CESS-lattice then any direct summand of 1 is a CESS-element. 


Proof. Let 1 = aeb. To show ais a CESS-element. Let x < abeamax-semicomplement 
such that Soc(x) <e x. Since x is a max-semicomplement, x is closed in a. Also a is 
closed in 1. By Proposition 2.1, x is closed in 1. As L is CESS, x is a direct summand of 1. 
Then 1 = x@y forsomey € L. Bymodularity and x < a, we get xv(yAa) = (xvy)Aa=a 
and x A(y Aa) = 0. Then x @(y A a) = a. Hence a is a CESS-element. 


The following theorem gives a necessary and sufficient condition for L to be a UC- 
lattice. 


Theorem 3.1. Let L be a lattice satisfying the conditions (1) and (2). The lattice L is a 
UC-lattice if and only if for any closed element a in L and for any b € L, a Nb is closed 
in b. 


Proof. Suppose that L is a UC-lattice. Let a be a closed element in L and b «€ L. By the 
condition (1), aA b has a maximal essential extension cin b. ThenaAb <e c < band 
soaAb=aQc. Since c is a maximal essential extension, c is closed in b and so in 
1. Let d be a maximal essential extension of a\ bina. ThenaAb <e d < aandso 
aNb=bA4d.As dis closed in a, it is closed in 1. Since L is a UC-lattice, c = d. Hence 
anNb=bAd=bac=c Hence an bis closed in b. 

Conversely, suppose that the given condition holds. Let a € L and b and c be 
closures of a. Then a <e b and b is maximal with respect to this property. Similarly c 
is maximal with respect to a <. c. Then b and c are closed in L.a <e bAc <<; band 
a<e bAc <c c. Since bAc <<; b there exists d < b such that dA (b Ac) = O. But then 
dAa=Ocontradicts a <e b. Hence b Ac = b. Similarly b Ac = c. Thus b = c. 


The following result can be easily proved. 


Lemma 3.5. Let L be a lattice satisfying the conditions (3) and (4). If a < b, then 
Soc(a) = a A Soc(b). 


In the following theorem, we formulate and prove the Open problem of Smith, men- 
tioned in the introduction. 


Theorem 3.2. Let L be a modular UC-lattice satisfying the conditions (1) to (4). If Lis a 
weak CS-lattice then every direct summand of 1 is a weak CS-element. 


Proof. Suppose that L is a weak CS-lattice. Let 1 = a @ b. To show that a is weak CS. 
Let x < a. We Show that Soc(x) <e y for some direct summand y of a. Since x < 1, 
Soc(x) <e d for some direct summand d of 1. Now Soc(x) <e t < a and t is maximal 
with respect to this property. Then ¢ is closed in a and so in 1. Thus ¢ and d are two 
essential closures of Soc(x) in1 and so t = d. Hence t is a direct summand of 1 that is 
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1=tee.Thena=tv(eda)=(tve)Aa=1AaandtA(eAa) = 0. Thus t isa direct 
summand of a. Hence a is a weak CS-element. 


Theorem 3.3. Let L be a relatively complemented modular lattice satisfying the condi- 
tions (1) to (4). Suppose that any direct summand of 1 is weak CS. Let 1 = a @ b, where 
a is b-injective. Then L is a weak CS lattice. 


Proof. Let x € L be anonzero element satisfying x = Soc(x). We show that x <. d for 
some direct summand d of 1. 
Case 1: Suppose that x \ a = 0. As ais b-injective, there exists a direct summand c of 
1such that x < cand1=ae@c. Asc is weak CS, x <e k; for some direct summand k,; 
of c. Letc =k, @ky. Wehavel =ae@c=aek, ek). Thus k, isa direct summand of 1 
and the result holds. 
Case 2: Suppose that x A a # 0. As L is relatively complemented, x = (x Aa) vt and 
xAaAt =Oforsomet ¢ L. Clearly, t\a = 0. By the condition (4), Soc(xAa) = aAx. As 
a is weak CS, there exists a direct summand r, of asuchthatxAa <e r1. Leta =1, @rn. 
By the condition (4), Soc(t) = t. Since t \ a = 0, as in Case 1, there exists a direct 
summand c, of1such that t <, c; and 1 = c;@a. As c, is weak CS, there exists a direct 
summand C> of c, such that t <e cz. Let c, = c3 © cy. By Lemma2.3, x = (xA a) Vt <e 
C2 @ 11. Also, we have 1 = a @C, =11 @'2 © C2 C3. Thus 1 is weak CS. 


We say that a bounded lattice L is a lattice with essential socle, if Soc(1) <e 1. Any 
finite lattice is such a lattice. However, the socle of the lattice L (the descending dots 
indicate infinite descending chain) shown in Figure 7 is not essential in L. 


1 


0) 


Figure 7 


Theorem 3.4. Let L be a modular, atomic and UC-lattice with essential socle and satis- 
fying the conditions (1) to (4). Then the following statements are equivalent. 

(D L is a weak CS-lattice. 

(ii) L is a CESS-lattice. 

(iii) L is a CS-lattice. 
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Proof. Let L be a UC lattice with essential socle that is soc(1) <e 1. 
(i) => Gi): Suppose that L is weak CS. Let a ¢ L be a max-semicomplement such that 
Soc(a) <e a. As L is weak CS, Soc(a) <¢ d for some direct summand d of 1. Then d is 
closed in 1 and so by Lemma 2.5, d is a max-semicomplement. 

We show that d is maximal essential extension of Soc(a). Suppose that Soc(a) <e 
d<et.Nowt=1Atz=(dvf)At=H=dv(fat).Butdn(fab=05fAt=05te=d. 
Thus d is a maximal essential extension of Soc(a). 

Since a is a max-semicomplement, there exists b such that aA b = O and a is 
maximal with respect to this property. Let Soc(a) <e a <e cthenbaAc # Oasais 
max-semicomplement of b. However a A (b Ac) = O contradicts a <e c. Hence a = c. 
Thus a is a maximal essential extension of Soc(a). 

Since L is UC, we get a = d. Thus a is a direct summand of 1. Hence L is CESS. 
(ii)= (iii): Suppose that L is CESS. 

To show that L isa CS lattice. Let x € L, then by the condition (1) there exist a maximal 
essential extension y € L such that x <e y. Being a maximal essential extension, y is 
closed in L that is y isa max-semicomplement in L. To Show: Soc(y) <e y.LetO #a<y. 
Since L is an atomic lattice there exist an atom b < a and therefore Soc(y) \b = b #0. 
Thus Soc(y) <e y. Since L is a CESS, y is a direct summand of 1. Hence L is a CS lattice. 
(3)=> (1): By Lemma 3.2, L is a weak CS-lattice. 


Theorem 3.5. Let 1 = \/, a; be a direct sum of finitely many uniform elements aj. Sup- 
pose that for any max-semicomplement k in L, there exists ani such that a; Ak # 0. If L 
is UC then L is a CS lattice. 


Proof. Let k be a max-semicomplement and suppose without loss of generality, 
k A a, # O. By Theorem 3.1, k A a, is closed in a,. Since a; is uniform k A a, <e a1 
implies k A a; = a,. We have, 


k=kALH=kaA(Qy.vV---Van) =kaA [(kKA a1) Va2.V°::V an] 
=(kA ay) V [KA (a2 V-++V An)] = 41 V [kK A (a2 V-++ V an)] 


=a, @[kA (a2 @-:-®an)] 


By applying Theorem 3.1, k A (az ®---®@y) = mis closed in az ®---® ayn. If MA az #0 
then m A @z is closed in a2 and a2 is uniform implies m A az = a2. Now, 


k=a, @[kA(a2 ®:::®ayn)] 
=a, @[k A((MA az) V-+*V an)] 
=a, ®(MAQz)@ [KA (a3 +: ® Ay)] 


= 41 ®A2 ® [KA (a3 @--- ®An)] 


Continuing we get a; is a direct summand of 1. Hence L is CS. 
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Lemma 3.6. Let L be a relatively complemented lattice such that Soc(1) is a maximal 
element of L — {1}. Then L is CESS iff L is CS. 


Proof. Suppose that L is CESS. Let k be a max-semicomplement in L such that 
Soc(k) <e k. Since Soc(1) is maximal in L, either k < Soc(1) or kv Soc(1) = 1. 

In the first case, since L is CESS, k < d for some direct summand d of 1 and the 
result holds. 

In the second case, as L is relatively complemented, Soc(1) = (k A Soc(1)) @ b for 
some b < Soc(1). Then, 1 = Soc(1) Vk = kv [(k A Soc(1)) V b] = k @ b. Thus L is CS. 

The converse holds by Lemma 3.2 


Definition 3.6. A lattice L is said to satisfy the condition (P) if for a € L there exists a 
direct summand b of 1 such that Soc(b) < a < b. 


1 


0) 


Figure 8 


We note that for any nonzero nonzero x in the lattice L shown in Figure 1, there exists 
a direct summand y of 1 such that Soc(y) < x < y. For x = a take y = a then Soc(a) = 
a < a. Similarly we can show for other elements. Hence L satisfies the condition (P). 
In the lattice shown in Figure 8, a is the only direct summand of 1 satisfying a < d. 
However Soc(d) = av b = dandd ¢ a. Thus L does not satisfy the condition (P). 


Theorem 3.6. Let L be a lattice with uniform dimension 2 such that Soc(1) is a nonzero 
direct summand of 1. If L is not CS, then L does not satisfy the condition (P). 


Proof. By hypothesis, 1 = Soc(1) @ a for some nonzero a € L. Suppose that L satisfies 
the condition (P). As L is not CS, there exists a max-semicomplement k € L such that 
kis not a direct summand of 1. 

By the condition (P), there exists a direct summand b of 1suchthat Soc(b) < k < b. 
Let1=bec. 
Case I: b = 1. Then Soc(1) = Soc(b) and Soc(b) # k. Hence k Aa # 0 (otherwise, k 
will be a direct summand of 1). Hence Soc(1) ® (kA a) < k. Since L has dimension 2, it 
follows that k <, 1. Thus k = 1, acontradiction. 
Case II: Suppose that b # 1. Since b is uniform, k <e b. Since k is closed in L, it follows 
that k = b, a contradiction, which shows that L cannot satisfy condition (P). 
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Jae Keol Park and Syed Tariq Rizvi 
Properties Inherited by Direct Sums of Copies 
of a Module 


Dedicated to the memory of Professor S. M. Abul Kazim Rizvi (1918-1980) 


Abstract: It is known that the quasi-retractable property of modules helps characterize 
a Baer module in terms of the Baer property of its endomorphism ring. We first study 
conditions which allow us to obtain the quasi-retractable property for certain direct 
sums of copies of a quasi-retractable module. Then if a ring R is right nonsingular for 
which the right and the left maximal rings of quotients coincide (e.g., R is semiprime 
PI) and M is an intermediate (R, R)-bimodule between R and the maximal right ring 
of quotients Q(R) of R, it is shown that for any given positive integer n, mM is K- 
cononsingular. As an application, we prove that ume is a Baer module if and only if 
Mw is an extending module for any positive integer n. In particular, if R is a right 
nonsingular ring for which the right and the left maximal rings of quotients coincide 
and A is a right ring of quotients of R, then AD is a Baer module if and only if ay is 
an extending module for any positive integer n. Examples which illustrate and delimit 
our results are provided. 


Keywords: Baer module; Baer hull; quasi-Baer module; quasi-Baer hull; extending 
module; extending hull; quasi-retractable; -cononsingular. 


1 Introduction 


Kaplansky introduced the notion of Baer rings in [12] which have their roots in Func- 
tional Analysis. He and many others obtained a number of interesting results on Baer 
rings. Recall that a ring R is called a Baer ring if the right annihilator of every nonempty 
subset of R is equal to eR with e* = e € R. It can be routinely checked that a ring R is 
a Baer ring if and only if the left annihilator of every nonempty subset of R is equal to 
Rf with f? =f € R. 

More recently, the notion of a Baer ring was extended to an analogous module 
theoretic notion by using the endomorphism ring of a module by Rizvi and Roman [21] 
as follows. 
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Definition 1.1. A module Mp is called a Baer module if, for any Nz < Mpg, there is e* = 
e € S := End(Mp) with €5(N) = Se, where €s(N) = {f € S | f(N) = 0}. Equivalently, a 
module Mp is Baer if and only if for any left ideal I of S, ry(1) = fM with f? = f «€ S, 
where ry(1) = {m € M | Im = 0}. 


We note that by Definition 1.1, a ring R is a Baer ring if and only if Rr is a Baer module. 


Definition 1.2. A module M is called extending if every submodule of M is essential in 
a direct summand of M 


Injective, quasi-injective, continuous, and quasi-continuous modules are extending 
modules. See [9] for more details for extending modules. There are close connections 
between an extending ring and a Baer ring (see [7]). In [21] it was shown that every 
K-nonsingular extending module is Baer and that every Baer module under a dual 
condition becomes extending (see Theorem 3.2). 

It is of a general interest to know when a certain property of a class of modules 
is inherited by direct sums of modules from that class. It is easy to see that while Z 
and Z, are Baer Z-modules, their direct sum is not Baer. In this paper, we study when 
direct sums of copies of a module with a certain property can inherit that property. It is 
often difficult to fully characterize when direct sums of such modules inherit the prop- 
erty. In most such cases, even the direct sums of copies of a module with the property 
may not satisfy the property. For example, if R = Z[x], then (R@R) z is neither extend- 
ing nor Baer while Rp is extending and also Baer. In this paper, our focus is on certain 
properties which are generally not inherited by direct sums of modules or even direct 
sums of copies of a module with the property. 

We will find conditions which allow for direct sums of copies of a module to inherit 
certain properties of modules. The properties we consider to be inherited by direct 
sums of copies of a module are related to Baer and extending modules. 

A Baer module is fully characterized in terms of its endomorphism ring and the 
quasi-retractable property (see Theorem 2.2). In particular, Baer modules are quasi- 
retractable. In Section 2, we study when the quasi-retractable property is inherited by 
direct sum of copies of a module. Using this result, we provide examples of quasi-re- 
tractable modules which are not Baer. Furthermore, in these examples, some modules 
are retractable but they have no Baer hulls. 

We use the results of Section 2 in Section 3 and the close connections between Baer 
and extending modules (Theorem 3.2). In particular, when a ring R is right nonsingu- 
lar such that the maximal right ring of quotients of R is equal to the maximal left ring 
of quotients of R (e.g., when R is semiprime PI, etc.) and M is an intermediate (R, R)- 
bimodule between R and Q(R), we show that M - is K-cononsingular for any positive 
integer n (Theorem 3.5). Using this result, in this case, we show that M™ is an extend- 
ing module if and only if M™ is a Baer module for any positive integer n (Theorem 3.6). 

Moreover, we provide an example which illustrates that Theorem 3.5 and The- 
orem 3.6 cannot be extended to infinite direct sums of copies of M (Example 5). As 
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a byproduct, if A is a right ring of quotients of R, we prove that for a given positive 
integer n, Aye is a Baer module if and only if Ay is an extending module. As an ap- 
plication, we compare Baer hulls and extending hulls of certain classes of modules. 

All rings are assumed to have identity and all modules are assumed to be unitary. 
For right R-modules Mr and Nr, we use Hom(Mr, Nr), Homr(M, N), or Hom(M, N) to 
denote the set of all R-module homomorphisms from Me to Nr. Let S = End(Mrp), 
Endr(M), or End(M) denote the endomorphism ring of an R-module M. For an R- 
module homomorphism f ¢ Homr(M, N), we use Ker(f) to denote the kernel of f. 

We use E(Mp) or E(M) to denote an injective hull of a module Mr. For a module 
M,K<M,L<4M,N <*> M, and U <® M denote that K is a submodule of M, Lisa 
fully invariant submodule of M, N is an essential submodule of M, and U is a direct 
summand of M, respectively. If M is an R-module, Annr(M) stands for the annihilator 
of MinR. 

For amodule M anda nonempty set A, let M“) denote the direct sum of |A| copies 
of M. When A is finite with |A] = nandn > 1, M stands for M“). We use CFM,(R) 
to denote the A x A column finite matrix ring over a ring R. We let Mat,(R) denote the 
n x n matrix ring over a ring R. 

For aring R, Q(R) and Q°(R) stand for the maximal right ring of quotients of R and 
the maximal left ring of quotients of R, respectively. The symbols Q, Z, and Zp (n > 
1) denote the field of rational numbers, the ring of integers, and the ring of integers 
modulo n, respectively. Ideals of a ring without the adjective “left” or “right” mean 
two-sided ideals. Finally, for a ring R, the notation IJ 3 R denotes that J is an ideal of 
R. 


2 Quasi-Retractable Modules 


The notion of quasi-retractability of a module is useful for the characterization of a 
Baer module in terms of its endomorphism ring (see Theorem 2.2 below). In this sec- 
tion, for the study of Baer modules, we provide some conditions which allow for direct 
sums of copies of a module to become quasi-retractable. This can then be used to ob- 
tain results for direct sum of copies of a module to be Baer in view of Theorem 2.2. 

We recall that a module M is said to be retractable if Homr(M, L) # O for any 
O#L<M. 


Theorem 2.1. (i) ([23, Lemma 2.8]) Let {Mj}ic, be a set of retractable modules. Then 
@icAM; is retractable. 

(ii) ((23, Proposition 2.10]) An arbitrary direct sum of copies of a module M is retract- 
able if and only if M is retractable. 
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Examples of retractable modules include free modules, generators, and semisimple 
modules. For a full characterization of a Baer module via its endomorphism ring, a 
more general form of retractability is defined as follows. 


Definition 2.1 ([23, Definition 2.3]). Let Mp be an R-module and S = Endp(M). Then 
Mr is called quasi-retractable if Homr(M, ry(1)) # 0 for every left ideal I of S with 
ru(L) # 0 (or, equivalently, if rs(I) # 0 for every left ideal I with ry(I) # 0). 


If M is retractable, then M is quasi-retractable. But the converse is not true in general 
(see Remark 2.1). Baer modules are quasi-retractable (see Theorem 2.2). 


Theorem 2.2 ((23, Theorem 2.5]). A module Mr is Baer if and only if Endr(M) is a Baer 
ring and Mr is quasi-retractable. 


Definition 2.2 ([21, Definition 2.5]). A module Mpg is said to be K-nonsingular if, for all 
g € Endp(M), Ker(p)r <* Mp implies p = 0. 


Every Baer module is K-nonsingular [21, Lemma 2.15]. Also in [22], it is proved that 
every nonsingular module is K-nonsingular, but not conversely in general. For ex- 
ample, asa Z-module, M = Zy (p isa prime integer) is K-nonsingular, but not nonsin- 
gular. A useful type theory for -nonsingular extending modules has been provided 
in [22]. This extends the type theory for nonsingular injective modules. For more de- 
tails on K-nonsingular modules, see [21] and [22]. 


Lemma 2.1. Let R be a right nonsingular ring and M an intermediate (R, R)-bimodule 
between R and Q(R). Then End(Mp) = {q € Q(R) | gM ¢ M}, which is an intermediate 
ring between R and Q(R). 


Proof. Define 0: R — End(Mp) such that 0(r)(w) = rw for w « Mandr ¢ R. As M is 
an (R, R)-bimodule, @(r) ¢ End(Mp). For r1, r2 € R, 


O(ry + r2)(W) = (11 + 12)W = T1W + Faw = A(7r1)(W) + O(r2)(W) = (8(71) + O(72))(W) 


for w « M. So 0(r7, + r2) = O(r,) + O(72). Also O(r,1r2)(w) = (1112)w = O(71)O(1r2)(W) 
for w € M. So @(r7r2) = O(r,)O(12). If O(r) = O for r € R, then r = O. Therefore R is 
embedded as a subring of End(Mp) via 0. 

For f €¢ End(Mp), we let A(f) « End(Q(R)r) be an extension of f (note that Q(R)r 
is an injective hull of Rr because R is right nonsingular). We show that S := End(Mp) 
is embedded as a subring of End(Q(R)p) = Q(R). For this, take f ¢ End(Mp). Let A(f) € 
End(Q(R)r) bean extension of f. If f; = fo forf,, fo « End(Mp), then (A(f1)—A(f2))(w) = 
fi(w) — fo(w) = O for w € M. Therefore (A(f1) — A(f2))(M) = 0, so 


Afi) - Ao) € A := {pg € End(Q(R)p) | Ker(p)p <*> Q(R)R} . 


As Q(R)p is nonsingular, Q(R)r is K-nonsingular by [21], and so A = 0. Hence A(f,) — 
A(f2) = 0, ie., A(f1) = A(f2). Hence the map A: Endr(M) — End(Q(R)p) is well- 
defined. 
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Moreover, for f, g € End(Mp), A(f+g) = A(/)+A(g) and A(fg) = A(PA(g). IfAG) = 0, 
then f(M) = 0 and hence f = 0. As a consequence, 


End(Mp) = {q € Q(R) | gM ¢ M}, 


which is a subring of Q(R). Thus End(Mp) is embedded as a subring of End(Q(R)r) via 
A. So we may identify S := End(Mp) asa subring of End(Q(R)r) = Q(R). Also note that 
S may be identified as an overring of R via 0. 


In the following theorem, we obtain the quasi-retractable property of direct sums of 
copies of a module for some classes of modules. This result will be used for investigat- 
ing direct sums of Baer and extending modules. 

A ring R is called a PI-ring if it satisfies a polynomial identity. 


Theorem 2.3. (i) IfRisaring and A is an intermediate ring between R and Q(R), then 
Ao is quasi-retractable for any positive integer n. 

(ii) If R is a prime PI-ring (e.g., R is a commutative domain) and A is an intermediate 
ring between R and Q(R), then ace is quasi-retractable for any nonempty set A. In 
this case, End(A\) = End(A{”) = CFMa(A). 

(iii) If Ris a right nonsingular ring and M is an intermediate (R, R)-bimodule between 
Rand Q(R), then mM is quasi-retractable for any positive integer n. 


Proof. (i) Put V = ae and S = Endp(V) = Mat,(Endp(A)) = Mat,(A). If n = 1, then 
V = Arand S = A. To show that Ap is quasi-retractable, let I be a left ideal of S and 
suppose that ry(J) # 0. Take O # v € ry(J). Then O # v € rs(I) because V = A = S. 
Thus Ap is quasi-retractable. 

Next consider when n = 3. Our method for the case when n = 3 can be applied to 
general case. We show that V = aS is quasi-retractable. For this, let I be a left ideal 
of S = Mat3(A). Say 

q1 
O#V=I q )ervd). 
93 

Put O # S := q1€11 + G2€21 + G3€31 € Mat3(A) = S, where ej; € S = Mat3(A) 
with 1 in the (i, j)-position and 0 elsewhere. Take [fij] ¢ I. Then [fij]v = 0. Hence 
fi191+fi2d2 +fi3q3 = 0, for 1 <i < 3. So [fij]s = 0 for all [fj] € J, and thus 0 # s € rs(J). 
Hence V = a is quasi-retractable. 

(ii) Assume that R is a prime Pl-ring. Let F = Q(Cen(R)), where Cen(R) denotes the 
center of R. Then F is a field, and Q(R) = RF = Mat,(D) for a positive integer n anda 
division ring D (for detail, see [20] or [25, Theorem 1.5.16, p.36 and Theorem 1.7.9, p.53]). 

Now we let V = Ay and S = Endp(V) = Endp(A™)). Then we show that S = 
End4(A“) = CFM,(A). For this, first note that End4(A™) ¢ S. Next, we let f € S. 
Assume on the contrary that f ¢ End,(A™)), Then there exist y « A” and q « A 
such that f(yq) - f(y)q # 0. Since Q(R) = RF, we can put g = ac™', where a ¢ Rand 
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0 # c € Cen(R). Thus 


0 # (f(va) -fya)c = flyg)c - fly)a 
= flyqc) — flya) = f(ya) - flya) 
=0, 


a contradiction. So f ¢ Endy(A™)). Hence S = End,4(A“)) = CFM,(A). By using a 
similar method as in part (i), we can verify that AS is quasi-retractable. 
(iii) We prove that V := Mw is quasi-retractable. The proof of this assertion is similar 
to that of part (i). We let S = End(Vpr). Then S = Mat,(U), where U = End(Mpr). Assume 
Tis a left ideal of S such that ry(J) # 0. 

Ifn = 1, then V = Mand S = U = End(Mp). Since ry(J) + O, there exists 0 # m € 
M such that Im = 0. AsO # M ¢ Q(R), there is a « R with O # ma € R. So I(ma) = 0. 
Put r = ma. Then Ir = OwithO # re R. 

We put A = {g € End(Q(R)r) | Ker(g)r <*> Q(R)p}. Since Q(R)r is nonsingular 
injective, it follows that A = 0. 

Define 


@: R > End(Mpg) such that 0(r)(w) = rw forwe MandreR. 


If O(r) = O for r € R, then r = Osince R ¢ M. It is routine to check that @ is a ring 
homomorphism. Thus R is embedded as a subring of End(Mp) via @. 

For f € End(Mp), we let A(f) € End(Q(R)r) be an extension of f. Then from 
Lemma 2.1, A: End(Mpr) — End(Q(R) z) is well-defined. Now we have that 


A[TO(r)|(R) = AVA) DR = AMAA) ]C)R = UR = 0. 


Therefore A[J@(r)] ¢ A = 0 because Rr <°° Q(R)pz. So A[IO(r)] = 0 and hence I@(r) = 0 
since A is one-to-one. AsO # re R,0 # @(r) € rs(J). 

Next let n = 3. Also as in part (i), Our method for this case when n = 3 can be 
applied to the general case. To show that V = mM? is quasi-retractable, say 


m4 
O#V={ m Jery(), 
m3 


with m,, m2, m3 € M. Let [fj] « J ¢ S = Mat3(U). Since [fjj]v = 0, 
fir(m1) + fi2(m2) + fiz(m3) = 0 


for 1 < i < 3. There exists r « R with m;r € R and at least one of mjr nonzero, for 
1 <i < 3. Hence it follows that 


O = fir (m1 )r + fi2(m2)r + fiz(m3)r = fir(Qmi1r) + fi2(mar) + fis(m3r) 


forl <i<3. 
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Put s = @(myr)e11 + O(mgr)e71 + O(m3r)e31 € Mat3(U) = S, where ej is the matrix 
in S with 1 in the (i, j)-position and 0 elsewhere. Then s # 0. We now let 
ai = fixO(mir) + fi20(mar) + fiz0(m3r) 
for1 <i<3.Then 
A(ai)(R) = [A(ai)(1)]R 
= [fi10(m1r)(1) + fi20(ma2r)(1) + fi3O(m3r)(1)]R 
= [fir(m1r) + fi2(m2r) + fiz(m3r)|R 
=O. 


Since A = 0 and A(a;) € A, we get A(a;) = 0. As A is one-to-one, a; = 0. Thus s # 0 and 
Lfi]s = 0. Hence 0 # s € rs(I), so rs(I) # 0. Therefore mM? is quasi-retractable. 


Remark 2.1. Let R be a commutative domain with the field of fractions F. For an inter- 
mediate domain A between R and F, Ay is quasi-retractable for any nonempty set A by 
Theorem 2.3(ii). But A may not be retractable. For example, Qz is quasi-retractable. 
But Qz is not retractable because Hom(Qz, Zz) = 0. 


Let R be a commutative noetherian domain and F be its field of fractions. Assume 
that N = Mp @ (@j<,K;), where M is semisimple with a finite number of homogen- 
eous components, and {K;}ic, is a set of nonzero submodules of Fr. The following 
theorem describes all intermediate modules between N and E(N) which happen to be 
Baer modules. 


Theorem 2.4 ([19, Theorem 2.6]). Let R be a commutative noetherian domain, which is 
not a field. Assume that M is a nonzero semisimple R-module with only a finite number 
of homogeneous components, and {K; | i €¢ A} is anonempty set of nonzero submodules 
of Fr, where F is the field of fractions of R. Let Vz be an essential extension of Mr ® 
(@jcAK;)R. Then the following are equivalent. 

(i) Vis a Baer module. 

(ii) (1) V = Me W forsome Baer essential extension W of (@icjKi)p. 

(2) Homp(W, M) = 0. 


As we mentioned, any Baer module is quasi-retractable (see Theorem 2.2). However, 
the converse does not hold in general as the following example shows. Recall that a 
commutative domain R is called Priifer if every finitely generated ideal of R is project- 
ive. 


Example 1. (i) Let R be a commutative domain which is not Priifer. Put M = (R ® R)p. 
Since M is retractable, M is quasi-retractable. By [6, Theorem 6.1.4, p.191], End(Mp) = 
Maty2(R) is not Baer because R is not Priifer. Therefore Mp is not Baer from Theorem 2.2. 
(ii) As in [19, Example 3.6], there exists a set A such that Z[1/6]™ is not Baer as a Z- 
module. But Z[1/6]“ is quasi-retractable as a Z-module by Theorem 2.3(ii). 
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(iii) Let N = Zz ® Z[1/3] as a Z-module. By modifying the proof of Theorem 2.3(i), we 


show that N is quasi-retractable. Let S = End(N). Then 


be a 2 & a es 


7 End(Z2) 
7 End(Z[1/3]) 0 Z[1/3] 


Hom(Z2, Z[1/3]) 
because Hom(Z 2, Z[1/3]) = 0. 
Let a € Z, we use a to denote the image of a in Z2. Now for description of 
Hom(Z[1/3], Z2), we take f ¢ Hom(Z[1/3], Zz). Let f(1) = a. Then 
3™f(1/3™) = fl) =a 
for any nonnegative integer m, hence f(1/3™) = a because 3™ = 1. Note that 
Z[1/3] = {n/3™ | n € Zand mis a nonnegative integer} . 
Now for n/3™ € Z[1/3], f(n/3™) = nf(1/3™) = na € Zp». Therefore the image of f is 
completely determined by f(1). We define 
6: Hom(Z[1/3], Z2) — Z2 by O(f) = f(1) for f €¢ Hom(Z[1/3], Z2) . 


Then 6 is an additive group isomorphism. Therefore 
S= es ie ) 
0 Z[1/3] 
To show that N is quasi-retractable, let I be a left ideal of S with rn(I) # 0. Then 
ma € Nwith mz € Zz and m2 € Z[1/3] such that IB = 0. Thus 


there exists O # B := 
Xi Xi 
for any ( _ : € I, we have that 
ea ee co = oe ae = 
O X22) \m2 X22M2 


Let = 
0) 
s=( ‘yes. 


Then s # 0, since B + 0. Now for any & z) a 
0 X22 
0 X114M 1 pa -0 


Mi a). _ (ma %2\(0 wm) _ 

6) X22 0) X22 O mp) 6) X22M2 

by the preceding argument. So 0 # s € rs(I), and hence rs(I) # 0. Therefore N is quasi- 
retractable. 

Because Hom(Z[1/3], Z2) # 0, Theorem 2.4 yields that Z2 ® Z[1/3] is not Baer. as 


a Z-module. 
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3 K-Cononsingular Modules and Applications 


When a ring R is right nonsingular such that Q(R) = Q*(R) (e.g., semiprime PI, 
semiprime almost PI, or semiprime intrinsically PI) and M is an intermediate (R, R)- 
bimodule between R and Q(R), we show that for any given positive integer n, M (") ig 
K-cononsingular. Using this result, we prove that mM is Baer if and only if M Me is 
extending. 

For Baer module properties, and the relationship between Baer modules and ex- 
tending modules, we start with the following. 


Theorem 3.1 ([21, Theorem 2.17]). Let M be a Baer module. Then every direct summand 
of M is also a Baer module. 


Definition 3.1 ((21, Definition 2.7]). A module Mr is called K-cononsingular if, for 
Nr < Mp, €s(N) = 0 implies Nr <°* Mr, where S = Endr(M). 


It is easy to see that every extending module is K-cononsingular. There are close con- 
nections between an extending ring and a Baer. Indeed, it is proved in [7] that a ring 
R is right extending and right nonsingular if and only if R is Baer ring and right con- 
onsingular. The following result shows an analogous strong bond between extending 
modules and Baer modules. 


Theorem 3.2 ([21, Theorem 2.12]). A module Mp is extending and K-nonsingular if and 
only if Mp is Baer and K-cononsingular. 


Extending the notion of a Baer ring, a quasi-Baer ring was introduced by Clark in [8]. 
A ring for which the left annihilator of every ideal is generated by an idempotent as 
a left ideal is called a quasi-Baer ring. It was initially defined by Clark to help charac- 
terize a finite dimensional algebra over an algebraically closed field F to be a twisted 
semigroup algebra of a matrix units semigroup over F. It was also shown in [8] that 
any finite distributive lattice is isomorphic to a certain sublattice of the lattice of all 
ideals of an artinian quasi-Baer ring. It is routine to show that a ring R is quasi-Baer if 
and only if the right annihilator of every ideal of R is generated, as a right ideal, by an 
idempotent. 

Clearly every Baer ring is a quasi-Baer ring while the converse is not true in gen- 
eral, for example, the 2 x 2 upper triangular matrix ring over Z is a quasi-Baer ring, 
but it is not a Baer ring. It is also obvious that two notions coincide for a commutative 
ring and for a reduced ring. See [6] for more details on quasi-Baer rings. 

Recently, the notion of a quasi-Baer ring was extended to an analogous module 
theoretic notion via the endomorphism ring of a module by Rizvi and Roman [21] in 
view of the Morita context as follows. 


Definition 3.2 ((21, Definition 3.2]). A right R-module M is said to be a quasi-Baer mod- 
ule if for each N < M, €s5(N) = Se for some e2 = e € S := Endp(M), where €5(N) = {f € 
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S | f(N) = 0}. Equivalently, M is a quasi-Baer module if and only if, for any ideal J of 
S,ru() = fM for some f2 = f € S, where ry(J) = {m € M | Jm = 0}. 


We note that a ring R is quasi-Baer if and only if Rr is a quasi-Baer module. Recall 
from [4] that a module M is said to be FI-extending if every fully invariant submodule 
of M is essential in a direct summand of M. Obviously, every extending module is FI- 
extending. See [4] and [6] for more details on FI-extending modules. It is shown in [21] 
that there are close connections between a quasi-Baer module and an FI-extending 
module. 


Theorem 3.3. (i) ((21, Theorem 4.1]) Let Mp be a (quasi-)Baer module. Then Endpg(M) 
is a (quasi-)Baer ring. 

(ii) ([14, Proposition 2.11]) Let Mr be a quasi-retractable and Endp(M) be a quasi-Baer 
ring. Then Mr is a quasi-Baer module. 

(iii) ((21, Theorem 3.17]) Any direct summand of a (quasi-)Baer module is a (quasi-) 
Baer module. 

(iv) ([21, Corollary 3.20]) A free module over a quasi-Baer ring is a quasi-Baer module. 


Example 2. (i) Every Baer module is a quasi-Baer module. 

(ii) All semisimple modules are (quasi-)Baer modules. 

(iii) Every nonsingular injective (even extending) module is a Baer module (see The- 
orem 3.2). 

(iv) Any free R-module RY with A a nonempty set, over a quasi-Baer ring R which is 
not a Baer ring (e.g., R = T2(Z), the 2x2 matrix ring over Z), is a quasi-Baer module 
but it is not a Baer module. 


Let B(Q(R)) be the set of all central idempotents of Q(R). We recall from [3] that the ring 
RB(Q(R)), the subring of Q(R) generated by R and B(Q(R)), is called the idempotent 
closure of a ring R. The idempotent closure is critically used for a decomposition into 
a direct product of indecomposable rings or into a direct product of prime rings. Also 
the idempotent closure is a key ingredient to show that a boundedly centrally closed 
unital C*-algebra is precisely a unital C*-algebra, which is a quasi-Baer ring (see [6, 
Section 3, Chapter 10]). 


Lemma 3.1 ([5, Theorem 3.3]). Let R be asemiprime ring and A be an intermediate ring 
between R and Q(R). Then A is a quasi-Baer ring if and only if RB(Q(R)) ¢ A. 


Theorem 3.4. Let R be a semiprime ring and A be an intermediate ring between R and 
Q(R). Then the following are equivalent. 
(i) Ae is a quasi-Baer module for each positive integer n. 
(ii) Matn(A) is a quasi-Baer ring for each positive integer n. 
(iii) Ap is a quasi-Baer module. 
(iv) A is a quasi-Baer ring. 
(v) RB(Q(R)) CA. 
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Thereby, for each given positive integer n, RB(Q(R)) is the smallest intermediate ring 
between R and Q(R) such that RB(Q(R)) is a quasi-Baer module. 


Proof. (i)@(ii) By Theorem 2.3(i), AY is quasi-retractable for any positive integer n. 
So AY is a quasi-Baer module if and only if Endp(A™) = Mat,(A) is a quasi-Baer ring 
from Theorem 3.3(ii). 

(iii) (iv) follows similarly to the proof (i) (ii). 
(ii) (iv) follows from [6, Theorem 3.2.12, p.76]. 
(iv)©(v) follows from Lemma 3.1. 


The following example shows that the Baer module version of Theorem 3.4 does not 
hold true. For a module Mpg, let Z(Mp) denote the singular submodule of Mr. 


Example 3. By [17], there exists a prime ring R which is not right nonsingular. Let A be 
any intermediate ring between RB(Q(R)) = R and Q(R). Then Ag is not right nonsingu- 
lar. Thus there existsO # y € Z(Ar).SoyK = O forsome Kr <5 Rr. Since Rr <5 Ar, we 
have that Kp <®* Ap. Hence KAr <5 Ar, andso KA, <** Ay. Now yKA = OasyK = 0. 
Thus O # y € Z(Ag). So the ring A is not right nonsingular. Therefore Endp(A) = A is 
not a Baer ring because a Baer ring is right (left) nonsingular. From Theorem 2.2, Ap is 
not a Baer module because Apr is quasi-retractable from Theorem 2.3(i). Thus for each 
positive integer n, AY is not a Baer module by Theorem 3.1. 


According to [2]: (i) aring Ris called an almost PI-ring if every prime factor ring of Risa 
Pl-ring; and (ii) a ring R is called an intrinsically PI-ring if every nonzero ideal contains 
a nonzero PI-ideal of R. Fora semprime ring the following implications subsist and are 
not reversible (for more detail, see [2]): 

commutative > PI > almost PI = intrinsically PI. 

When R is a semiprime PI-ring, from [11] R is right (and left) nonsingular, and 
by [16] and [24] Q(R) = Q*(R). Furthermore, when R is semiprime almost PI, or 
semiprime intrinsically PI, it is shown in [2, Theorem 3.10] that R is right (and left) 
nonsingular and Q(R) = Q*(R) = Q5(R), where Q°(R) denotes the symmetric ring of 
quotients of R. 

For aring R, Rr is K-cononsingular if and only if R is right cononsingular. Also for 
a commutative semiprime ring R, RY is K-cononsingular for every positive integer n. 
From [21, Lemma 2.13], every extending module is K-cononsingular. But the converse 
is not true. Indeed, let R = Z[x]. Then (R @ R)p is K-cononsingular since the ring R is 
commutative semiprime. But (R @ R)p is not extending. 

In spite of preceding examples, not much is known about K-cononsingular 
modules except [10]. The following example shows that the direct sum of two K- 
cononsingular modules need not be K-cononsingular. 


Example 4 ([10, Example 2.8]). Let p be a prime integer. Then Zp and Q are K-con- 
onsingular as Z-modules. But Zp © Q is not K-cononsingular. 
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However, in the following, we obtain a direct sum of a finite copies of a certain mod- 
ule is K-cononsingular module. Our next result about K-cononsingularity of Mw is 
motivated by Example 4. This will be useful to obtain conditions for mw to be Baer 
(extending) in Theorem 3.6. 


Theorem 3.5. Let R be a right nonsingular ring such that Q(R) = Q°(R) (e.g., R is 
semiprime intrinsically PI). If M is an intermediate (R, R)-bimodule between R and 
Q(R), then mw is K-cononsingular for any positive integer n. 


Proof. We put U = End(Mp). Then S := Endp(M™) = Maty(End(Mp)) = Matn(U). 
From Lemma 2.1, 
U=T:={q< Q(R)|qMcM}, 


an intermediate ring between R and Q(R). Since Q(R) = Q°(R), Q(T) = Q(R) and 
Q‘(T) = Q(R) hold. Therefore Q(T) = Q°(T), so Q(U) = Q*(U). To show that My” is 
K-cononsingular, assume that Nr < mw such that €5(N) = 0. So €mat,(u(N) = 0. Now 
define 


6: R > End(Mp) suchthat O(r)(m)=rm for re R and meM. 


Then from Lemma 2.1, 9 is a ring monomorphism. 

Consider the case when n = 1. Then Nez < Mp. We show that €qr)(N) = 0. If not, 
there exists 0 # q € Q(R) such that gN = O. Thus for any n € N such that gn = 0. 
Since Q(R) = Q*(R), there is r € R such that O ¥ rq € R. Now @(rgq)(n) = (rq)n = 
r(qn) = O. Since @ is one-to-one, 0 # @(rq) € U. Hence 0 # O(rq) € €y(N), whichisa 
contradiction. Hence €q:r)(N) = 0. 

Next, consider the case when n = 3. Then Nr < mM), We show that €mat;(a(R)) (N) = 
O. For this, assume on the contrary that €mat,(q(ry)(N) # 0. Take O # [qij] € €mat;(a(R)) (N)- 
Then for any 


m4 
n=|{ m) |€N withm,,m,m3¢«M, 
m3 
we have 
qua 412s 13 my 
O=([qiylN=|{ G21 422 923 m2 
931 932 = 433 m3 


and so qi1™1+qi2M2+qi3m3 = Ofor 1 <i < 3.Since [qj] # 0, we may assume that the 
first row of the matrix [qj] is nonzero. So at least one of qi1, giz, and qi3 is nonzero. 
Since Q(R) = Q*(R), there exists r € R such that rqiy € Rfor1 < i,j < 3, and at least 
one of rqi1, 1qi2, and rq;3 is nonzero. Also 


rdi1m, + 1Gi2M2 +1qGi3m3 =Ofor1 <i<3. 
As each rqy € R, 6(rqij)(mj) = rqijm;. Thus it follows that 


O(rqi1)(m1) + O(rgiz)(mMz) + O(rqiz)(mM3) = rqi1mM1 + TGiz2M2 + TGi3mM3 = 0 
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for 1 < i < 3. So [@(rqij)]n = O for all n € N. Note that [@(rqij)] ¢ Mat3(U). Further, 
[O(rqij)] # O because 6 is one-to-one and at least one of rq11, rqi2, and rqj3 is nonzero. 
Therefore 0 + [6(rqij)] € €mat,(u)(N), which is a contradiction. So €mat,(a¢R))(N) = 0. 
Our preceding method can be applied for the case when n is any positive integer. 
Hence €Mat,(a(r))(N) = O for any positive integer n. As a(R)” is injective and nonsin- 
gular, a(R)” is K-nonsingular by [21] and so a(R)” is Baer and K-cononsingular 
from Theorem 3.2. Further, since End(Q(R)\”) = Mat,(Q(R)) and mat, (acRy)(N) = 0, it 
follows that Nr <°S Q(R) . Hence Nr <°5 M ee As aconsequence, we have that M py 
is K-cononsingular. 


In the following, we provide a class of modules N such that N is Baer if and only if N 
is extending, as a consequence of Theorem 3.5. 


Theorem 3.6. Assume that R is a right nonsingular ring such that Q(R) = Q*(R) (e.g., R 
is semiprime intrinsically PI). Let M be an intermediate (R, R)-bimodule between R and 
Q(R), and n be a given positive integer. Then the following are equivalent. 
(i) mM is a Baer module. 
(ii) My” is an extending module. 
(iii) Mat,(End(Mp)) is a Baer ring. 
(iv) Matn(End(Mp)) is a right extending ring. 
(v) Mat,(End(Mp)) is a left extending ring. 


Proof. (i)@(ii) From Theorem 3.5, mw is K-cononsingular. Since mM is nonsingular, 
Mw is K-nonsingular by [21]. Thus (i) @(ii) follows from Theorem 3.2. 

(ii) By Theorem 2.3(iii), Mw is quasi-retractable. So Mw is Baer if and only if 
End(M@”) = Mat,(End(Mp)) is a Baer ring from Theorem 2.2. 

(iii) (iv) (Vv) Note that S$ := End(M\”) = Mat,(End(Mp)) = Mat,(U), where U = 
End(Mp). From Lemma 2.1, 


U=T:={q€Q(R)|qMcM}. 


Further, T is an intermediate ring between R and Q(R). Thus Q(T) = Q(R) and Q*(T) = 
Q°(R). As Q(R) = Q°(R), Q(T) = Q°(T). Hence Q(U) = Q°(U) because U = T. From [27] 
and the fact that Q(U) = Q°(U), it follows that 


Q(S) = Q(Mat,(U)) = Mat,(Q(U)) = Mat,(Q°(U)) = Q°(Matn(U)) = Q*(S) . 


Since R is right nonsingular, Q(R) is (von Neumann) regular, and so Q(T) is regular. As 
U = T, Q(U) = Q(T) so Q(U) is regular. Therefore Q(S) = Mat,(Q(U)) is regular. Hence 
S = Mat, (End(Mp)) is right nonsingular. Therefore [6, Corollary 3.3.3, p.90] yields that 
the ring S is Baer if and only if S is right extending if and only if S is left extending. 


The next example shows that Theorem 3.5 and Theorem 3.6 cannot be extended to the 
case of a direct sum of infinite copies of an intermediate (R, R)-bimodule M between 
R and Q(R), where R is a right nonsingular ring such that Q(R) = Q°(R). 
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Example 5. Let R = Zand let A be a countably infinite set. Then by [6, Example 4.5.2(v), 
p.125], Re is a Baer module. Because Re is not extending (see [9, p.56]), Re is not 
K-cononsingular by Theorem 3.2. 


Assume that R is a commutative domain with the field of fractions F, and Mp is an 
intermediate module between Rr and Fe. Then notice that End(Mp) is isomorphic to 
an intermediate domain between R and F from Lemma 2.1. 


Corollary 3.1. Assume that R is a commutative domain with the field of fractions F. Let 
Rp < Mr < FR. Then the following are equivalent. 

(i) mM is a Baer module for every positive integer n. 

(ii) My. is an extending module for every positive integer n. 

(iii) Endp(M) is a Priifer domain. 
In particular if R is a Priifer domain, then mM is a Baer and extending module for every 
positive integer n. 


Proof. The equivalence of (i), (ii), and (iii) follows from [6, Theorem 6.1.4, p.191] and 
Theorem 3.6. In particular if R is a Priifer domain, then End(Mp) is also a Priifer do- 
main since End(Mp) is isomorphic to an intermediate domain between R and F by 
Lemma 2.1. So for each positive integer n, End(M\) = Mat,(End(Mp)) is a Baer and 
right (and left) extending ring by [6, Theorem 6.1.4, p.191]. From Theorem 3.6, Mw is 
Baer and extending for every positive integer n. 


Corollary 3.2. Let R be a right nonsingular ring such that Q(R) = Q°(R). Assume that A 
is an intermediate ring between R and Q(R), and let n be a given positive integer. Then 
the following are equivalent. 

(i) Ae is a Baer module. 

(ii) AY” is an extending module. 

(iii) Mat,(A) is a Baer ring. 

(iv) Maty(A) is a right extending ring. 

(v) Mat,(A) is a left extending ring. 


Proof. We note that End(A\”) = Mat,(End(Ap)) = Mat,(A). Thus the equivalence of 
(i)-(v) follows immediately from Theorem 3.6. 


Definition 3.3 ((6, Definition 8.4.1, p.310]). Let Mp be a module. We fix an injective hull 
E(Mp) of Mp. Let SX be a class of modules. We call, when it exists, a module Hr the N 
hull of Mr if Hp is the smallest extension of Mr in E(Mr) that belongs to 9M. 


Let M be a module. By Definition 3.3, the Baer (resp., extending, etc.) hull of M is the 
smallest Baer (resp., extending, etc.) essential extension of M in E(M). 


Corollary 3.3. Let R be a right nonsingular ring such that Q(R) = Q°(R). Assume that 
M is an intermediate (R, R)-bimodule between R and Q(R), and n is a given positive 
integer. If Mp is Baer, then the following are equivalent. 

(i) mM has a Baer hull. 
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(ii) Mw has an extending hull. 
In this case, mW itself is both the Baer hull and the extending hull of My. 


Proof. (i)=(ii) First, suppose n = 1. By assumption, Mg is Baer. From Theorem 3.6, 
Mr is extending. So Mr itself is the extending hull of Mr. 

Next assume n > 2. Let A = {1, 2,..., n}. By hypothesis, mw has a Baer hull, say 
Ur. Note that E(Mp) = Q(R). In this case, 


(M @ Q(R)“\))p , where 1<i<n, 


is a Baer module from [6, Theorem 4.2.18, p.107] (see also [15, Theorem 2.16]). Therefore 
U © Mica(M @ Q(R)4\t), Hence U = M™ and thus mM is Baer. So mo is extending 
by Theorem 3.6. Therefore M\” itself is the extending hull of M(”. 

(ii)=>(i) Suppose first that n = 1. By hypothesis, Mr is Baer, so Mp itself is the 
Baer hull of Mpg. Let n > 2. Put A = {1, 2,..., nm} as above. Assume that Mw has an 
extending hull, say Vr. 

By [1, Proposition 1.8(ii) and Corollary 3.3(i)], each (M @ Q(R)“\))p, 1<i< nis 
extending. So 

V cNica(M @ Q(R)A\)) = M™ | 


Hence V = M“ and thus M m is extending, thus M Ae is Baer from Theorem 3.6. There- 
fore M ‘ itself is the Baer hull of M A 


Let R be a commutative domain with the field of fractions F. A submodule K of Fp is 
called a fractional ideal of Rif rK ¢ R for some O # r € R. Thus Kp = (rK)pz and rK is 
an ideal of R. 

For a fractional ideal K of R, we put K-! = {gq ¢ F | qK © R}, which is called 
the inverse of K. We say that a fractional ideal K is invertible if KK-1 = R. It is well- 
known that for a nonzero ideal I of a commutative domain R, Ir is projective if and 
only if I~ = R. In this case, Ip is finitely generated. Thus for each nonzero ideal I of 
a Dedekind domain R, it follows that I~! = R because I is projective. 

Furthermore, every nonzero fractional ideal of a Dedekind domain is invertible. 
We note that a Dedekind domain is noetherian because every ideal is projective (hence 
every ideal is finitely generated). See [26, Chapter 6] for more details on Dedekind do- 
mains. 

If J is an invertible ideal of a commutative domain R, then we let 


rer lr, re=r'r'sr', andsoon. 


For convenience, we put I O=R, 

Assume that R is a Dedekind domain. Then for nonzero ideals I, In,..., I, of R, 
it can be checked that (I1Jp «++ In)71 = Ij} ++-I5*I;* (see [19, Lemma 2.8]). 

We denote the Baer hull of a module M by B(M) when it exists. 


178 — J.K. Park and S.T. Rizvi 


Theorem 3.7 ((19, Theorem 2.13]). Let R be a Dedekind domain. Assume that M is an 
R-module with Annr(M) # 0, and {K,, Ko,..., Km} is a finite set of nonzero fractional 
ideals of R. Then the following are equivalent. 

(i) Mrp@® (om Kr has a Baer hull. 

(ii) Mp is semisimple. 

(iii) Mrp@® (2, Kj) R has a Baer essential extension. 
Inthis case, B(Mro(0;",Kj)r) = Mro(@;", KjA)r, where A = ¥'ps9 I- with I = Annp(M). 
Furthermore, A = R[q1,92,---+ Qn], where 1 = Yi, rudy with r, € ITand qy € I+, 
1l<u<n. 


Theorem 3.8 ([4, Theorem 1.3]). Any direct sum of FI-extending modules is FI-extending. 


Theorem 3.9 ([18, Theorem 2.38]). Assume that R is a commutative domain with the 

field of fractions F. Let A be anintermediate domain between R and F. Then the following 

are equivalent. 

(i) A is a Priifer domain. 

(ii) E(Mp)@Aw” is the extending hull of Mp eA” for any R-module M with Annp(M) # 0 
and for any positive integer n. 

(iii) A) is an extending module. 

(iv) ae is a Baer module. 


Example 6. Let p be a prime integer in Z. Then: 

(i) Zp~ ® Z is the extending hull of Zp © Z by Theorem 3.9. 

(ii) Zp © Z[1/p] is the Baer hull of Zp © Z from Theorem 3.7. 

(iii) Zp2 © Z has the extending hull, which is Zp © Z by Theorem 3.9. 

(iv) From Theorem 3.7, the Z-module Zp2 ® Z has no Baer hull because Zp? is not 
semisimple. 

(v) Zy © Z itself is the FI-extending hull of Zp ® Z because Zy ® Z is FI-extending as a 
Z-module by Theorem 3.8. 


There are strong connections between quasi-retractable modules and Baer modules 
(see Theorem 2.2). Thus for a given module N, one may expect that the smallest quasi- 
retractable essential extension of N and the smallest Baer essential extension (i.e., 
Baer hull) of N will coincide if they exist (see Definition 3.3 for the hull of a given 
module). But the following examples eliminate our expectation. 


Example 7. By Example 1(iii), since M = Zz ® Z[1/3] is quasi-retractable, the smallest 
quasi-retractable essential extension (i.e., the quasi-retractable hull) of M is M itself. 
However, the Baer hull of M is Z2 ® Z[1/3][1/2] = Z2 6 Z[1/6]. In fact, by Theorem 3.7, 


Z2 @Z3 ® Z[1/6] 


is the Baer hull of Z2 ® Z3 ® Z. Thus Z2 @ Z[1/6] = Zz 6 Z[1/3][1/2] is a Baer module 
by Theorem 3.1. So Z2 © Z[1/6] is the Baer hull of Z2 @ Z[{1/3] from [13, Theorem 3.6]. 
Therefore the quasi-retractable hull of M and the Baer hull of M do not coincide. 
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Example 8. (i) Let A be the set as in Example 1(ii). So Z[1/6] is quasi-retractable, but 
it is not Baer as a Z-module. In this case, by [13, Theorem 3.6] Z[1/6]\ has no Baer 
hull. 
(ii) Let W = Z[1/6] @ Z[1/2] as a Z-module. Then by [13, Example 3.5(iii)], 
Z[1/6] Z[1/6] 
End(W) = . 
ne) ( 0 a 


By the method used in Example 1 (iii) W is quasi-retractable. Note that W is not a Baer 
module by [13, Example 3.5(iv)]. Because T(Z) = Ypso Z* = Z (recall that T(Z) is 
called the Nagata transform of Z), W has no Baer hull from (13, Theorem 3.6]. 
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Sergio Roberto L6pez-Permouth and Nick Pilewski 
Modules witnessing that a Leavitt path 
algebra is directly infinite 


Abstract: A ring R is said to be directly infinite when there exists a right R-module 
B # Osuch that R = R@ Bas aright R-module. In terms of the abelian monoid V(R) 
of isomorphism classes of finitely generated projective right R-modules, R is directly 
infinite when there exists a finitely generated projective R-module B # O such that 
[R] = [R] + [B] in V(R). Given a graph EF, we completely identify in terms of the graph 
E all those finitely generated projective right Lx(E)-modules B for which [Lx(E)] = 
[Lx (E)] + [B] in V(Lx(E)). 


Keywords: Leavitt path algebra; directly infinite algebras. 


1 Introduction 


Leavitt path algebras of row finite directed graphs were introduced in [1], and exten- 
ded to all directed graphs in [2]. Much research on Leavitt path algebras has been con- 
cerned with determining graph theoretic conditions on the graph E equivalent to de- 
sired algebraic properties of the Leavitt path algebra [x(E). Among other results, finite 
dimensional Leavitt path algebras were characterized by their graphs in [3], Leavitt 
path algebras with the exchange property were characterized and classified by their 
stable rank in [8], and Leavitt path algebras with zero socle were characterized in [7]. 
A main result of [5] is the fact that given a row-finite graph E, V(Lx(E)), the abelian 
monoid of isomorphism classes of finitely generated projective left Lx(E)-modules, is 
naturally isomorphic to F, the free abelian monoid on the vertices of E, modulo a con- 
gruence on F. Inspired by this congruence, we define and make heavy use of functions 
on the abelian monoid N™ where J is an indexing set on the vertices of E, albeit our 
ideas are applied to finitely generated projective right Lx(E)-modules. This machinery 
is developed in Section 3. 

The notion of an invertible algebra, an R-algebra A with a basis B of units over 
R, was introduced in [11]. Papers [10] and [12] deal with determining conditions on a 
graph E to guarantee that the corresponding Leavitt path algebra Lx(E) has an invert- 
ible basis. 

This paper is a byproduct of that project since, under certain hypotheses, the con- 
dition of invertibility for a Leavitt path algebra Lx(E) is equivalent to E having a sub- 
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graph whose corresponding Leavitt path algebra is directly infinite. The search for spe- 
cific invertible bases led to looking for ideals that witnessed to the direct infinitude of 
the corresponding Leavitt path algebra. While criteria for a Leavitt path algebra to be 
directly infinite have been given before ([6, Theorem 3.3]), our contribution here stems 
in showing an algebraic condition on the incidence matrix that serves the purpose of 
determining that the algebra is directly infinite while, at the same time, gives a found- 
ation for the construction of the desired pieces of the puzzle. The statement of that 
necessary property (Proposition 3.1) and the proof of the converse, which culminates 
with Theorem 3.1, are the bulk of Section 3. 


2 Preliminaries 


The notion of a Leavitt path algebra was introduced independently in [1] and [5]. A 
(directed) graph E = (E°, E', r, s) consists of two sets E° and E! of vertices and edges, 
respectively, and the range and source maps r, s: E! > E°. For an edge e and vertices 
u, V, we Say that the source of e is u or equivalently, u emits e if s(e) = u, and that v is 
the range of e if r(e) = v, or equivalently, v receives e. A vertex that emits no edge is 
called a sink, a vertex that receives no edge is called a source, and a vertex that is a 
sink and a source is an isolated vertex. A vertex that emits at most finitely (infinitely) 
many edges is called a finite (infinite) emitter. A vertex that is neither a sink nor an 
infinite emitter is called a regular vertex. 

If E has no infinite emitters, then we say that E is row finite. If E° is a finite set 
and E is row finite, then E! must be finite as well, and we simply say that E is a finite 
graph. Given a graph E with E° = {v;: i € J}, the adjacency matrix Ag = (aij) € N?*? 
is defined by aj; = |{e € E!;: s(e) = v;, r(e) = vj} for alli, j € J. 

Given a subset S ¢ F°, the restriction graph is defined by 


Es = (S, {e € E*: s(e), r(e) € S}, rls), Slugs!) « 


A path a of positive length in EF isa sequence of edges a = €1€2 ... en where r(e;) = 
s(e€j41) fori =1,...,n-—1. In this case s(a) = s(e1) and r(a) = r(ey) are the source 
and range of a, respectively, and n is the length of a, denoted |a|. An exit to the path 
a = €1€2... ey is an edge f with s(f) = s(e;) but f # e; for some i. Given n € N, the 
set E” is the set of all paths of length nin E, and E* = J,¢y E”. Note that vertices 
are considered paths of length 0. A closed path is a path a = e1,..., en such that 
s(€1) = r(€n). We say that s(a) is the base of a. Note that any vertex along a closed 
path a can be considered a base, after reenumerating the edges of a. A simple closed 
path is a closed path a = e1,..., €, such that s(e;) # s(e,) for alli # 1. A cycle is 
a closed path a = e1,...,€n such that s(e;) # s(e;) for alli # j. Clearly, a cycle isa 
simple closed path. A loop is a cycle of length 1. 
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Given vertices u, v € E°, we say that u connects to v when there exists a path a in 
E such that s(a) = u and r(a) = v. Note that any vertex v is trivially connected to itself. 
An undirected graph E is connected if, given any two vertices u, v in E, there exists a 
path from u to v. We will say that a directed graph FE is connected when its underly- 
ing undirected graph is connected. A graph that is not connected is disconnected. A 
vertex that emits more than one edge is a bifurcation, and a vertex that connects to no 
bifurcation or vertex on a cycle is a line point. 

Given a graph E, the extended graph, or double graph of Eis the graph E = (E°, Eu 
(E')*, r', s') where (E')* = {e*: e; € E‘} andr’ ands! are defined by 


r'|m =7,8'|p = 5, 1r'(e;) = s(e;), s'(e;) = r(e;) . 


Let E bea graph and R be a ring. We say that a collection {v, e, e*: v € FE°, e € E4} 
is a Leavitt E-family in R if the following conditions are satisfied: 


viv; = 6yV; for all v;, vj € E° 

s(e)e = er(e) =e foralle ¢ E! 

r(e)e* = e*s(e) = e* forall e* € (E')* 

. (CK1) e¥ e; = 6;r(e;) for every ej « E! and e* « (E*)* 
- (CK2) v = Y (ejay €7@; for every regular vertex v. 


wPFwn Pp 


Then for a directed graph E and a unital commutative ring R, the Leavitt path algebra 
of E with coefficients in R, or Lp(E), is the universal R-algebra generated by a Leav- 
itt E-family. By “universal,"we mean that for any R-algebra A with a Leavitt E-family 
{ay, De, Cer: V € E®, e € E'}, there exists an R-algebra homomorphism @: LR(E) A 
such that (v) = ay, b(e) = be, and d(e*) = Ce» forall v ¢ E° ande « E’. 

A monomial aB* = a1,...,AmB7,..., By is said to be reduced when m + n is min- 
imal. Observe that if a nonzero monomial aB* € Lr(E) is of the form aB* = a’ee* B'* 
where e is the only edge emitted by a’ and f’, by the (CK2) relation we have aB* = 
a'(ee*)B"* = a’ (r(a)B"* = a'B’*. In this case, aB* is not a reduced monomial, since it 
can be rewritten as a monomial a’ B'* with |a’| + |B'| < |a| + |Bl. 

We note that the algebra Lr(E) is spanned over R by the set of paths {aB*: r(a) = 
r(B)} in E. Furthermore, Lp(E) isa Z-graded R-algebra, specifically, Lr(E) = Prez Ak 
with A, = spanr{aB* € Lr(E): |a| — |B| = k}. In addition, Lr(E) is a *-algebra, with 
linear anti-multiplicative involution x + x* defined by (Y"., kiaiB?)" = Y2, kiBia?. 

In dealing with the K-theory of Leavitt path algebras, we will employ the conven- 
tions used in [5] and [4], and so we now detail that terminology and notation here. Let 
R bea unital ring and M,,(R) be the directed union of M,,(R) as n ranges over N, with 
transition maps M,(R) — My41(R) given by x (% ine Let V(R) then be the set of 
isomorphism classes of finitely generated projective right R-modules. Then V(R) has 
a commutative monoid structure, with the operation 


[P] ®[Q] = [P@Q] 


for isomorphism classes [P], [Q] € V(R). 
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Given a ring R, we will denote the class of finitely generated projective right R- 
modules by FP(R). Given B € FP(R), we will denote the direct sum of n copies of B 
by nB. The abelian monoid of isomorphism classes of FP(R) will be denoted by V(R). 
Let E be a row-finite graph with vertices E° = {v;: i € J}, and consider the free abelian 
monoid F on E°. In [5], the authors take FP(R) to be the class of finitely generated 
left projective R-modules, but speaking instead of finitely generated right projective 
R-modules will not cause problems for us. 

Where in [5] elements of F are written in the form )',,, v; with the v; not necessarily 
distinct, it will be useful for us to write a typical element of F as )';.5 biv; where all 
b; € Nand all v; are distinct. Furthermore, to be more concise in our proofs we will 
associate any given )';<, biv; € F in the obvious way with an element b= (bj)ies in the 
abelian monoid IN“). Note that by elements of this monoid have at most finitely many 
nonzero b;. So, every B € FP(Lx(E)) can be associated with an element b ¢ N“ by 
[5, Theorem 3.5], and the remarks following [5, Definition 4.1]. Then from the proof of 
[4, Theorem 4.3], we can extend this convention from row-finite graphs to graphs that 
are not row-finite. 


3 When [Lx(E)] < [B] < [C] in V(Lx(E)) Implies 
[B] = [C] 


Definition 3.1. Let E be a graph, and let A = aj; be the adjacency matrix of E. Let v; 
be a vertex that is a not a sink and let b ¢ N“ with b; > 0. Define fj: NO’ = N® 
by fi(bj) = bj + aj; — 1 and f;(b;) = b; + aj for every i # j. Given b,c ¢ N“, we will 
say that b > Cin N©) when there exist finitely many (not necessarily distinct) vertices 
Visse ++ Vj, with f! ---f! (b) = C where fi = fi, or f,* for every k. 


Remark 3.1. Given b ¢ N“) and vertex v;, we have f;(b) defined if and only if b; > 0. In 
addition, f(b) is defined if and only if b; > aij for every j < J. 


Proof. This is clear, from Definition 3.1. 


So, given an element b € N), it is straightforward to determine whether fi(b) is 
defined for a given vertex v;. However, it is not as easy to determine when a compos- 
ition of the form f = fi. tee fi (b) is defined. Remarks 3.1 and 3.2 will be used often in 
this section without reference. 


Remark 3.2. Let b ¢ N and let f = fie be NY — N) as in Definition 3.1 such 
that f(b) is defined with f(b) = ¢. For every regular vertex v; € E°, let y; = |{ix: jx = 


i, ff, = fibland let zi = lie: je = i ff = f,"}|. For every sink v;, let y; = z; = 0. Finally 
for every vertex v;, let xj = yi — Zj. 
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Then for any vertex v; € E°, we have 


Y xyaje -Xji= ci —b; . 
jed 


Proof. By Definition 3.1, for any vertex v; we have 


" = fi fl (bi) = bi + (Se) aE (( Sa) -+ 
je jeJ 


= bj + Y xa; —-Xj. 
jed 


We now modify [4, Theorem 4.3] and the remarks following [5, Definition 4.1] and write 
these results in terms of Definition 3.1, which will better suit our needs. 


Lemma 3.1. Let E be a graph with E° = {v;: i € J} and adjacency matrix Ag = (aij) < 
IN°*!, Let B, C € FP(Lx(E)) \ {0}, and identify them with b, ¢ « N“, respectively. Then 
[B] = [C] in V(LK(E)) if and only if b > Tin N). 


Proof. Assume first that E is row-finite, and let B = )j.,bivj and y = Yieg civi be 
elements of F associated with B and C, respectively, as in [5, Definition 4.1]. Then by 
the definition of the congruence ~ on F in [5, Definition 4.1], 8 ~ y if and only if there 
exists a finite string B = Bo, Bi, ..., Bn = y such that for every i =0,...,n-1, either 
Bi 1 Bis Or Bix1 1 Bj as in [5, Definition 4.1]. This is equivalent to b > ¢ in NW) as 
in Definition 3.1. Then by [5, Theorem 3.5] and the remarks following [5, Definition 4.1], 
this is equivalent to [B] = [C] in V(Lx(E)). Then from the proof of [4, Theorem 4.3], our 
result is extended to the case where E is not row-finite. 


In light of Lemma 3.1, we give a necessary condition of the graph F in order to have 
two elements of FP(Lx(E)) isomorphic as right Lx(E£)-modules. 


Proposition 3.1. Let E be a graph with E° = {v;: i € J} and adjacency matrix Ag = 
(aij) € N°*’. Let B, C ¢ FP(Lx(E)) \ {0}, and identify them with b, ¢ ¢ N“, respectively. 
If [B] = [C] in V(Lx(E)), then there exists x = (x;) « Z such that 

¢ x; = 0 when v; is a sink, and 

e (Xies xjqji) -Xj=Ci- b; for every i eJ. 
Alternatively, define a row vector y = (yi) € Z by y; = c; — b; fori € J. If [B] = [C] in 
V(Lx(E)), then there exists a solution x = (x;) « Z to 


x(Ag-D=y 
such that x; = 0 when v; is a sink. 


Proof. Assume that [B] = [C] in V(Lx(E)). Then by Lemma 3.1 we have b > Cin N”, 
hence there exist finitely many vertices v;,,..., v;, with f. se fi, (b) = C where fe = fii, 


or Ee for every k. The conclusion follows from Remark 3.2. 
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We give the following example to illustrate Proposition 3.1. 


Example 1. Let E be the graph below: 


Let A = Lx(E), and let B = v,A @ 3V2A. First we will show that [A] = [B] in V(A), 
and then exhibit the integers x1, X2, x3 as stated in Proposition 3.1. First observe that 
Ar = (aij) = (3 1 ?). As A = @?., viA, we can identify A with (1, 1, 1) in'N“). Then for 
f = fafof3: NO > N©, we have 


fi, 1, 1)) = fafof3((1, 1, 1) = f3fo((1, 2, 0)) = f3((1, 2, 1)) = (1, 3, 0) ’ 


hence (1,1,1) — (1,3,0) in N™, therefore [Lx(E)] = [B] in V(Lx(E)) where B = 
V1LK(E) © 3V2L K(E) by Lemma 3.1. 

Then as f; was not applied, f, was applied once, f3 twice, and f, 1 not applied for 
any i, we have a solution x = (x1 X2 x3) = (0 1 2) € Z} to 


x(Ag-D=y 
Lt 
(x1 x2 x3) 0 0 1 J=(0 2 -1) 
sien es 


That is, (Yj. xjji) — xi gives the “net change'in the ith projection of (1 1 1) € IN? 
forl<i<3,hence(1 1 1)>(1 3 O)inN’?. 

Note that for g = Bhi Ahh we have g((1,1,1)) = (1,3, 0) as well, so while 
X1, X2, X3 are unique, our composition f is not. Note also that composition of these func- 
tions is not commutative in general: while f((1, 1, 1)) = f3fof3((1, 1, 1)) = (1, 3, 0), the 
composition f'((1, 1, 1)) = fof3f3((4, 1, 1)) is not defined since f3((1, 1, 1)) = (1, 2, 0). 
So, the existence of an integral solution {x;: i € J} as in the conclusion of Proposition 3.1 
does not always clearly imply the existence of a composition f : N!) > N as in Defin- 
ition 3.1. 


A ring R is said to be directly infinite when there exists a right R-module B + 0 such 
that R = R@ Basa right R-module. This condition is equivalent to R not being Dede- 
kind-finite as in [9]. In terms of V(R), a ring R is directly infinite when there exists 
a finitely generated projective R-module B # O such that [R] = [R] + [B] in V(R). 
Given a graph E with finitely many vertices and Lx(E) directly infinite, we completely 
identify in terms of the graph E all those finitely generated projective right Lx(E)-mod- 
ules B = @jcs biviLx(E) that witness Lx(E) being directly infinite. We assume F°isa 
finite set, since otherwise Lx(E) itself is not finitely generated as a right Lx (E)-module. 
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A ring R is said to be separative when, given A, B, C € FP(R) with C a direct sum- 
mand of both nA and nB for somen ¢ N, A®C = Be@C implies A = B. Clearly R 
is separative if and only if V(R) is a separative monoid, that is, given A, B, C € FP(R) 
with [C] < n[A], n[B] for some n € N, [A] + [C] = [B] + [C] in V(R) implies [A] = [B]. 

We are now ready to give our main result. 


Theorem 3.1. Let E be a finite graph with E® = {v;: i € J} and adjacency matrix Ag = 
(aij) ¢ N°*9, and let B = @ieq biviLx(E). Then [Lx(E)] = [Lx(E)] + [B] in V(Lx(E)) if 
and only if there exist integers {x;: i € J} such that 

¢ x; = 0 when v; is a sink, and 

. (Xies x;qji) — x; = bj for everyic¢ J. 
Alternatively, let b = (b;) € N®. Then [Lx(E)] = [Lx(E)] + [B] in V(Lx(E)) if and only if 
there exists a solution x = (x;) € Z® to 


xX(Ag = I) =b 
such that x; = 0 when v; is a sink. 


Proof. Let A = Lx(E). Since A = Qj<3 vil x(E), we can identify A with 1 ¢ N, where 
1; = 1 for alli € J. Soif [A] = [A] + [B] in V(A), then by Proposition 3.1 there exist 
integers {x;: i € J}such that x; = 0 when v; is asink, and (Dyes XjQji)—Xj = (1+b;)-1 = 
b; for everyie J. 

Suppose then that there exist integers {x;: i ¢ J}as claimed. Given a composition 
f=fi fi: N ©) _, N© as in Definition 3.1 with f; applied x; times for every v; with 
x; > O and ie applied —x; times for every v; with x; < 0, our composition has length 
m = )'x,40 |xil- For every i € J such that x; = 0, let sj = )'y,<9 Xjaji — Xi. For every i € J 
such that x; < 0, let s; = yx <o Xjaji. Then since we have only finitely many nonzero x;, 
there exists n := 1+ max{—s;: v; € E°}. Define 7 = (nj)iey € N by n; = n foralli¢ J, 
that is, 7 ¢ N“ corresponds to nA € FP(A). 

Now let f: NY) — N® be a composition f = fi ff, where Ifix: jk = iff, = 
fil = xi when x; > 0, and |{jx: jx = i, fi, =f. H = —x; when x; < O. We claim that f(n) 
is defined, and prove this by showing fe oo fi, (n) is defined for 1 < k < mbyinduction 
on k, where again m = }'.40 |xil. 

First recall from Remark 3.1 that given v; € E° and b ¢ N), we have f;(b) defined 
if and only if b; > 0, and i @®) is defined if and only if bj > ay for allj ¢€ J. For 
k = 1, leti = j, and assume first that x; > 0. Since n; > 0, fim) = f;(n) is defined. 
Assume now that x; < 0. By our choice of n, for every v; ¢ E° with aj # 0 we have 
ny>- Der xia > —Xjaij = aij, hence fi) = f;i@ is defined. So, the base case is 
proved. 

Now assume that fj, ---fj,() is defined, and let i = jx,1. For every j ¢ J, let yj = 
ji: 1 <1 <k, jy = j}| when x; > 0, and let y; = -|{j): 1 < 1 < k, j) = j}| when x; < 0. So, 
|xj| = lyj| for all j € J, and |x;| = lyi] + 1. Suppose first that x; > 0, so f} = fj. Then by 
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Remark 3.2, we have 


feof, (a) =n + (Sy) Vi 


jer 
>—si+( ) yjaj | -yi 
jes 


(2>)+}a")> 


=( Symi) +120. 


xj>0 


So, f}--- fi (n)=fl -- ff (1) = fi fl ++ f, (n) is defined by Remark 3.1. Suppose now 


Jeet Ik 
that x; < 0, so f} = se Then for all v; € F° with aij # O and x; > 0, we have 


FoF, (nj) =nj + (¥ ya] Yj 


leJ 
shy (¥ yas Sj 

leJ 
27 Sit (Yn) Yj 

leJ 
=(-Xj + Via + ( y ex + € ( ~ nas) +Xj-Yj 
x1<0,1#i x,>0 

2aijt ( > yas) 2 aij, 

x)>0 


and for all v; ¢ E° with aj # 0 and x; < 0 we have 


leJ 


=— Sj + (¥ ya Sj 


leJ 


ca ( y say + (Yar ~Yj 
x1<O leJ 
=(-Xj + Vi)aij + ( yy ex + + ( > yas) =i 


x )<0,1#i x;>0 


2Qij + ( > yas) — Yj 2 aij - 


xi>0 
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So, fi ff @™) = fi 


Jk+1 
ductive step is proved. 


Then by our induction argument, f(n) = fi, tee ff, (n) is defined. Specifically, we 


“fi (1) = ee de ---f; (7) is defined by Remark 3.1, and the in- 


Jk+1° Jk 


have C = (cj)iey € INY defined by c; = f(nj) = nit (Xies xjqji) — x; = n; + b; for all 
i¢ J. Since nj = n> 1 for alli € J, we have c; > 1 for alli € J. Then since f(n) = Cc, we 
have 7 — Cin N®), hence by Lemma 3.1, [nA] = [C] in V(A) for C = @jeq civiA. Since 
cj = n+ b; for alli € J, we have [nA] = [C] = [nA] + [B] in V(A). 

Then since A is separative by [5, Corollary 6.5] and (n — 1)A is a direct summand 
of both (n — 1)A and (n — 1)(A @ B), we have 


[nA] =[nA] + [B] 
© [A] + [(n - 1)A] =[A] + [B] + [(n - 1)A] 
© [A] =[A] + [B] 


in V(A). 


Example 2. Let E be the graph below: 


We have Ag = (33), So 


x(Ag - I) =b 


(2 m)(p 3)=(m &) 


implies by = O and b2 = 2(x, + X2). So, [Lx(E)] = [Lx(E)] + [B] in V(Lx(E)) precisely 
when [B] = 2n[v2Lx(E)] forsome n € N. Note that we are not concerned with the values 
of a solution x1, X> (in fact, there are clearly infinitely many solutions), rather, our point 
here was to describe the natural numbers b1, b> that imply the existence of a solution. 


Of course, not all Leavitt path algebras are directly infinite; an obvious example is the 
single vertex graph, which is isomorphic to K as a K-algebra. 


Corollary 3.1. Let E be a finite graph with E° = {v;: i € J} and adjacency matrix Ag = 
(aij) ¢ IN°*”. If the existence of x = (xi) € Z such that 

¢ x; = 0 when v; is a sink, and 

. ((Xjes XjQji) 7 xi) € N foreveryie J 
implies (Yies xjqji) —x; = Oforalli € J, then Lx(E) is not directly infinite. Alternatively, 
if the existence of a solution x = (x;) « Z to 


x(Ag -J) =b 


with b « N®) and x; = 0 when v; is a sink implies b = 0, then Lx(E) is not directly 
infinite. 
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Proof. If Ag is such that the hypotheses of the corollary are satisfied, then in terms 
of Proposition 3.1 we have b; = 0 for alli € J. Clearly, the only element of FP(Lx(E)) 
that can be identified with 0 = (0,0,...) € N™ is 0. So by Proposition 3.1, [Lx(E)] = 
[Lx(E)] + [B] in V(Lx(E)) implies B = 0. 


We say that a ring R is of module type (1, n) if R = nR as aright R-module with n min- 
imal in this regard. Leavitt path algebras are well known for their ease of construction 
K-algebras exhibiting this property, a classic example being the Leavitt path algebra 
L(1, n) of the “rose with n petals” graph: 


a 
en oe = e 


Another corollary characterizes Leavitt path algebras of module type (1, n) in 
terms of their graphs. 


Corollary 3.2. Let E be a finite graph with E° = {v;: i € J} and adjacency matrix Ag = 
(aij) ¢ N?*?, and letn € N*. Then [Lx(E)] = n[Lx(E)] in V(Lx(E)) if and only if there 
exists x = (x;) € Z such that 

¢ x; = 0 when v; is a sink, and 

© (Djes XjQji) — Xi = N- 1 for everyi € J. 
Alternatively, define b = (bj) « Z™ by b; = n—1 for all i. Then [Lx(E)] = n[Lx(E)] in 
V(Lx(E)) if and only if there exists a solution x = (x;) « Z™ to 


X(Ag = I) =b 
such that x; = 0 when v; is a sink. 


Proof. The equation [Lx(E)] = n[Lx(E)] is equivalent to [[x(E)] = [Lx(E)] + (n - 
1)[Lx(E)] in V(Lx(E)), and the conclusion follows directly from Theorem 3.1. 


Example 3. Let E be the graph below. 


We have Ar = (100), and 


1 1 
(x1 x2 x3)[ 1 -1 0]=(12 1 1) 
1 0 


has a solution of x = (111). So, Lx(E) is of module type (1, 2). 
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Arangath Raghavan Rajan 
Inductive Groupoids and Normal Categories 
of Regular Semigroups 


Abstract: Inductive groupoids and normal categories arise in the structuretheory of 
regular semigroups. Inductive groupoid of a regular semigroup S is the groupoid 
G(S){(x, x') : x!’ is an inverse of x} which admits certain order structure. Normal 
category is an abstraction of the structure in the category of principal left [or right] 
ideals of a regular semigroup with translations as morphisms. Here we show that an 
inductive groupoid G(C) arises from everynormal category C. In the case when S is 
a regular semigroup the inductive groupoids G(S) and G(C) where ¢C is the normal 
category of principal left ideals of S are closely related. We provide explicit desciption 
of this relation. 


Keywords: Regular semigroup; normal category; groupoid; normal factorization; nor- 
mal cone. 


1 Introduction 


Inductive groupoids and normal categories are categories carrying the structure of reg- 
ular semigroups as shown by Nambooripad (see [6, 7]). The way in which the structure 
of a regular semigroup is captured in the two objects above are much different. Induct- 
ive groupoids directly give rise to semigroups by use of the underlying biordered set of 
idempotents and certain congruences. But normal categories do not directly assume 
the biorder structure.The entire structure of the semigroup is determined by the cross 
connection relation between the categories of principal left ideals and that of prin- 
cipal right ideals (cf.[2, 7]). It is of interest to consider the relation between inductive 
groupoids and normal categories arising from a regular semigroup. Here we provide a 
description of the inductive groupoid of a regular semigroup in terms of the groupoids 
arising from normal categories. 


2 Inductive Groupoids 


The inductive groupoid associated with a regular semigroup S is the groupoid (cf. [6]) 


G(S) = {(x, x’): x’ is an inverse of x}. 


Arangath Raghavan Rajan, Emeritus Professor, Department of Mathematics, University of Kerala, 
Kariavattom, Thiruvananthapuram 695 581, E-mail: arrunivker@yahoo.com 
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Recall (cf. Mac Lane[5]) that a groupoid is a category in which all morphisms are iso- 
morphisms. For the groupoid G(S) the vertex set is 


vG(S) = {(e, e): e € E(S)} 


where E(S) is the set of idempotents of S. For convenience we denote (e, e) by e so that 
the vertex set of G(S) can be treated as E(S). Then the element (x, x’) € G(S) can be 
regarded as a morphism from e, = xx’ to fy = x'x. The composition of morphisms is 
defined as follows. 

For (x, x), (y, y') € G(S) with f, = ey we define 


(x, x/)(y, y') = (xy, y'x’) . 


It is easy to see that y’x’ is an inverse of xy whenever x’x = yy’. It can be seen that 
inverse of (x, x’) in G(S) is (x’, x). 

Nambooripad’s inductive groupoid is a generalization of Schein’s inductive group- 
oid (cf. [11]). Schein’s inductive groupoid generates an inverse semigroup whereas 
Nambooripad’s inductive groupoid generates a regular semigroup. Now G(S) carries 
the structure of the regular semigroup S through the relation with the underlying 
biordered set of idempotents of S. Both the above groupoids are essentially ordered 
groupoids which are defined as follows. 


Definition 2.1 ((6]). A groupoid G with a partial order < on G is said to be an ordered 

groupoid if the following hold. 

(OG1) If x,y, u,v € G, xy, uv exist in G and if x < uandy < v then xy < uv. 

(OG2) Ifx <ythenx-1<y"}, 

(OG3) Let e be an identity in G, x € Gand let e, be the left identity of x. If e < e, then 
there exists a unique morphism e « x € G such that e * x < x and the left identity of 
e*xise. 


Remark 2.1. The element e « x defined above is often called the restriction of x to e. 
Dually there is a concept of corestriction defined as follows. Let x: a > bin G and f be 
an identity in G with f < b. Then x « f = (f « x-1)"1 is called the corestriction of x to f. 
It may be noted that x « f < x and the right identity of (x « f) is f. 


3 Normal Categories 


Now we proceed to describe normal categories and the associated ordered groupoids. 
These are categories in which there is a partial order on the set of vertices having some 
added structures. Ordered categories as described by Lawson [4] are related to these 
categories. The definition of normal category given here is a modified version of the 
description given by Nambooripad [7]. We begin with the concept of a category with 
normal factorization. 
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Definition 3.1. A category with normal factorization is a small category © with the fol- 

lowing properties. 

(N1) The vertex set ve of C is a partially ordered set such that whenever a < b in ve, 
there is a monomorphism j(a, b): a — bin ©. This morphism j(a, b) is called the 
inclusion from a to b. We consider (vC, <) as acategory which is a preorder in which 
a morphism from a — b is denoted as the pair (a, b) whenenver a < b. 

(N2) The map j: (vC, <) — @ defined by (a, b) & j(a, b) is a functor from the preorder 
(ve, <) toe. 

(N3) Fora, b,c € v@, witha, b < c, if 


j(a, c) = fi(b, c) 


for some f: a > bine, thena < band f = j(a, b). 
(N4) Every inclusion j(a, b): a — b has a right inverse q: b — a such that 


i(a, b)q = 1q . 


Such a morphism gq is called a retraction in C. 
(N5) Every morphism f in @ has a factorization 


f = qu 


where q is a retraction, u is an isomorphism and j is an inclusion. Such a factoriza- 
tion is called a normal factorization of f. 


Another component ofa normal category is normal cone. Normal cones can be defined 
in acategory satisfiying the properties (N1), (N2) and (N3) of the above definition. For 
convenience we define it on category with normal facorizations. 


Definition 3.2. A normal cone ina category with normal factorization is amap y: vC > 
C satifying the following. 
(i) There is a vertex c = cy inv@ such that for every a € v@ 


y(aj:a->c. 


(ii) Whenever a < b, y(a) = j(a, b)y(b). 
(iii) There is a vertex d € v@ such that y(d) is an isomorphism. 


Now we give the definition of normal category. 


Definition 3.3. A normal category is a category with normal factorization such that for 
each a € v¢C there is a normal cone y with y(a) = 1q. 


The normal category £(S) of principal left ideals of a regular semigroup S is described 
as follows. 
The vertex set is the set of all principal left ideals of S. That is 


v£(S) = {Se: e € E(S)} 
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where E(S) is the set of all idempotents of S. We refer to [1] and [3] for details on semig- 
roups. A morphism p: Se — Sf is a right translation x + xu for some u é€ eSf. We 
denote this morphism as 
p(e,u, f): Se > Sf. 
It may be observed that p(e,u, f): e + uand so for u,u, € eSf if p(e,u, f) = 
p(e, uy, f) then u = u,. But p(e, u, f) can be equal to p(e’, u’, f’) fore # e’, u# u’ and 
f # f'. We have the following result. 


Proposition 3.1. Let p(e, u, f), p(e’, u', f’) € L(S), 
ple, u, f) = p(e’, u’, f') if and only if eLe', fLf' andu' =e'u. 


The normal category ®(S) of principal right ideals can be defined similary with left 
translations as the morphisms. 

Now we proceed to describe the ordered groupoid associated with a normal cat- 
egory (cf.[8, 9, 10]). This is the groupoid G(C) of isomorphisms in the normal category 
C. Since for eacha € v@, 1g: a — ais an isomorphism we have v€ = vG(C). So vG(C) 
has a partial order arising from C. In the next theorem we extend this partial order to 
G(C). First we have a proposition. 


Proposition 3.2. Let C be a normal category and f: a — b be a monomorphism in C. 
Then if f = quj is a normal factorization of f then q = 1. 


Proof. Let 
f= quj 

where gq: @ > Qo, U: Ao — bo andj: bo — b for dao < aand bo < b. Now 

j(ao, a)f = j(ao, a)quj = uj. 
So 

Gi(ao, af = quj =f = laf . 
Since f is a monomorphism we can cancel on the right and so 

qj(ao, A)=1g. 


Now by (N3) of the definition of normal category we have q is an inclusion and so 
a < ao. Thus a = ao and q = 1g. 


The following theorem describes restrictions of isomorphisms and this will lead to an 
extension of the prtial order. In the following the identity morphism 1, will be denoted 
also by a so that any a € vC will be treated as an element of G(C). 


Theorem 3.1. Let G(C) be the groupoid of isomorphisms of a normal category C. Let 
u: b > cin G(C) anda < binve. Then there is a unique isomorphism u, such that 


(a, byu = uiji 


for an inclusion jx. 


Inductive Groupoids and Normal Categories of RegularSemigroups —— 197 


Proof. By Proposition 3.2 we see that since j(a, b)u is a monomorphism, 
j(a, b)u = uiji 
for an isomorphism u;,: a > Co and an inclusion j;: Co — c where Co < c. It remains 
to prove the uniqueness of uw. Let 
(a, b)u = uijr = uaj2 
for an isomorphism u2: a > cz and an inclusion j2: cz — c where c2 < c. Now 
ji = uj‘ uaj2 and jy = uz" uij . 

It follows by (N3) of normal category that Tet > and U5 ‘U1 are inclusions and so Co = 
C2 and so uy = Ud. 


Now we give the theorem describing the partial order on G(C) making it an ordered 
groupoid. 
Theorem 3.2. Let C be a normal category. Define partial order on G(C) as follows. For 
x:a—bandy: c > dinG(C), 

x<yifasc, b<dandxj(b,d)=j(a,c)y. 
Then (G(C), <) is an ordered groupoid. 

Proof. Clearly < is a partial order and (OG1) and (OG2) are easily verified. Towards 
proving (OG3) consider an identity a in G(C) and x: b > cin G(C) witha < b. Define 
aA*X=X, 
where x, is the unique isomorphism for which j(a, b)x = x1j given by Proposition 3.1. 


Clearly x; < x and left identity of x; is a. Hence axiom (OG3) is satisfied and thus G(C) 
is an ordered groupoid. 


4 The Inductive Groupoid G(S) and the Ordered 
Groupoid G(L£(S)) 


Here we describe the ordered groupoid G(£(S)) correponding to the normal category 
£(S) and obtain the relations between this groupoid and the inductive groupoid G(S) 
of the semigroup S. The following theorem gives a homomorphism between these 
ordered groupoids. 


Theorem 4.1. Let (G(S) = {(x, x’): x' is an inverse of x} be the inductive groupoid of a 
regular semigroup S. Let e, = xx' and fy, = x'x. For every (x, x') € G(S) let p(x, x’) = 
plex, X, fx): Sex — Sf, be a morphism in £(S). Then p(ex, X, fx) is an isomorphism in 
£(S) and 

f: G(S) > G(L(S)) given by (x, x') > plex, x, fx) 


is ahomomorphism of ordered groupoids. 
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Proof. Clearly p(ex, x, fx) is an isomorphism in L(S) with p(fy, x’, ex) as the inverse. 
For 
plex, Xs frp (fxs X's Cx) = p(x, XX", Cx) = pl€x, Cx, Ex) 


which is identity on Se,. Similarly p(fy, x, ex)p(ex, X; fx) is identity on Sf,. 
To show that @ is a homomorphism consider (x, x’), (y, y’) € G(S) with f, = x'x = 
yy! = ey. Then (x, x’)(y, y') = (xy, y’x’) € G(S). Now 
P(x, x’), y')) = Ply, y'x') 
= p(ex, xy, fy) since exy = ex, and fxy = fy . 
= plex. Xs fx)P (fxs Ys fy) 
= P(X, xP, ¥') « 
Now we show that @ preserves the partial order on the groupoids. Towards this con- 
sider (x, x’), (vy, y’) € G(S) with (x, x’) < (y, y’). Then by the definition of partial order 
in the groupoid G(S) (cf. [6]) we have e, < ey, fy < fy and 
(x, x!) = ex * (Vy!) = (€xys Vex) « 
Now (x, x’) = p(ex, xX, fx) and $(y, y') = pley, y, fy) and so 
F(x, &y) Ps Y') = jlex, ey) ply, Ys fy) 
= plex, ex, fy) 
= plex, x; fy) 
= plex, Xs fx)P is fs fy) 
= P(x, x ifs fy) - 
So P(x, x') < (y, y'). Thus ¢ is a homomorphism of ordered groupoids. 


Now we proceed to describe the kernel of this homomorphism. Let = denote the kernel 
of @. Sometimes we denote the kernel of @ by =, to indicate that it is arising from the 
normal category £(S). We have the following theorem. 


Theorem 4.2. Let (x, x’), (y, y’) € G(S). Then (x, x') = (y, y') if and only if 
@) x£Ly and x'Ly' and 
(ii) x 1 y' andy 1 x' where 1 denotes inverse. 
Proof. Suppose that (x, x’) = (y, y’). Then p(ex, x, fr) = pley, ¥s fy). So 
exhey, frhfy, exy =xand eyx =y. 
So 
xy'x = x(y'ey)x 

= xy’ (eyx) 

= xy'y 

= xfy 

=X. 
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Similarly 
y'xy' = ylexyy! =ylyy! =y'. 
So x 1 y’. Similarly we can see that y 1 x’. 

Now we prove the converse. Suppose the conditions (i) and (ii) hold. Then 
plex,X, fx), pley,y, fy): Se — Sf where eLe,Ley and fLf,Lf,. To show that 
plex, X; fx) = pley, y, fy), it is sufficient to prove that exy = x. Now 

exy = xx'y = xx'x = x since x'y = x'x from (i) and (ii) . 


This proves the theorem. 


Similarly we have a homorphism W: G(S) — 8(S) where ®(S) is the normal cat- 
egory of principal right ideals of S with left translations as the morphisms. Here w is 
defined by 

w(x, x’) = Alex, x’, fx): CxS  fxS . 


The following theorem charcaterizes the kernel of w. We denote kerw by =p. 


Theorem 4.3. Let (x, x’), (y, y’) € G(S). Then (x, x') =p (y, y’) if and only if 
(@) xRy and x'Ry' and 
(ii) x Ly’ andy 1 x’. 


Remark 4.1. It is easy to see that for (x, x'),(y,y’) € G(S) if (x,x’) =, (y,y') and 
(x, x!) =p (y, y’) then (x, x’) = (y, y’). 
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Nadeem ur Rehman, Mohd Arif Raza, and Sajad Ahmad Pary 
Actions of generalized derivations in Rings 
and Banach Algebras 


Abstract: We investigate the action of generalized derivation 6 associated with a de- 
rivation a in a prime ring & satisfying (i) 6(u)™ - (u)" € Z(R), for all u € £, a non- 
central Lie ideal of 8 (ii) [6(x), a(y)]m=6([x, y])", for all x, y € J, anonzero ideal of ®, 
where m, n are fixed positive integers. Moreover, we also examine the case when & is 
semiprime ring. Finally as an application, we obtain some range inclusion results of 
continuous generalized derivations on Banach algebra 2. 


Keywords: Banach algebra; Generalized derivation; Martindale ring of quotient; Prime 
and semiprime ring; Radical. 


1 Introduction, Notation, and Statements 
of the Results 


Daif and Bell [8] discussed the actions of derivation in semiprime rings. More precisely, 
they showed that in a semiprime ring &, there exists a nonzero ideal J of R and a deriv- 
ation a of R such that a([x, y]) = [x, y], for all x, y € J, then J ¢ Z(R). Later, Quadri et 
al. [31] proved that if ® is a prime ring, J is a nonzero ideal of R and 6 is a generalized 
derivation associated with a nonzero derivation a of R such that 6([x, y]) = [x, y], for 
all x, y € J, then ® is commutative. Recently, Huang and Davvaz [15] proved that if R 
is a prime ring and ® admits a generalized derivation 6 associated with a nonzero de- 
rivation a such that 6([x, y])™ = [x, y]", for all x, y € R, where m, n are fixed positive 
integers, then ® is commutative. 

In 1994, Bell and Daif [3] initiated the study of strong commutativity preserving 
(scp) maps (see [24, 32, 33, 34] and references therein) and proved that a nonzero right 
ideal J of a semiprime ring ® is central if R admits a derivation which is scp on J. 
More precisely, they proved that if R is a semiprime ring, J is a nonzero right ideal of 
R and & admits a derivation a such that [x,y] = [a(x), a(y)], for all x,y € J, then 
J ¢ Z(R). Motivated by the above result, Huang [14] obtained that if R is a prime 
ring with char(R) # 2, J is a nonzero ideal of ® and a is a nonzero derivation of R 
such that [a(x), a(y)]m = [x, y]", for all x,y € J, where m,n are fixed positive in- 
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tegers, then ® is commutative. Very recently, Raza and Rehman [33] studied a sim- 
ilar result for generalized derivation in prime and semiprime rings and obtained the 
same conclusion. Inspired by the previous results, in this manuscript, we study prime 
and semiprime rings admitting a generalized derivation 6 satisfying the following 
condition 


1. 6(u)™ — (u)" € Z(R), for allu € L£; 
2. [6(x), a(y)]m = 6([x, y])", for all x, y € J. 


Finally by using the above identity, we obtain some results of continuous bounded 
generalized derivations on Banach algebra. 

Throughout this paper, unless otherwise stated, ® is a (semi)prime ring, Z(R) is 
the center of ®, O is the Martindale quotient ring of X and U is the Utumi quotient ring 
of ®. The center of U, denoted by €, is called the extended centroid of R (we refer the 
reader to [2], for the definitions and related properties of these objects). For x,y € R 
and each n > 0, set [x,v]o = x, [X,y]i = xy — yx, then an Engel polynomial is a 
polynomial [x, y]n = [[%, y]n-1,y],n = 1, 2,---, in non-commuting indeterminates 
x and y. The ring & satisfies an Engel condition if, there exists a positive integer n 
such that [x, y]n = 0. Recall that a ring & is prime if, for any a,b € R, aRb = (0) 
implies a = O or b = O, and is semiprime if, for any a € ®, aRa = (0) implies a = 
0. An additive subgroup £ of & is said to be a Lie ideal if [I, r] ¢€ £, for alll € L£ 
and r ¢ &. A Lie ideal £ is said to be non-commutative if [£,£] # 0. Let L bea 
non-commutative Lie ideal of ®. Then it is well known that [R[L, L]R, R] ¢ L. Since 
[L,L£] # 0, we find that O # [J, R] ¢ L, for I = R[L, L]R, a nonzero ideal of R. An 
additive mapping a: R — R is called a derivation if a(xy) = a(x)y + xa(y) holds, 
for all x,y € &. In particular, a is an inner derivation induced by an element a «€ 
R, if a(x) = Ja(x) = [a, x], for all x € &. Many results in the literature indicate that 
the global structure of a ring ® is often tightly connected to the behaviour of additive 
mappings defined on &. By a generalized inner derivation on ®, one usually means 
an additive mapping 6: R — R such that 6(x) = ax + xb, for fixed a, b € R. For sucha 
mapping 6, it is easy to see that 6(xy) = 6(x)y + x[y, b] = 6(x)y + xJp(y), where J, is an 
inner derivation determined by b. This observation leads to the definition given in [5]: 
an additive mapping 6: R — R is called generalized derivation associated with a 
derivation a if 6(xy) = 6(x)y+xa(y), for all x, y € ®. Familiar examples of generalized 
derivations are derivations and generalized inner derivations. Since the sum of two 
generalized derivations is a generalized derivation, every map of the form 6(x) = cx + 
a(x) is a generalized derivation, where c is a fixed element of ® and a is a derivation 
of R. 

During the past few decades, there has been an ongoing interest concerning the 
relationship between the commutativity of a ring and the existence of certain specific 
types of derivations. The Engel type identity with derivation appeared in the well- 
known paper of Posner [30] who proved that a prime ring ® admitting a nonzero de- 
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rivation a of ® such that [a(x), x] € Z(R), for all x € R, must be commutative. Since 
then, several authors have studied this kind of Engel type identities with derivations 
and generalized derivations in different ways. In [23], Lee extended the definition of 
generalized derivation in the following sense: an additive mapping 6: J — U, from 
a dense right ideal J of ® into U, is called a generalized derivation if there exists a 
derivation a: J — Usuch that 6(xy) = 6(x)y + xa(y) for all x, y € J. He proved that 
every generalized derivation can be uniquely extended to a generalized derivation of 
U and it assumes the form 6: x + ax + a(x) for some a € U and a derivation a on U. 
More related results about generalized derivations can be found in [9, 10, 16, 31, 33] 
and references therein. 
We are now ready to state the main results: 


Theorem 1.1. Let ® be a prime ring with center Z(R), C be the extended centroid of R 
and £ be a non-central Lie ideal of R. If R admits a generalized derivation 6 associated 
with a nonzero derivation a such that 6(u)™ —(u)" € Z(R) for allu ¢ £, where m, n are 
fixed positive integers, then dimeRC = 4. 


Theorem 1.2. Let ® be a prime ring of characteristic different from 2 and J be a nonzero 
ideal of 8. If R admits a generalized derivation 6 associated with a nonzero derivation 
a such that [6(x), a(y)]m = 4([x, y])", for all x,y € J, where m,n are fixed positive 
integers, then ® is commutative. 


Theorem 1.3. Let 8 be a semiprime ring of characteristic different from 2 with center 
Z(R). If R admits a generalized derivation 6 associated with a nonzero derivation a such 
that [6(x), a(y)]m = 6([x, y])", for all x, y € R, where m, n are fixed positive integers, 
then there exists a central idempotent element e in U such that on the direct sum de- 
composition U = eU @ (1 — e)U, a vanishes identically on eU and the ring (1 - e)U is 
commutative. 


In the last section of this paper, we will consider 21 as a Banach algebra with Jacobson 
radical rad(2). The classical result of Singer and Wermer [36] stated that any continu- 
ous derivation on a commutative Banach algebra has the range in the Jacobson radical 
of the algebra. Singer and Wermer also formulated the conjecture that the continuity 
assumption can be removed. In 1988, Thomas [37] verified this conjecture. It is clear 
that the same result of Singer and Wermer does not hold in non-commutative Banach 
algebras (because of inner derivations). However, this situation raises a very interest- 
ing question as how to obtain the non-commutative version of the Singer-Wermer the- 
orem. A first answer to this problem was obtained by Sinclair [35]. He proved that every 
continuous derivation of a Banach algebra leaves primitive ideals of the algebra invari- 
ant. Since then, many authors obtained more information about derivations satisfying 
certain suitable conditions in Banach algebra. 

In [26], Mathieu and Murphy proved that if a is a continuous derivation on an ar- 
bitrary Banach algebra such that [a(x), x] € Z(2), for all x € 2, then a maps into 
the radical. Later, Mathieu and Runde [27] removed the continuity assumption us- 
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ing the classical result of Posner’s [30] on centralizing derivations of prime rings and 
Thomas’s theorem [37] in which they showed that if a is a derivation of 2 such that 
[a(x), x] € Z(20), for all x € 2, then a has its range in the radical of the algebra. More 
recently, Park [29] proved that if a is a derivation of a non-commutative Banach al- 
gebra 2 such that [[a(x), x], a(x)] € rad(2l), for all x € 2, then a maps into rad(Q). 
In [9], De Filippis extended the Park’s result to the generalized derivation. 

Here, we will continue the investigation about the relationship between the struc- 
ture of an algebra 2 and the behaviour of generalized derivations defined on 2. After 
that, we apply our first result on prime ring to study the analogous conditions for con- 
tinuous generalized derivations on Banach algebra. 

More precisely, we will prove the following: 


Theorem 1.4. Let 2 be a non-commutative Banach algebra with Jacobson radical 
rad(2l) and m,n be the fixed positive integers. Suppose 6 = Lz + a is a continuous 
generalized derivation of 21 for some element a € 2 and a is a derivation of 2. If 
[6(x), a(y)]m — O([X, y])" € rad(2l), for all x, y € 2, then a(2l) < rad(A). 


2 The results in Prime Rings 
For the proof of our main results, we need the following facts, which might be of some 
independent interest. 


Fact 2.1((6]). IfJ is a two-sided ideal of 8, then 8, J and U satisfy the same generalized 
polynomial identities with coefficient in U. 


Fact 2.2 ([2, Proposition 2.5.1]). Every derivation a of 8 can be uniquely extended to a 
derivation of U. 


Fact 2.3 ([19]). Let 8 be a prime ring, a be a nonzero derivation of R and J be a nonzero 
two-sided ideal of 8. If f(X1, +--+; Xn, @(X1), +++ , A(Xn)) is a differential identity in J, i.e., 


f(ris:++ 5 0n, a(ry),*++ , A(rn)) = 0, forallry,---,med, 


then one of the following holds: 
1. ais an inner derivation in Q, the Martindale quotient ring of 8, in the sense that 
there exists q € Qsuch that a(x) = [q, x], forallx € R, and J satisfies the generalized 
polynomial identity 


f(ra, sot ys Uns lq, ra], baer) lq, rn)) = 0; 
2. J satisfies the generalized polynomial identity 


f(%1,°°° »XnsVis*** »Yn) = 0. 
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Fact 2.4. Let 8 be a prime ring and £ be a non-central Lie ideal of R. Then either 
char(R) = 2 and dimeR€ = 4 or there exists a non-central two-sided ideal J of R such 
that 0 # [J, R] cL. 


Proof. If char(R) # 2, then this result is contained in Lemma? of [4]. Incase char(R) = 
2, it follows from Theorem 4 of [21] and Lemma 2 of [11]. 


The following fact is implicitly contained in Theorem 4 of [13]. 


Fact 2.5. Let 8 be anon-commutative prime ring and m > 1 be a fixed integer such that 
[x, y]™ € Z(R), for all x, y € R. Then dime RC = 4. 


Fact 2.6 ([1, Lemma 7.1]). Let 5M be a left vector space over a division ring D with 
dimpM = 2andJ € End(M),. If x and xT are D-dependent for every x « M, then 
there exists A € D such that xT = Ax forall x « M. 


We begin with the following lemma: 


Lemma 2.1. Let ® be a prime ring of characteristic different from 2, J be a nonzero ideal 
of Rand m, n be the fixed positive integers. If R admits a nonzero derivation a such that 
[a(x), a(V)]m = (a([x, y]))", for all x, y € J, then R is commutative. 


Proof. By given hypothesis, we have 


(a([x, y]))” 
= ((a(x),y] +[x,a(y)])", forallx,yeJ. 


[a(x), a(y)]m 


In the light of Kharchenko’s theory [19], we divide the proof into two cases: 
Case 1. If a is Q-outer, then J satisfies the polynomial identity 


[s, thn = ([s, y] +[x, t])", forallx,y,s,teJ. 


In particular, for s = 0, J satisfies the blended component [x, t]” = 0, for all x, t € J, 
and hence & is commutative by Herstein [13, Theorem 2]. 
Case 2. If a is 9-inner induced by an element q € Q, i.e., a(x) = [q, x], for all x € R, 


then we have [[q, x], [q, yY]]m = ({[q, x], y] + [x, [q, y]])”, for all x,y € J. By Chuang 
[6, Theorem 1], J and Q satisfy same generalized polynomial identities (GPIs), i.e., 
[la, x], [a, VIJm = ([la, x], v] +x, [a, y]])”, for all x, y € Q. If the center € of Q is infinite, 
then we have [[q, x], [a, yllm = ([[a, x], y] + [x [q, y]])”, for all x, y € 2 @e C, where C 
is algebraic closure of @. Since both Q and Q @e @ are prime and centrally closed [12, 
Theorem 2.5 and Theorem 3.5], we may replace ® by 9 or 2@¢ C according as C is finite 
or infinite. Thus, we may assume that & is centrally closed over € (i.e., RC = R) which 
is either finite or algebraically closed and [[q, x], [q, vV]]m = ([[q, x], y] + [x [q, y]])", 
for all x, y € ®. By Martindale [25, Theorem 3], RC (and so &) is a primitive ring having 
nonzero socle H with @ as the associated division ring. Hence, by Jacobson’s theorem 
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[17, p.75], R is isomorphic to a dense ring of linear transformations of some vector 
space V over € and H consists of the finite rank linear transformations in &. If V is 
finite dimensional over C, then the density of R on V implies that R = M,(C), where 
k=d imeV. 

Suppose that dimeV = 2, otherwise we have done. Now, we want to show that 
v and qv are linearly C-dependent, for all v € V. If qv = 0, then {v, qv} is linearly C- 
dependent. Suppose on contrary that v and qv are linearly C-independent, for some 
vee. 

If q2v ¢ Spane{v, qv}, then the set {v, qv, q?v} is linearly C-independent. Since v 
and qv are linearly C-independent, by the density of ®, there exist xo, Vo € ® such 
that 

Xov=v, Xo(qv)=0,  Xo(q’v) = 0; 
Yyov=0, Yo(qv)=-v, Yyo(q?v) =0. 


Thus, 2™qv—v = ([[q, Xo], [a, Vollm)v—([a, [Xo, Yo]]")v = 0, and this implies 2” qv = v, 
a contradiction. 

If q2v € Spane{v, qv}, then q?v = vB + qvy, for some f, y € C. By the density of 8, 
there exist Xo, Yo € R such that 


XoV=Vv, Xo(qv) =0; 
Yov=0, Yyo(qv) =-v. 


Therefore, 2"qv — 2"-1vy — v = ([[q, xo], [a, Yollm — (a, [Xo, Yo])")v = 0 and hence 
2™qv = (2™1y + 1)v, a contradiction. So, we conclude that {v, qv} is linearly C- 
dependent, for all v ¢ V. Thus, by Fact 2.6 there exists A € C such that qv = vA, for any 
ve. 

For r € &,v € V, we can write, qv = vA, r(qv) = r(vA), and also q(rv) = (rv)A. 
Thus 0 = [q, r]v, for any v € V,i.e., [q, r]V = 0. Since V is a left faithful irreducible 
R-module, we have [q, r] = 0, for all r € ®, i.e., gq € Z(R) and a = O, a contradiction. 
This completes the proof. 


Theorem 2.1. Let ® be a prime ring with center Z(R), C be the extended centroid of R 
and £ be a non-central Lie ideal of &. If R admits a generalized derivation 6 associated 
with a nonzero derivation a such that 6(u)™ — (u)" € Z(R) for allu ¢ £, where m,n are 
fixed positive integers, then dimeRC = 4. 


Proof. By [23, Theorem 3], there exists an element a € U and a derivation a on U such 
that 6(x) = ax + a(x) for all x € ®. On the other hand, since £ is non-central Lie ideal 
of ®, there exists a nonzero ideal J of R such that [J, J] ¢ £ unless char(R) = 2 and 
dimeRC = 4 by Fact 2.4. Therefore, we may assume that char(R) # 2 and [J,J] ¢ £ 
for a nonzero ideal J of ®. Since J, R and U satisfy the same generalized differential 
identities, we have 


[(alx, y] + [a(x), y] + [x, a(y)])™ - (x, y)", Zz] = 0. 
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for all x, y,z € U. We now divide the proof into two cases in view of Kharchenko’s 
theorem (Fact 2.3). 
Case 1. If ais an X-outer derivation, then 


[(alx, y] + [s, y] + Lx, t])™ - (Lx, y])", 2] = 


for all x, y, z,s, t € U. In particular, for x = 0, we get [[s, y]”, z] = 0 foralls, y,z € U. 
Hence, we get the desired conclusion dimeRC = 4 by Fact 2.5. 
Case 2. If ais an X-inner derivation, there exists a non-central q € U such that a(x) = 


[q, x] for all x € ®. By hypothesis, we have 


[((atq)[x, y] -_ [x, y]aq)”™ = [x, yl", 2] = 


for all x, y, z € Was argued before. If, now, at+q € C, then 


[([x, y]a)” - [x, y]", 2] = 


for all x, y, z € U. Since q ¢ C, we have a ¢ @, and thus the last identity is a non-trivial 
generalized polynomial identity (GPI) for U. If, on the other hand, atq ¢ @, then the 
first identity above is a non-trivial GPI for U. Therefore in any case U is a prime GPI- 
ring. We also note that, in the case when C is an infinite field, our initial identity is also 
satisfied by U @e ©, where C is the algebraic closure of @. Since both U and U @e C are 
centrally closed prime algebras ([12, Theorems 2.5 and 3.5]), we may replace U by either 
itself or Ue C according as C is either finite or infinite. Therefore, we may assume that 
the center C of U is either finite or algebraically closed. Now by Martindale’s theorem, 
Wis a primitive ring with a nonzero socle H. Hence U, is a dense subring of the ring of 
all C-endomorphisms of a vector space V over @ (see e.g. [17]). 
Suppose first that dime’ is infinite. Then 


((ata)[x, y] — [x yla)™ — [x, y]" € CN H = (0). 


for all x, y € KH. By Theorem 2.1 in [15], H is commutative, a contradiction. Therefore, 
V must be finite dimensional, say dimeV = k. Since U is non-commutative, we have 
U = M,(C) and k = 2. Finally, we need to show k = 2. Suppose for the moment that 
k > 3. Then 
((ata)ei; — eij3q)"" — ej € Ck 

for all distinct 1 < i,j < k. By commuting it with e;, for any r # i, j, one gets q;; = 0, 
that is q is diagonal. Consider now the automorphism : x + (1 + e;;)x(1 — e;;) of 
M,(C) for i # j. Notice that 


(p(ata)[x, y] - [x, ylp(q))”™ — [x y]" € Ck 


for all x, y € M,(C). From above argument w(q) is a diagonal matrix. Set q = DAs Cii- 
Since W(q) — q = (Aj — Ai)eij is a diagonal matrix, we must have A; = A, for all. ij, 
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which contradicts to choice of q. Thus, U as well as R satisfy the standard polynomial 
identity s,. Hence as it is well-known, dimeRC = 4 since R is non-commutative. This 
completes the proof. 


Theorem 2.2. Let ® bea prime ring of characteristic different from 2 and J be a nonzero 
ideal of 8. If R admits a generalized derivation 6 associated with a nonzero derivation 
a such that [6(x), a(y)|m = 4([x, y])", for all x,y € J, where m,n are fixed positive 
integers, then ® is commutative. 


Proof. By the given hypothesis and using [23, Theorem 3], we can write 
[ax + a(x), a(y)]m = (alx, y] + a([x, y]))" for allx,y €J, 


ie., 
[ax, a(Y)]m + [a(x), a(y)]m = (alx, y] + [a(x), y] + [x, a(y)])” . 


In view of Kharchenko’s theorem (Fact 2.3), we split the proof into two cases: 
If a is not Q-inner, then J satisfies the polynomial identity 


[ax, thn + [s, thn = (alx, y] + [s, y] + [x, t])", for allx,y,s,teJ. 


In particular, for x = y = 0, we see that J satisfies the blended component [s, t]m = 0, 
which is rewritten as [I,(y), V]x-1 = 0. By Lanski [20, Theorem 1], either R is commut- 
ative, or I, = Oi.e., J ¢ Z(R) in which R is also commutative by Mayne [28, Lemma 
3}. 

Next, assume that a is 9-inner induced by an element q € Qi.e., a(x) = [q, x], for 
all x « ®. Therefore, we have 


[ax, [a, V]]m a la, x], la, Vm = (a[x, y] + lq, [x, y]])", for all x, y € J ‘ 


By Chuang [6, Theorem 1], J and Q satisfy same generalized polynomial identities 
(GPIs) ice., 


[ax, la, V1 Jm ot: Ila, x], la, V1] = (alx, y] + Iq, Ix, y]])”, for all x, y € Q * 
When the center @ of Q is infinite, we have 
[ax, lq, Yilm a Ila, x], lq, y]lm = (alx, y] + [q, [x, y]])" ’ 


for all x,y € 2 @e C, where C is algebraic closure of @. Since both Q and Q @e © are 
prime and centrally closed [12, Theorem 2.5 and Theorem 3.5], we may replace ® by Q 
or 2 @e C according as © is finite or infinite. Thus, we may assume that & is centrally 
closed over € (i.e., RC = R) which is either finite or algebraically closed and 


[ax, la, V)Im a0 [[a, x], la, V]]m = (a[x, y] + [q, [x, yl)", for all x, y € R. 
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Since q ¢ C, we can easily see that the last identity is a non-trivial generalized polyno- 
mial identity (GPI) for ®. By Martindale [25, Theorem 3], RC (and so R) is a primitive 
ring having nonzero socle H with C as the associated division ring. Hence, by Jacob- 
son’s theorem [17, p.75], R is isomorphic to a dense ring of linear transformations of 
some vector space V over € and H consists of the finite rank linear transformations in 
R. If V is finite dimensional over C, then the density of R on V implies that R = M;,(C), 
where k = dimeV. 

Suppose that dimeV = 2, otherwise we have done. First, we want to show that v 
and qv are linearly C-dependent, for all v € V. If qv = 0, then the set {v, qv} is linearly 
C-dependent. Suppose on contrary that v and qv are linearly C-independent, for some 
ve. 

If q2v ¢ spane{v, qv}, then the set {v, qv, q*v} is linearly C-independent. By the 
density of ®, there exists x, y € ® such that 


xv=0, xqv=qv, xq*v=0; 
yv=0, yqv=v,  yaqev=2qv. 


Therefore, 


0 


([ax, lq, yim + [[a, x], lq, Y|m)v = (alx, y] + lq, [x, y]})" Vv 
= v, acontradiction . 


If q?v € spane{v, qv}, then q*v = Bv + yqv, for some B, y ¢€ C. Since v and qv are 
linearly C-independent, by the density of ®, there exist x, y € R such that 


xv =0, xqv = qv; yv=0, yqv=v. 


Thus, 


(-1)™**(2™qv — 2" tyv) = ([ax, [a, y]]m)v + (la, x]; (4, YI]m)v 
= (a[x, y] + lq, [x, y]])"v =0, 


for some y ¢ ©. This leads to the contradiction (-2)™qv + (1 + (-2)""1y)v = 0. So for 
each v € V, qv = vp, for some p € C. Bya standard argument, it is easy to see that wis 
independent of the choice of v € V. Thus, we can write qv = vy, for all v € V and fixed 
yp € C@. Using the same arguments as in the proof of the Lemma 2.1, we conclude that 
a = 0, acontradiction. This completes the proof. 


We immediately get the following corollary from the above theorem: 


Corollary 2.1. Let ® be a prime ring of characteristic different from 2 and m,n be the 
fixed positive integers. If R admits a generalized derivation 6 associated with a nonzero 
derivation a such that [6(x), a(y)]m = (6([X, y]))", for all x, y € 8, then R is commutat- 
ive. 
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3 The results in Semiprime Rings 


From now on, & is a semiprime ring, U is the left Utumi quotient ring of ®. For devel- 
oping the proof of the main theorem, we require the following facts. 


Fact 3.1([2, Proposition 2.5.1]). Any derivation of a semiprime ring R can be uniquely 
extended to a derivation of its left Utumi quotient ring U, and so any derivation of ® can 
be defined on the whole U. 


Fact 3.2 ((7, p.38]). If R is a semiprime ring, then its left Utumi quotient ring is also 
semiprime. The extended centroid © of a semiprime ring coincides with the center of 
its left Utumi quotient ring. 


Fact 3.3 ((7, p.42]). Let B be the set of all the idempotents in C, the extended centroid 
of 8. Suppose that R is orthogonally complete B-algebra. Then for any maximal ideal P 
of B, PR forms a minimal prime ideal of ®, which is invariant under any derivation of 
R. 


Fact 3.4 ((22]). IfJ is a two-sided ideal of 8, then ®, J and U satisfy the same generalized 
polynomial identities. 


For a complete and detailed description of the theory of generalized polynomial iden- 
tities involving derivations, we refer the reader to [2, Chapter 7]. Now we prove the 
following result. 


Theorem 3.1. Let 8 be a semiprime ring of characteristic different from 2 with center 
Z(R). If R admits a generalized derivation 6 associated with a nonzero derivation a such 
that [6(x), a(y)]m = 6([x, y])", for all x, y € R, where m, n are fixed positive integers, 
then there exists a central idempotent element e in U such that on the direct sum de- 
composition U = eU@ (1 - e)U, a vanishes identically on eUl and the ring (1 - e)U is 
commutative. 


Proof. Since 8 is semiprime and 6 is a generalized derivation of R, by Lee [23, Theorem 
3], there exists an element a € U anda derivation a on U such that 6(x) = ax + a(x) for 
all x € ®. Therefore, we have [ax + a(x), a(y)]m = (a[x, y] + a([x, y]))", forall x,y € ®. 
By Fact 3.2, Z(U) = C, the extended centroid of ®, and by Fact 3.1, the derivation a 
can be uniquely extended on U. By Lee [22, Theorem 3], ® and U satisfy the same 
differential identities. Thus, [ax+a(x), a(y)]m—(alx, y]+a([x, y]))” = 0, forall x, y € U. 
Let B be the complete Boolean algebra of idempotents in C and M be any maximal 
ideal of B. Therefore, by Chuang [7, p.42], U is orthogonally complete B-algebra, and 
by Fact 3.3, MU is a prime ideal of U, which is a-invariant. Let @ be the derivation 
induced by aon U = U/MU, ie., @(U) = a(u), for all u € U. Then for all x, y € U, [(ax+ 
a(x), a(Y)]m — (a[X, Y] + a([X, y]))" = O. It is obvious that U is prime. Therefore, by 
Corollary 2.1, we have either U is commutative or @ = 0, ie., either a(U) ¢ MU or 
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[U, U] c MU. Hence, a(U)[U, U] ¢ MU, where MU runs over all minimal prime ideals 
of U. Since (), MU = O, we obtain a(U)[U, U] = 0. 

By using the theory of orthogonal completion for semiprime rings [2, Chapter 3], 
it is clear that there exists a central idempotent element e in U such that on the direct 
sum decomposition U = eUle(1-—e)U, a vanishes identically on eUl and the ring (1—-e)U 
is commutative. This completes the proof. 


4 Applications on Banach algebras 


This section deals with the applications of our main results. Here, 21 will be denoted 
as a complex Banach algebra and 6 is a generalized derivation on 2. Let us state some 
well known and elementary definitions for the sake of completeness. 

By Banach algebra, we shall mean that complex normed algebra 21 whose underly- 
ing vector space is a Banach space. The Jacobson radical rad(Q) of 2 is the intersection 
of all primitive ideals. If the Jacobson radical reduces to the zero element, then 2 is 
called semisimple. In fact, any Banach algebra 2 without a unity can be embedded 
into a unital Banach algebra 2; = 21 C as an ideal of codimension one. In particular, 
we may identify 2 with the ideal {(x, 0): x € 2} in 2; via the isometric isomorphism 
XH (Xx, 0). 

In this section, we apply the purely algebraic results which is derived in section 2 
and obtain the condition that every continuous derivation on a Banach algebra maps 
into the radical. The proofs of the results rely on a Sinclair’s theorem [35] which stated 
that every continuous derivation a of a Banach algebra 2 leaves the primitive ideals of 
Ql invariant. As we have mentioned before, Thomas [37] generalized the Singer-Wermer 
theorem by proving that any derivation on a commutative Banach algebra maps the al- 
gebra into its radical. This result leads us an important question whether the theorem 
can be proved without using any commutativity assumption. On this note, there are 
many papers [25, 26, 35] which shows that the theorem holds without any commutativ- 
ity assumption. We also acquire that every derivation maps into its radical with some 
property without any commutativity assumption. 

Our main result in this section concerns about the continuous generalized deriv- 
ations on Banach algebra. 


Theorem 4.1. Let 2 be a non-commutative Banach algebra with Jacobson radical 
rad(2l) and m, n be the fixed positive integers. Suppose 6 = L, + a is a continuous 
generalized derivation of 2\ for some element a € 2 and a is a derivation on A. If 
[5(x), a(y)]m — O([X, y])" € rad(Ql), for all x, y € 2, then a(Q) < rad(A). 


Proof. Since 6 is continuous and it is well known that the left multiplication map is 
continuous, we find that the derivation a is continuous. In [35], Sinclair proved that 
any continuous derivation of a Banach algebra leaves the primitive ideals invariant. 
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Thus, for any primitive ideal ? of 2, it follows that 6(P) ¢ aP+a(P) ¢ P. It means that 
the continuous generalized derivation 6 leaves the primitive ideals invariant. Hence, 
we can introduce a generalized derivation 6: 2% > A by 6-p(X) = 6p(x+P) = Sp(x) + 
P = axt+a(x)+P, forall x ¢ Aand X = x+P, where A/P = Ais a factor Banach algebra, 
for any primitive ideals P. Moreover, as [ax + a(x), a(V)]m — (alx, y] + a([xX, y]))" € 
rad(Al), for all x, y € A, it follows that [(ax + A(X), A(Y)]m — (alx, y] + @([X, y]))” = 0, 
for all x, y € 2. Due to primitiveness of 2 it is prime. Thus, by Corollary 2.1, either 2 is 
commutative or & = Oi.e., [21, 2] ¢ Por a(A) cP. 

Now, let ? be a primitive ideal such that A is commutative. Singer and Wermer [36] 
proved that any continuous linear derivation on a commutative Banach algebra maps 
the algebra into its radical. Moreover, by a result of Johnson and Sinclair [18], any 
linear derivation on a semisimple Banach algebra is continuous. Hence, there is no 
nonzero linear continuous derivation on commutative semisimple Banach algebras. 
Therefore, @ = 0 in 2% and hence, in any case, we get a(2) ¢ ?, for all primitive ideal 
P of 2. Since radical rad(2l) of 2 is the intersection of all primitive ideals, we get the 
required conclusion. 


Using arguments similar to those used in the proof of the Theorem 1.4, we may con- 
clude with the following (we omit the details of the proof). We can prove. 


Corollary 4.1. Let 21 be anon-commutative Banach algebra and m, n be the fixed pos- 
itive integers. Suppose 6 = L, + ais a continuous generalized derivation of 2, where 
a € 2 and a is a derivation of 2. If [6(x), a(y)]m = (6(Lx, y]))", for all x,y € , then 
a(2l) € rad(Ql), the Jacobson radical of 2. In particular, if 2 is semisimple, then a = 0. 
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Parackal Govindan Romeo and Sreejamol Panthallor Rajan 
Proper Categories and Their Duals 


Abstract: Let C be a category with subobjects in which every inclusion splits and every 
morphism has factorization. A cone y in category C is certain map from v@ to C and 
a cone y in C is a proper cone if there is at least one component of y an epimorph- 
ism. Here we introduce the semigroup PC of proper cones in a category C and its 
dual ?* C. Further it is also shown that the categories of left [right] ideals IL(S) [IR(S)] 
of a semigroup S with appropriate morphisms are proper categories. The semigroup 
PIL(S) [PIR(S)] of proper cones and their duals in these categories are also discussed. 


Keywords: Proper category; Cones; Ideals categories of semigroup. 


1 Introduction 


In [2] Nambooripad introduced a normal category as a category C with subobjects in 
which every inclusion splits, each morphism admits a factorization of the form euj 
where e is a retraction, u an isomorphism and j an inclusion. A norml cone y with 
vertex d € C isa map from v¢ to € such that y is a cone and there exists at least one 
c € vC such that y(c): c — dis anisomorphism. It is shown that the semigroup of nor- 
mal cones JC in a normal category € is a regular semigroup. Further in [2] it is shown 
that the category L(S) [IR(S)] whose objects are principal left [right] ideals generated 
by idempotents of a regular semigroup S and morphisms are appropriate right [left ] 
translations are normal categories. Making use of normal categories their duals and 
some nice relations called cross-connections that exsisted between such categories 
Nambooripad described the structure of regular semigroups. Extending this theory to 
include some class of non regular semigroups, in [3] P.G.Romeo introduced a balanced 
category € as acategory with subobjects in which every inclusion splits, each morph- 
ism admits a balanced factorization. That is, factorization of the form euj where e is 
a retrction, u is a balanced morphism (ie., a morphism which is both monic and epi) 
and j an inclusion. A balanced cone y with vertex d € C is a cone in C such that there 
exists at least one c € v€ such that y(c): c ~ dis a balanced morphism. It is shown 
that the category L(S) [IR(S)] whose objects are principal left [right] ideals generated 
by idempotents of a concordant semigroup S and morphisms are appropriate right 
[left] translations are balanced categories. 
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In this paper we further generalise these ideas and define a proper category to 
study the structure theory of semigroups. A proper category C is a category with sub 
objects, every inclusion splits and every morphism has factorization qj where q is epi 
and j an inclusion. A cone y in such a category is said to be proper there exists at least 
one c € v@€ such that y(c): c — dis an epimorphism. The set of all proper cones in 
a proper category is the semigroup PC and its dual P*C. The categories L(PC) and 
R(PC) of left and right ideals of the semigroups PC are shown to be proper categories 
and their dual categories are also described. 


2 Categories, Functors and Functor Categories 


In the following we recall some definitions and results regarding categories, however 
for any notations or results not explicitly stated the reader is referred to S. Maclane 
(cf.[1]). 

A category € consists of object {A, B,...} and morphisms {f, g,...} such that for 
each arrow f there are objects dom(f), cod(f) called the domain and codomain of f. 
Given arrows f and g with cod(f) = dom(g) then there exists f- g called the composite 
of f and g. For each object A the arrow I,: A — A called the identity arrow. The 
category whose objects are same as that of C and morphisms are f°? with domain the 
cod(f) and codomain of f°? is the dom(f) where f is any morphism in © is called the 
opposite category of C and is written as C°? 

Set, Grp are familiar examples of categories whose objects and morphisms are 
sets and set maps, groups and group homomorphisms respectively. Let A, B be objects 
in acategory C then the set consists of all morphisms with domain A and codomain B 
is called the hom-set and is denoted as home(A; B) or hom(A;B). 

A (covariant)functor F: C — D between categories C and D is a mapping of ob- 
jects to objects and arrows to arrows such that iff: c — c’ € @ then F(f): F(c) — 
F(c'), F(Ic) = Inc and F(g°f) = F(g)°F(f). By a functor we always means a covariant 
functor. A (covariant) functor F: C°? — D is called a contravariant functor of C to D. 


Example 1. Consider P: Set — Set which assigns to each set X the usual power set P(X), 
of all subsets S c X; its arrow function assigns to each f : X — Y a map P(f): P(X) > 
P(Y) which sends each S c X to its image fS c Y. Since P(x) = Ip(x) and P(g ° f) = 
P(g) o P(f), this defines a functor P: Set — Set known as the power set functor. 


Example 2. Each object A € C defines a functor hom(A; -): C — Set by 
hom(A; B) = {f: A — B} € Set forBe C 


is called the representable functor of A (or the covariant hom-functor determined by A). 
Clearly 
hom(A; Ix) = Thom(A;X) and 


hom(A; g of) = hom(A; g) ° hom(A;f) . 
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A functor T: C — D is an isomorphism if and only if there is a functor S: D — C for 
which both composites S » T and To S are identity functors. 


Definition 2.1. Given two functors S, T: C > 8, a natural transformation T: S > T is 
a function which assigns to each object c of C an arrow T-: Sc > Tc of B in such a way 
that every f: c > c' in C yields Tf oT. = Tero Sf. 


A natural transformation is often called a morphism of functors. C and D be two cat- 
egories then [C; D] is the category whose objects are functors from C to D and morph- 
isms are natural transformations. If S and T are functors, the hom-set of this category 
is 
Nat(S; T) = {n | 4: S > T is natural} 

and the composition is the component-wise product of natural transformations. Any 
subcategory of [C; D] will be called a functor category from C to D and @* denote the 
functor category [C; Set]. 

Duality is a correspondence between properties of category C and dual properties 
of the opposite category C°?. Given a statement regarding the category C, by interchan- 
ging the source and target of each morphism as well as changing the order of composi- 
tion the dual statement is obtained regarding the opposite category C°”. If astatement 
is true about C, then its dual statement is true about C°. 


Definition 2.2. A morphism f in acategory C is amonomorphism if for g,h € C, gf = hf 
implies g = h; that is f is a monomorphism if it is right cancelable. 


A morphism f € C is an epimorphism if f is left cancelable and f is a balanced morph- 
ism if it is both mono and epi. 


2.1 Category with Subobjects 


A pre order P is a small category such that for all p,q € vP, P(p, q) contains atmost 
one morphism. p < gq © P(p, q) # ¢. Clearly p < q is a quasi order on the vP. The pre 
order P is said to be strict if the quasi order < is a partial order. A choice of sub objects 
in a category C is a sub pre order P ¢ € satisfying 


1. Pisastrict pre order with vP = vC, 
2. every f € Pisa monomorphism in C, 
3. iff, g ¢ Pandif f = hg forsomeh € Cthenhe P. 


If P is a choice of sub objects in €, the pair (C, P) is called a category with sub objects. 
Here after we regard C as a category with sub objects. For each c € €, denote by (c)e 
the full subcategory of C whose objects are sub objects of c € C. 

In the case of “algebraic categories” like Grp, Vctx, Modr, the sub objects can 
be chosen in such a way that the set of all monomorphisms whose underlying maps 
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are inclusions and in this case all monomorphisms are embeddings. In the case of “to- 
pological categories” like Top, Tvs, Lcs choice of sub objects by this method include 
monomorphisms which are not embeddings. 

A category C is said to have factorization property if every f ¢ C can be expressed 
as f = pm where p is an epimorphism and m is an embedding. A factorization of the 
form f = qj where q is an epimorphism and j is an inclusion is called a canonical 
factorization. A category C is said to have factorization property if and only if every 
morphism in @ has factorization. 

The categories Set, Grp, Vctx, Top, Tvs have canonical factorizations. 


Proposition 2.1. Let C be a category with factorization property. Then 
1. f € Chas image if and only if there exists a unique canonical factorization f = xj. 
2. if every inclusion splits then every morphism in © has a unique canonical factoriza- 
tion. 


Definition 2.3. Let C be a category and d € vC. A map y: vC — Cis a cone from the 
base vC to the vertex d if y satisfies the following: 

1. y(c) € C(c, d) forall c € ve. 

2. Ifc' ¢cthenj®y(c) = y(c’). 


Given the cone y we denote by c, the vertex of y and for each c € v@, the morphism 
y(c): c — cy is called the component of y at c. 


Proposition 2.2. Let y be acone in © and f « C(cy, c). Then y x f° is the cone 
y«f(c')=y(c')f? forall c' eve 


with vertex Imf such that for all composable pair of morphisms f, g ¢ C with domf = cy 
then 


y « (fg)? = (y x f°) « (glImf)? . 
Proof. Clearly y « f° isacone. Let y = y « f° so that cy = Imf = c'(say). Then 
(y * (fg)°)(a) = ylay(f?(gic’)°) 
= (y(a)f?)(gic’)° 
= (1 * gic’)°(a) 


forall a «ve. 


We denote the set of all cones in the category € by CC. For y € CC, let 
Ny = {c € v€: y(c) is epimorphism } 
By = {c € v@: y(c)is a balanced morphism} . 
My = {c € v@: y(c) is an isomorphism} . 


Clearly M, ¢ By ¢ Ny forally < CC. 
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3 Proper Categories 


Let C be a category with sub objects in which inclusions splits and every morphism 
has canonical factorization. Then the proper cones in © written as PC is the set of all 
cones y € € such that there exists at least one c € v€ with y(c): c — Cy is epi (that is., 
y(c) = y(c)°). In particular if y(c): c > cy is balanced morphism [isomorpism] then y 
is balanced [normal] cone respectively. 


Definition 3.1. A small category C with sub objects is called proper category if it satisfies 
the following: 

1. every inclusion in € splits, 

2. every morphism f € C has unique canonical factorization and 

3. foreach a € ve, there exists y € PC such that y(a) = Ig. 


Proposition 3.1. The set of all proper cones PC in the category C is a semigroup with 
respect to the binary operation defined 


y-n=yxn(cy)° 
where y, n € PC. 


Proof. Clearly y « n(cy)° is a cone. To prove that it is proper, let c « Ny so y(c) is an 
epimorphism and hence y(c)7(c,)° is an epimorphism, thus c € Nyxn(c,)2- 


Proposition 3.2. y ¢ PC is an idempotent proper cone if and only if y(cy) = Ic, 
Proof. Suppose y is an idempotent proper cone and let c € Ny, then 
y(c)(y(cy))° = (y- y)(c) = y(c) . 


Since y(c) is an epimorphism (y(cy))° = Ic,, y(cy) € C(cy, Cy) and so y(Cy) = Icy. 
Conversely, if y(cy) = I cy then for every a € ve 


(y-y)(a) = y(a)(y(cy))° = y(a)c, = y(a) 


hence y is idempotent. 


Note that 
JTC c BEC PC 


where BC, JC denotes the semigroups of balanced cones and normal cones respect- 
ively A cone y in CC is proper, balanced or normal according as Ny # ¢, By # @ or 
My, + @ respectively. 


3.1 Green’s Relations on the Semigroup of Proper Cones 


Let S be asemigroup, for a, b € S, a£b if and only if a and b generate the same prin- 
cipal left ideals and ab if and only if they generate the same principal right ideals. 
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The relation H = £NR®. The set S/L of all £- classes of S is order isomorphic with 
the partially ordered set of all principal left ideals of the semigroup S under inclusion, 
ie., for Ly, Ly € S/ZL. 

Lye ly @S'x Sty. 
Dually the inclusion among the principal right ideals induces a partial order on the 
set S/R. 


Lemma 3.1. Let y € PC and e € E(PC). Thene-y = y if and only if there exists a unique 
epimorphism f : Ce — Cy such that y = € « f and C_ € Ny. 


Proof. Let €- y = y. Then for c € vC, 


y(c) = (€-y)(c) = e(c)(y(Ce))° 


taking c = Ce, y(Ce) = (y(Ce))° which implies f = y(c,-) isan epimorphism and y = exf. 
Conversely assume that y = ex f where f € C(C¢, cy) isan epimorphism, then y(c,) = f 
and for all c € ve 


(e-y)(c) = e(c)f = y(c) 
If e x f = € x g for epimorphisms f and g then f = y(c¢) = g. 


The following proposition shows that the partially ordered set of left ideals of PC is 
order isomorphic with vC when the category C is proper. 


Proposition 3.3. Let C be a proper category. If y, y’ « PC and if Ly < Ly then cy ¢ cy. 
The converse holds if y, y’ are normal cones. 


Proof. IfLy < Ly theny = t-y' forsomet € PCandsoy = txf° forsomef € C(cz, Cy’). 
This implies that cy = imf ¢ cy. 


Definition 3.2. Let C be a proper category. For each y € PC, define H(y; —): C — Set by 


H(y; c) = ty * f°: f € C(cy, c)} 
H(y3g): y «f°? > y x fg° where g € C(c, c’) 


then H(y; —) is a representable functor with cy as the representing object. 


Note that H(y; —) and C(c,; —) are naturally isomorphic and the natural isomorphism 
Ny is given by ny(cy): H(y; cy) — C(cy, cy) sending y — Ic,. 


Proposition 3.4. For y, y' € PC, we have the following. 
1. H(y;-) ¢ H(y’;-) if and only if there exists a unique epimorphism h from cy to cy 
such that y = y' * h. 
2. If Ry < Rj then H(y; -) ¢ H(y'; -) and the converse holds only when y, y' are normal 
cones. 


Proof. 1. Let y = y’ * h where h: cy — cy isan epimorphism and c « v¢. If y « f° ¢ 


H(y;.c) we have y « f° = y' x hf®. Since h is an epimorphism by the uniqueness of 
y Yy y 
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canonical factorization (hf)° = hf° andsoy x f° € H(y’;c). Thus H(y; c) ¢ H(y’; c) for 
all c ¢ v@. Let g: c > c' bea morphism. Then H(y; g)(y * f°) = y « fg° and 


Hy’; g)(y * f°) = Aly’; g)(y! * (hf)’) = y * (fg)? 
and the following diagram commutes: 


A(y'3g) 
AGy'30) Ase) 
sH(y! sc) +H(y! sc!) 
Inge) | (eee 


Hy; H(y;c' 
BO aaa (y;c’) 


hence H(y; —) ¢ H(y';-) 

Conversely, suppose that H(y;—) ¢ H(y’;-). Then y € H(y; cy) ¢ H(y’; cy) and so 
y=y' «f° for some f € C(cy:, cy). Cyafo = imf so imf = cy = codf. Hence it follows 
that f is an epimorphism and y = y’ « f. If y’ « h = y' « k, then for any c < Ny we have 
y'(c)h = y'(c)k and since y' (c) isan epimorphism h = k. 2. If Ry < Ry, theny = y'-t for 
some T € PC and so y = y’ « h for some epimorphism. Hence by (1),H(y; -) ¢ H(y’;-) 
and H(y;—) = H(y’;—) when y, y’ are normal cones 


Corollary 3.1. Let y, y' « PC. If H(y;—-) ¢ H(y';-) then Ny ¢ Ny. 


Proof. Let c € Ny then y’(c) is an epimorphism. H(y;—) ¢ H(y';—) implies y = y' xh 
where h: cy: — cy is an epimorphism and y(c) = y'(c)h is epi. Hence c € Ny and 
Ny ¢ Ny. 


Remark 3.1. Let C be a proper category and y, y' € PC. Then 


| ! 
1 Ly<Lly>cy Cc, 


2. Ry < Ry = H(y;-) ¢ Hy’; -). 


4 Ideals Categories Of Semigroups 


In the following we proceed to describe the categories of left [right] ideals of a semi- 
group. Let S be a semigroup and S! the semigroup obtained by adjoining 1 to S (if S 
has no 1). L(S) is the category with 


VIL(S) = {Sta: a€ S14} — andfora,be S! 


1L(S)(Sta, S*b) = {p(a, s, b) = ps|S*a} 


where p(a, s, b): x > xswithas ¢ S'b;x ¢ Sta 


(st)p = s(tp)for alls,t ¢ Sta 
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It is easy to observe that L(S) is a category with composition of morphisms given by 
p(a, st, d)ifS'b = Stc 


(a, s, b)-p(c, t, d) = 
‘ : undefined otherwise. 


Proposition 4.1. Let p(a, s, b): Sta > S'b be a morphism in L(S). Then 
1. p(a, s, b) is epimorphism if and only if asLb 
2. p(a, Ss, b) is a split monomorphism if and only if aRas 
3. p(a, s, b) is anisomorphism if and only if aRasLb 


Proof. It is easy to observe that p(a, s, b) is epi if and only if Stas = S1b and so asLb. 
Suppose aas then there exists u, v ¢ S1 such that au = as and asv = a. Hence there 
exists o(b, v, a) such that p(a, s, b)o(b, v,a) = Isiqg and p(a, s, b) is split inclusion. 
Conversely suppose p(a, s, b) is a split monic then there is a o(b, s’,a): S'b — S'a 
such that po = Isiqg which implies asv = a and aRas. 


Proposition 4.2. L(S) is acategory with sub objects, every morphism has unique canon- 
ical factorization. 


Proof. If p(a,s,b) = p(a,1,b) wherea-1 «€ S'b, then p(a,s,b) = Ce Moreover 
{o(a, 1, b): a ¢ S'b} isa choice of sub objects in the category L(S). If p(a, s, b) isa 
morphism in IL(S) then Im p(a, s, b) = Stas and p(a,s, b) = p(a, s, as) - p(as, 1, b) 
gives the image factorization of p(a, s, b) in L(S). 


Proposition 4.3. L(S) is a category with subobjects p?: vIL(S) — L(S) is a cone with 
vertex S'd defined by p4(S'a) = p(a, s, d) where as € S‘d is a proper cone. 


Proof. p4(S'a) € L(S)(S‘a, S‘d) is well defined. If Sta ¢ Sb then 


7212p 4(S*b) = p(a, 1, b) -p(b, v, d) where bv=qd € Sd. 
= p(a,v,d). 


Since Sta ¢ S'b, a = rb for somer ¢€ S! and av = rbv = rqd «€ S‘d. Any element of 
p4(S'a) is of the form p(a, v, d) where av = rbv = rqd «€ S'd, thus rae -p4(Stb) = 
p4(Sta). Since p(a, d, d) is an epimorphism, it follows that p¢ admits an epimorphic 
component and hence p4 : VIL(S) — L(S) is a proper cone. 


For any semigroup S, IL(S) isa proper category, the map p“(S'a) = p(a, s, d) is proper, 
hence the cone p¢ in L(S) is with vertex Stas = S'd and 


Noa = {StalasLd} . 


For every Sta ¢ vIL(S) there is a cone p“ with p%(Sa) = Isiq. In the following we 
denote by PIL(S) the semigroup of all proper cones in L(S). 


Remark 4.1. If S°? denote the opposite semigroup of S with multiplication given by a © 
b = b- awhere the right side is the product in S then £(S°?) = R(S) and R(S°P) = L£(S). 
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Thus for any statement which holds for £(S) (or R(S)) the corresponding dual statement 
holds for R(S) (respectively £(S)). Hence IR(S) is also a proper category with 


vIR(S) = {aS': a€ S'}and fora,beS', (1) 
R(S)(aS', bS*) = {A(a, s, b) = AslaS': s € S' withsa € bS1} (2) 


4.1 Representation of S by proper cones 


Right regular representation of the semigroup S is the homomorphism p: a > pq of S 
into the full transformation semigroup Js. Let Sp be the image of p so that p: S — Sp 
is a surjective homomorphism. S is said to be right reductive if p is injective. 


Theorem 4.1. Let S be a semigroup and L(S) is the proper category. Then there exists a 
homomorphism p: S — PIL(S) and an injective homomorphism $: Sp — PIL(S) such 
that the following diagram commutes: 


[ eeencaeet cn 


| 6] 


Ss ——> PLS) 
p 


In particular S is isomorphic to a subsemigroup of PL(S) if and only if S is right reductive. 


Proof. L(S) is a proper category and for each Sa € vIL(S), p“% is a proper cone with 
vertex Sa. For a € S define $(pq) = p", if pq = py then Sa = Sb and for x € Sd we have 


xp"(Sd) = xp(d, u, a) = xu; where du € Sa = Sb 
= xp(d,u, b) = xp? (Sd) 


ie., p% = p”. Similarly if p% = p? then for all x €¢ S, xa = xb and so pq = py», hence 
@: Sp — PL(S) is injective. Now for a, b < S and Sd « vIL(S) we have 


p* -p”(Sd) = p%(Sd) - p”(Sa)° 
= p(d, a, a) -p(a, b, b)° 
= p(d,a,a)-p(a, b, ab) 
= p(d, ab, ab) 
= p*”(Sd) 
Hence $(pa)$(pp) = P(Pap) and ¢ is an injective homomorphism. If we set p = pp 


then p: S — PIL(S) isa homomorphism making the above diagram commute. The last 
statement follows from the fact that p is injective if and only if p is injective. 
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Two proper categories are isomorphic if there is an isomorphism that preserves inclu- 
sions. Note that if S is a semigroup then L(S) is a proper category. Now we proceed to 
show that every proper category arises in this way. 


Theorem 4.2. Let C be a proper category. Define F: C — L(PC) by 
vF(c) = PCy 
F(f) = p(y * f°, y’) 
where y, y' € PC with cy = c, cy = dand f € C(c, d). Then F is a faithfull functor. 


Proof. The map vF defined above is an order isomorphism of v@ with the partially 
ordered set vIL(PC) of all principal left ideals of PC. Since C is proper given any f € 
C(c, d), there exists y, y’ € PC with cy = cand cy = d. Since the epimorphic com- 
ponent fis unique, F(f) = p(y, y * f°, y’) ie well defined. To show that F is a functor, 
consider f, g € € with F(f) = p(y, y* f°, y') and F(g) = p(y1, yi x 8°, y”) then fg exists 
in C if and only if y’Ly, and hence 


F(f)F(g) = ply, (y * f°): (y' * 8°), yy") - 
If c, = imf = imf°? then 


(y * f°)-(y' * 8°) = (y * f°) * ((y’ * 8°)(c1))° 
= (y « f°) x (j4 g°)°sincecy Cc = cy 
= (y * f°) « Ge,8)° 
= (y * (fg)°) 


hence F(f)F(g) = F(fg). From the definition of F it is clear that if c’ ¢ c, cy = c and 
cy = c’ then 


FS) =plr'. YY) =lipere 


thus F is an inclusion preserving functor. 

Since every morphism in @ has a unique canonical factorization the map f — f° 
is a bijection of C(c, d) onto the set of epimorphisms h with domh =candcodhc d. 
Since every cone in y(PC)y’ is uniquely representable in the form y « f° where f ¢ 
C(cy, cy) there is an injection between C(cy, cy) and y(PC)y’. Hence the map f — 
ply, y * f°, y’) is a injection of C(cy, cy) onto L(PC)(PCy, PCy’) and hence F is fully 
faithful. 


5 Proper Dual 


If C is a proper category, then the proper dual of € denoted by P*C is the full subcat- 
egory of C* with 
vP*C = {H(y;-): y € PC}. 
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Lemma 5.1 (cf.[2]). To every morphism o: H(y;-) — H(y';—) in P*€ there is a unique 
O: Cy — Cy in @ such that the following diagram commutes. 


7 "yr 
A(y’; -) > (Cys) 


o] e@;-)] 


A(y; -) a C(cy; -) 


In this case, the component of the natural transformation o at c € vC is given by 
o(c): yx f? > y! x (Gf)" 
In particular o is the inclusion H(y; -) ¢ H(y’;—) if and only if 
y=y xo. 
Moreover the map o —> Gis a bijection of P* C(H(y; -), H(y’; —)) onto C(Cy, Cyr). 
Lemma 5.2. Iff: c — dis an epimorphism in C, then H(y; f): H(y;c) — H(y; d) in ?*C 
is an epimorphism. 
Proof. Let f: c — d is an epimorphism. Consider H(y;c) = {y * h° | h: cy > 
c}, H(y; d) = {y « (hf)°} and 
H(y; f(y * h°) = y x (hf)? . 

For ky, kz: c > a, H(y;3 ky), H(y; kz): H(y; d) — H(y; a)and for every yxh® € H(y;c), 
Ay; fyH(y3 ki )(y * h°) = Ay; H(ys ka )y * h°) 

Aly; ki) (Ay; f(y * h°)) = Ay; k2 (As Ay * h°)) 

Aly; ki)(y * (hf)°) = H(y; k2)(y * (Af)°) 
Ay; ky) = H(y; kz) 


Remark 5.1. Dually iff: c — disamonomorphism in € then H(y; f): H(y;c) — H(y; d) 
in P*C is also amonomorphism. 


Theorem 5.1. For any proper category © the dual category P* € is also a proper category. 


Proof. Since inclusion j: c ¢ d splits in C there exists retraction e: d — c, such that 
je = Ic. The inclusion H(y; j)(y « f°) = y * (f7)° where f: cy — c splits since H(y; e)(y « 
g°) = y x (ge)°® where g = fj: cy — d and A(y;j)H(y;3e) = H(y3Ic) = Inyy;c). That 
is H(y;j): H(y;c) ¢ H(y; d) splits in P*C. o: H(y;—-) ¢ H(y';—) is an inclusion if and 
only if y = y’ x 6 where G: cy, — cy in C. Then o(c): H(y;c) ¢ H(y’;c’) has a right 
inverse o(c)~1 such that 


{(y' * Af )}o(c)* = {(y * f?)o(o)} . 


226 —— P.G. Romeo and P.R. Sreejamol 


Let f: c — din C has a unique canonical factorization f = qj where g: c > a and 
j:acdthen H(y;f): H(y;c) — H(y; d) in ?*C maps 


H(y;f): y * h° — y x (hf)° whereh: cy > ¢ 


Aly; gy; Sy * h°) = (ys f(A; ayy * h°)) 
= Aly; jy * (hq)°) 
= (y * (hqj)°) 
= (y * (hf)°) 
= Aly; f(y * h®) 


Thus H(y; f) = H(y; q)H(y; j), where H(y; q) is an epimorphism and H(y; j) is an inclu- 
sion. 
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Masahisa Sato 
On Nakayama Conjecture and related 
conjectures-Review 


Abstract: In this paper, we review the “Nakayama Conjecture” and relating prob- 
lems so called “Generalized Nakayama Conjecture”, "Strong Nakayama Conjecture", 
“Tachikawa Conjecture”, "Finitistic dimension Conjecture"and we give other conjec- 
tures proposed recently. We discuss relations between their conjectures. 
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1 Introduction 


The following Nakayama Conjecture is the old and world wide famous conjecture pro- 
posed in [11] by Japanese mathematician “Tadashi Nakayama” in 1958 who was the 
professor in Nagoya University. 


Nakayama Conjecture: Let A be a finite dimensional algebra over a field K and0 > 
A —- E, > E2 >... amininal injective resolution of A. If all E;’s are projective, then 
A is self-injective. 

This conjecture was his challenge to homological algebra, in fact, he suspected 
the power of homological algebra which had been created in this era. 
In fact, Professor Hiroyuki Tachikawa taught us in his last lecture in 1994 that Pro- 
fessor Nakayama had proposed; 


“If homological algebra is enough powerful to mathematics, 
then solve this problem.” 


Since then, many many ring theorists attempt to solve Nakayama Conjecture. It is no 
doubt that the greatest contributor of studying of Nakayama Conjecture is Tachikawa. 
Let’s consider one aspect of Nakayama Conjecture, like the injective hull E(R) of a 
ring R is projective. A ring with this property is called QF-3 ring. Every one knows 
that theory of QF-3 rings is very important in Ring Theory. The theory of QF-3 rings is 
developed and summarized in Tachikawa’s lecture note [13] published in 1973 

There are two purposes in this paper. One is to shed light on Nakayama Conjec- 
ture again by summarizing various aspect s of Nakayama Conjecture. The other is 
that ring theorists in the world are interested in Nakayama Conjecture and we anticip- 
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ate that they solve Nakayama Conjecture and related conjectures to progress ring the- 
ory more actively. The author believes that attempts to challenging these conjectures 
create important notions and theories of rings with homological algebras as done by 
Tachikawa. 

In this paper, we give some relating conjectures and discuss their relations. The 
following is the list of contents in this paper. 
Section 2. Nakayama Conjecture 
Section 3. Tachikawa Conjecture + 
Section 4. Generalized Nakayama Conjecture 
Section 5. Strong Nakayama Conjecture 
Section 6. Finitistic Dimension Conjecture 
Section 7. Tilting version of Generalized Nakayama Conjecture 
Section 8. Related Results 


2 Nakayama Conjecture 
Let A be a finite dimensional algebra over a field K and D(M) = Hom,(M, K) a dual 
space of a vector space M. Nakayama gave the following conjecture in 1958 [11]. 


Conjecture 1 (NC: Nakayama Conjecture). Assume 4A has a minimal injective resolu- 
tion 


O-A>E, ~~ Eo >: Eno: 
such that all E;’s are projective, then A is self-injective. 


Tachikawa gave the following conjecture which is equivalent to [NC]. (See The- 
orem 2.7.) 


Conjecture 2 (TC: Tachikawa Conjecture). 

[T1] Ext!,(4D(A), 4A) = 0 for alli > 0, then A is self-injective. 

[T2] Assume A is a self-injective algebra and M is a finitely generated left A module. If 
Ext!,(M, M) = 0 for alli > 0, then M is projective. 


Remark 2.1. [T2] and hence [NC] are not true for an artinian ring in general. We see this 
in section 8(7). This means that [NC] is a typical conjecture for algebras. 


We consider what is the difference between algebras and artinian rings. One aspect is 
that it has duality or not. In general, an artinian ring has not self-duality, so we give 
the following new conjecture. 


Conjecture 3 (NNC: New Nakayama Conjecture). Assume an artinian ring A has a self- 
duality and ,A has a minimal injective resolution 
0O-A>E, — Eo 3+ 3 Ey 


such that all E;’s are projective, then A is self-injective. 
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Typical example of an artinian ring with self-duality is an artin algebra, which 
is an artinian ring finitely generated over its center. An artin algebra was orginally 
defined by Emil Artin. For details, refer to Maurice Auslander, Idun Reiten, Sverre O. 
Smalo’s book [3]. 

The following rings are typical rings with self-duality (Yoshitomo Baba [4]). 

(1) Commuative ring 

(2) Serial ring (Amdal, Ringdal,1968 [1]) 

(3) Harada(H) ring with homogenious socle (i.e. socR is a finite direct sum of a simple 
module.) 

A ring R is called left H-ring if for any indecomposable projective right module Pr, 
there is some indecomposable projective injective right module I such that P = Irad"R 
for some n > 0. 

(4) Homogenius type Harada ring (Jiro Kado and Kiyoichi Oshiro[8]). 
(5) Some Quasi-Harada(QH) rings 
Definition 2.2. 1. A ring R is called QH-ring if any projective left (right) module is 
quasi-injective. 
2. A ring A is called a left QF-3 ring if it satisfies the one of the following equivalent 
conditions; 

(a) E(A) c JJA, here E(A) is an injective envelop of 4A. 

(b) A has a mininaml faithful module 4M. 

(i.e.) 4M is faithful and for any faithful module ,N, it holds Ne > M. 

(c) There is an idempotent f = f? € A such that Af is faithful injective. 

3. Aring A is called QF-3 ring if A is a left and right QF-3 ring. 


QH rings are considered the general notion of QF-3 rings by the following theorem. 


Theorem 2.3. QH ring is QF-3 ring. 
If eRe is local serial and (center of eRe) (eradRe —(eradRe)*) is not empty, then R has 
self-duality. 


The following is an example of a ring of the above theorem. 
Example. Let D be a division ring and set R = D x D x D with the multiplication 


(X15 X25 X3)(V15 V2, V3) = (X1V1, X12 + X21, X13 + X22 + X31). 


Then R is non-commutative local serial ring with loewy length 3 and 
(0, 1, 0) is in (center of eRe) Nn (e(tadR)e — (e(radR)e)?). 


To show the equivalence of [NC] and [TC], it requires the following facts and notations. 


Lemma 2.4. It holds for finite dimensional algebras over a field K 
Ext!,(4D(A), 4A) = Ext',.(A, A°). 


Here, A® = A ®x A°? is an enveloping algebra of A. 
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Proof. 
Ext), (D(Aq), aA) = Exthe «(44 @a D(Aa)x, AK) 
= Ext!,.(4Aa, Homg(D(Aa)x, aAx)) - 
Also, 
aHomx(D(Aa)x, AAx)a = aAHomx(D(Aa)x, D(kD(aAx)))a 
= 4Homx(D(Aag) @x D(A Ax), rK)a 
= D(D(4A ®x Aa)) 


=y,A@x Ag. 


Definition 2.5. (left dominant dimension) 
We denote €.dom.dimA = n when a ring A has a minimal injective resolution 


O-A->E,7- Eo >: Eno: 
with projective modules E,,..., En. 


Lemma 2.6 ( [13] p.p.97). Let A be a QF-3 ring with minimal faithful modules Ae and fA. 
Assume €.dom.dim A > 2 and the first n images of the minimal injective resolution of 
raffA are finitely cogenerated by sarfAe, then the the following conditions are equivalent. 

1. €.dom.dim A >n+2. 

2, Ext), (fA, fA) = 0 fori=1,2,...,n. 

3. Ext’, (Ae, Ae) = Ofori=1,2,...,n. 


eAe 


Now we give the proof that [NC] and [TC] are equivalent. 
Theorem 2.7. [NC] <=> [TC] 


Proof. Assume [NC]. We first prove [T1]. We set R = End,(A @ D(A)). Let f and ein R 
be projections to A and D(A), respectively. Then it holds fRf = A, fR = fRf ® fRe = 
A @ D(A) as left A-module. Since 


Extn (fR, fR) = Ext',(A @ D(A), A @ D(A)) 
= Ext', (D(A), A) , 


we have Extyp (fR, fR) = 0 from [T1]. By Lemma 2.6, we know ¢.dom.dim.R = 00. SoR 
is self-injective by [NC]. Thus A is also self-injective. (See Lemma 2.8 below.) 

Next we prove [T2]. Assume A is self-injective and M is finitely generated. We set 
R = End,(A @ M). Let f and e in R be projections to A and M, respectively. By the 
same argument in the proof of [T1], it holds Extin ER, fR) = Ext, (M, M) = Oand R is 
self-injective. 

On the other hand, since A @ M is finitely generated generator (cogenerator), it is 
well known that this satisfies double centralizer property. i.e. Endr(A@M) = A. Hence 
A ® Misa projectice A-module. (See Lemma 2.8.) Thus M is projective. 
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Lemma 2.8. 1. Assume 4M is finitely generated and Ext, (M, M) = 0. If R = End,(M) 
is right self-injective, then M is a projective Endr(Mr)-module. 
2. Assume R = End,(A @ D(A)) is self-injective, then Ext), (D(A), A) = Oif A is self- 
injective. 


Proof. (1) We take a short exact sequence of left A-modules; 


O-~N-eA->M-O. 


We apply Hom,(-, M) to the above exact sequence, we have the split short exact se- 
quence of right R-modules 


0 — Hom,(N, M) — Hom,(@A, M) — Hom,(M, M) = R<—O 


from the assumptions Ext) (M, M) = Oand Ris right self-injective. 
We apply Homp(-—, Mp) to the above exact sequence, we have the split exact sequence; 


0 — Homr(Hom,(M, N), M) — e@Endry(M) — Homer(R, M)=M—-0. 


Thus M is a projective Endr(M)-module. 
(2) If part is clear, so we prove only if part. We remark A = Endp(M) since 4M is 
generator. We apply (1) to M = A@D(A), then , D(A) is projective, that is, A, is injective. 
So A is self-injective. 


Lemma 2.9. Let ,M be an A-module, B = End, M and 
d:A- Endp Mpg 


a canonical map defined by d(a)(m) = am fora ¢ A,andme M. 
1. dis a monomorphism iff 4M is faithful. 
2. If 4M is generator, then d is anisomorphism and Mg is finitely generated projective. 
3. If aM is finitely generated projective, then Mz is finitely generated generator. 


Proof. (1) is clear. 
(2) Since generator is faithful, d is monomorphism. So we show d is an epimorphism. 
Take an epimorphism 3 eM fii”, ,, then there are some mj € M (j = 1,...,n) 
such that 

1a = filmy) + fa(m2) +--+ + fn(mn) . 
Also for m € M, we define gm: aA — aM by (a) = am for any a € A. We remark 
fi@m € B. For any p ¢ Endg(Msg), 


g(m; - fiPm;) = P(mj) - fhbm; = f(P(mj))mi € Am; . 


Since 


Y filmy); 7 ( > sony) )mi =m, 
jal 


j=l 
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we have , 
pomi) = (  Fi(ptmy)))mi € Ams. 
jel 
We set p(mj) = ajm; and 
@ = ayfi (m4) + azf2(m2) +--+ + Anfn(mn) , 
then for any m € M, 
m=1-m=fi(m,)m + fo(m2)m +--+ + fr(Mn)m 
= m1(f1Pm) eae Mn(fnrPm) 
So 
P(M) = (M1) f1 Om +++ + POM) fnPm 
= (ar flim) + +++ + Anf(mn))m 
=am 
We apply Hom, (-, 4Mz) to the above splittable epimorphism, then we have splittable 
epimorphism 
n n 
¥ eHom,(M, AMz)s = > eBg — Homy(A, 4Mg)g = Mg > 0. 


Thus Mg is finitely generated projective. 
(3) Assume 4M is finitely generated projective, then we have a splittable epimorphim 


n 
YeaA (fi sfas---sfn) een 


That is, there are f;(1) = mj € Mand g;: 4M > 4A (i=1,...,n) such that 
m = m181(M) + M2g2(M) + +++ + Mnn(M) 


for any m. Hence m = m1(81Q@m) + --: + Mn(ZnPm). Remarking that gig; ¢€ B, 
m,,..., Mp are generators of Mz, that is, Mz is finitely generated B-module. 

Apply Hom, (-, 4Msz) to the above splittable exact sequence, we have a splittable 
epimorphism 


n n 
Y eHoma(A, ,Mz) = ) @Mg > Enda(M) = Bp > O. 


That is, Mz is generator. 


3 Tachikawa Conjecture + 


In the proof of Theorem 2.7, the properties of generator and co-generator are essential. 
So Tachikawa gave the following conjecture equivalent to [TC] by using the notion of 
generator and cogenerator. 
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Conjecture 4 (TC+: Tachikawa Conjecture +). Let 4M be finitely generated generator co- 
generator. If Ext', (M, M) = O for any i > 0, then M is projective. 


Theorem 3.1. [TC] —=> [TC+] 


Proof. Assume [TC]. Since M is generator cogenerator, we have a splittable epimorph- 
ism YeM > A — O. That is, for some m,n > 0, it holds 4A < eM™ and ,D(A) < 
eM). Thus Ext, (M, M) = 0 implies Ext, (D(A), A) = 0. A is self-injective by [T1] and 
M is projective by [T2]. 

Assume [TC+], then we have 


O = Ext!, (D(A), A) = Ext',(D(A) @ A, D(A) @ A) . 


We show [T1]. Since D(A) @ A is projective,A = D(D(A)) is injective. 
We show [T2]. Ext’, (M, M) = Ofori > O and A is self-injective implies Exti, (MeA,Me 
A) = 0. Also D(A) = A implies D(A) is generator cogenerator, thus M @ D(A) is finitely 
generated generator cogenrator. By [TC+], 4M is projective. 


4 Generalized Nakayama Conjecture 


Mauris AuslInder and Idun Reiten gave the following conjecture in 1975 [2]. 


Conjecture 5 (GNC: Generalized Nakayama Conjecture). Let 0 ~ A — E, —~ Ey > 
-- > E, > --- bea minimal injective resolution of 4A and S any simple module. Then 
there is some i such that S < E;. 


Remark 4.1. [GNC] —=> Ext},(S, A) #0 forsomei>O 


Conjecture 6 (GNC+: Generalized Nakayama Conjecture+). A generator 4M satisfying 
Ext',(M , M) = Ofor any i > O is finitely generated projective. 


Theorem 4.2. [GNC] —= [GNC+]. Particularly [GNC] = [NC]. 


Proof. Assume [GNC]. We set B = End,(M). Then Mg is finitely generated projective 
since 4M is generator by Lemma 2.9(3). Let 


O-4M-E—,->£2-::: 


be a minimal injective resolution of 4M. 
We apply Hom, (M, -), then the following sequence 


O — B= gHoma(4Mgp, aM) > gHoma(4Mg, Fi) — gHoma(aMg, Ez) > --- 
is exact since Ext, (M, M) = 0 for anyi > 0. Also gHom,(4 Mpg, Ej) is injective since 
m 
Msg is projective and ,£; is injective. Thus for some m >> 0, ) eHomy(4Mp, gEFj) is 


i=1 
co-generator by [GNC]. 
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ti 
On the other hand, ,E; < ©) D(A) since D(A) is an injective cogenerator. So 


tj 
pHoma(4Mg, E;) < ©) ®pHoma(4Mg, D(A)). 
Since gHom,(4Mp, D(A)) = pHom,g(A ®,4 Mg, A) = D(Mpg) and D(Mp) is co- 
generator, Mz is generator. Thus 4M is finitely generated projective and [GNC+] holds. 
We assume [GNC+]. Let 


O-4A-E,->E£,->::: 


be a minimal injective resolution of 4A and {S;, S2,...Sn} the complete set of non- 
isomorphic simple modules included in some E}. 
We take f ¢ A such that f? = f and 


AE(S1) ® aE(S2) ®:+- aE(Sn) = aD(fA) . 


Then there is some m; such that E; < @,4D(fA)™'. Remarking that fA @,4 D(fA) = 
fD(fA) = D(fAf) as left fAf-module, we have natural isomorphisms 


aHomyas(fA, fA ®4 D(fA)) = aHomyar(fA, D(FAf)) 
= aHomx(fAf @pap fAa, K) 
= AD(fAag) . 


Hence we have the natural isomorphism 
gi: aHompaf(fA, fA @ E;) = aE; . 


From an exact sequence 0 — 4A — EF, — E>, we make an exact commutative dia- 
gram; 


|91 |v2 


0 ————> ,Homyaf(fA, fA ®4 A) —————> , Homgap (fA, fA @, E1) 


AHompar (fA, fA @, E2). 
Since ~; and @>2 are isomorphisms, we have an isomorphism 
AA = Endyaf(fA) . 


On the other hand, fA @, D(fA) = D(fAf) is an injective fAf-module, so is fA @, Ej. 
Hence we have an injective resolution of rarfA = farfA @a A 


0 fAe,A — fA @, E, — fA@, Ey --::- - 


From the above two facts, we have Ext) ‘A fA, fA) = 0. Hence sa,fA is finitely generated 
projective by [GNC+], so fA is a generator as left Endya¢(fA)(= A)-module, that is, fA 4 
is a finitely generated projective generator. Thus ,D(fA) is co-generator, which means 
{S 1, S2,...Sn}is the complete set of all non-isomorphic simple modules. hence [GNC] 
holds. 
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5 Strong Nakayama Conjecture 


Robert R. Colby and Kent R. Fuller gave the following conjecture in 1990 [5]. 


Conjecture 7 (SNC: Strong Nakayama Conjecture). For any finitely generated module 
AM, there is some i = 0 such that Ext!,(M, A) # 0. 


Remark 5.1. We can easily show that [SNC] = [GNC]. 


6 Finitistic Dimension Conjecture 


The finitistic dimension of an algebra A is defined by 
f.gl.dimA = sup{p.d(M) < oo} 
Here, p.d(M) is a projective dimension of 4M. 
Conjecture 8 (FDC: Finitistic Dimension Conjecture). 
f.gl.dimA < oo. 
We show the following theorem. 


Theorem 6.1. 
[FDC] — [SNC] 
Proof. Assume n = f.gl.dimA < oo. Take 4M such that Ext’, (M, A) = O for alli > O. Let 


ae i sp, Le eae, 


be a projective resolution of 4M. Then by assumption, we have an exact sequence 


Hi ,A Hi ,A 
2 Honig Pe Ay ee Hotty Ae Hemsted SG: 


So we have the projective resolution of ImHom, (fn42, A); 


Homa (fni2,A) 
O — ImHoma(fn+2, A) ————._ Homa (Pni1, A)a — *** 


Hi ,A Hi ,A 
Hants (Pill Honig Oy Bye omg WO. 


Since p.d ImHom, (fni2, A) < n, we have a splittable epimorphism 


Hom, (f,A) 
O — Homa(P;, A)4 <———— Homa(Po, A)a. 
Thus we have a commutative diagram 


Hom,(Homa(P1, A)4,44) —~—> Hom,(Homa(Po, A)a, Aa) ——> 0 


Py — Po —— 0. 
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Here, g = Homy,(Homa(f,A,). Thus f; is splittable epimorphism, which means 
M=0. 


7 Tilting version of Generalized Nakayama 
Conjecture 

Takayoshi Wakamatsu gave the following conjecture in his lecture which is equivalent 

to [GNC]. 


Conjecture 9 (TGNC: Tilting version of Generalied Nakayama Conjecture). Assume T, 
is a tilting module and let 


O-A>T,-T2 7°: 3 Tn: 


be a minimal dominant resolution, then for any indecomposable direct summand T' < 
@T, there is some i such that T’ < ®T;j. 


A module T, is called a tilting module if the following two conditions are satisfied; 
(1) Ext!,(T, T) = O for anyi > 0. 
(2) There is some exact sequence 


+317 >T; > DA)a > 0 
nj 
such that T; < @(¥ @T) for every i and 
Hom,(T, T2) — Hom,(T, T;) —~ Hom,(T, D(A)) > 0. 


is exact. 
Let T, be a tilting module. An exact sequence 


0-Aqg-T-T2->-::: 


is called a dominant resolution if the following two conditions are satisfied; 


ni 
(1) T; < o(% @T 4) for every i. 
(2) 0 — Hom,(A, T) — Hom,(T,, T) — Hom,(T2, T) — --- is exact. 


Remark 7.1 (Wakamatsu). There is a minimal dominant resolution. 
Wakamatsu proved the following theorem in his lecture. 
Theorem 7.2. [GNC] —=> [TGNC] 


Proof. Assume [TGNC]. Let (*)0 — 4A - gl, — al — --- be a minimal injective 
resolution of 4A. ,D(Aag) is a tilting module with a minimal dominant resolution (*). 
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Indecomposable direct summands of 4 D(A,g) are injective envelops of all simple mod- 
ules. That is, any simple module is a submodule of some I; by [TGNC]. Hence [GNC] 
holds. 

Next assume [GNC]. We set B = End,(T,). We know that a tilting module has the 
double centralizer property, we have A = Endg(gT). LetO - Ag —> Ty — To > 

- and0O > gB > T’; — T'» — --- be minimal dominant resolutions of A, and 

BB, respectively. We take a direct sum ) L of non-isomorphic indecomposable direct 
summands of some T;. Since ¥ 6L < @T, there is f ¢ B such that f? = f and ¥ @L = fT. 
[TGNC] is equivalent to f = 13, so we showf = 1g. We make a direct sum ¥ @M of non- 
isomorphic indecomposable direct summands of some T’;. By the same argument as 
above, there is e ¢ A = End(Tg) such that e? = e and ¥ @M = Te. We know that 
(1) farfTeeae, BBfppy, eaceAa ate tilting modules. 
(2) BTa = BBf Syne fTe @eae CA. 
(3) pT, isa tilting module iff ,Hom,(T, K)g = D(T) is a cotilting module. 

Since pBffpe is a tilting module, there is an exact sequence 


-- > ) @Bf > ) @Bf > gD(B) 50. 
Hence we have an exact sequence 


0 B- )efD(B) > ) efD(B) > +: , 


hence f = 13 by [GNC]. 


8 Related Results 


We summarize the relation of each conjecture in the following implication for algeb- 
ras. 
[FDC] = [SNC] = [GNC] —=> [GNC+] —=> [TGNC] = [NC]. 


[NC] —=> [TC+] —> [TC] —=> [TC1] and [TC2] 


[NNC] for atinian rings => [NC] for algebras. 
We give the cases that one of the conjectures hold. 
1. Theorem 8.1 (George V. Wilson [15]). [GNC] is true for positive graded algebras. 


2. Theorem 8.2 (Hiroyuki Tachikawa [13]). [T2] is true for a group algebra k[G] for a 
finite p-group G and a field k. 


3. Theorem 8.3 (Rainer Schultz [12]). [T2] is true for a group algebra k[{G] for a finite 
group G and a field k. 
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4. Theorem 8.4 (Edward L. Green, Birge Zimmermann-Huisgen [7]). [FDC] is true for 
an algebra A with vanishing radical cube (i.e. rad?A = 0). 


5. Theorem 8.5 (Peter Draxler [6]). [GNC] is true for algebras A with rad7°t1A = 0 
and A/rad‘A representation finite. 


6. Theorem 8.6 (Yong Wang [14]). [SNC] is true for artinian rings R with rad7**'R = 0 
and A/rad‘R representation finite. 


Proof. (Wang’s proof). Assume there is finitely generated non-zero R-module pM 
such that Exti,(M, R) = 0 for alli > 0. 
For a projective resolution of M, 


oar rv erence fi 6B fo Mis by 


we set Q; = Imf; and denote T* = Homp(pT, rRr)pr. 
By assumption, we have an exact sequence 


ft 
O« QF « Peas see Pi ¢ : Po < 0. 


Thus p.d Q; <i-1 for anyi > 1. Since Q; c JP;, we have Pa = 0 for anyi. 
We prove Ext,(Q3, R) # 0 and Ext,(Q*,R) = 0 for any i > 3. Since P = P** for 
any projective module P, we have the following commutative diagram 


(22 pis fas oe a ph fi oF 
=| =| =| =| =| 
eS eee Pie pe 


Thus 
0 4—— (Op) Pe) ae 
is a projective resolution and 
0 ——> (Qn+43)"* —— (Pn+2)** ——> (Pni1)** 


is exact, which means Extp((Qni3)* , R) = 0 for any n = O. Consider the following 
commutative diagram; 


4k 
1 


0) > O53" > Py" > P5* —— Extp(Q3, R) —- 0 
fi 
P,; —— Py) —— M —— 0, 


we know that f; is non-splittable. Thus Extp(Q3 ,R) #0. 
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We fix m > 1. Take O # rN such that p.d rN < m, and J*“N = 0. We set N; = 
JN, No =N/JEN. 

Since R/J* is representation finite, let {C,,... , Cm} be the complete set of non- 
isomorphic indecomposable modules and we have the decompositions 


m m b; 
Ni= yec;’ No = ye,’ : 
j=1 j=l 


Fori>m, Ext1(N1, R)r = Exti,(No, R) is finitely generated. 
We set €(k, j) = length Extk (Cj, R)p, then 


m m 
Y e+ 1, j)-aj = ¥ eG,j)- bj. 
j=l jel 
We denote Z-module L; (i > m) by 
m m 
|(C1s+++ 56m» diy +05 din) ez | Y e+ 1, j)-¢ = > e.j)-aj} 3 
j=l j=l 


They are Z-submodules of the noetherian module Z2™. So an increasing sequence 
Io c Li c ... terminates. That is, Lm, = Lmj+1 = .... for some mo. Take N = 
(Qm +3)". Remarking that p.d (Qm,+3)* < Mo + 2, (Q1,...,Qm,b1,...,Bm) € 
Lmo+2, thus (*) (€1,..-,@m, D1,.--, Bm) € Lig = Ling tt- 

From the exact sequence 


0o-/'N>N>N/J‘N 50 


and the fact 
Ext 7p?" ((Qmy+3)*, R) = Exth(Q3,R)=0, 


we have an exact sequence 


0 — Extp°" UN, R) > Extp’*(N/JON, R) > Extz?*?(N, R) > 
Extg?* UPN, R) > Extg°*?(N/JON, R) > Extg°*?(N, R) =0. 


From (*), we have 


length Ext7°**(J°N, R) = length Ext,°*?(N/JEN, R) , 
length Exty°**(J°N, R) = length Extz°*?(N/J¢N, R) . 


Thus 
O = Ext"? ((Qing43)*, R) = Ext}(Q3,R) #0, 


which is a contradiction. 
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7. Rainer Schultz gave the following example from which we know that [T2] is not 


10. 


true for artinian rings in general by Lemma 2.9. Thus [NC] is not true for 
artinian rings in general . 


. There is a self-injective artinian ring R and a finitely generated left R-module pM 


such that 
(i) Ext},(M, M) = O for any i > 0 
(ii) Mende(m,m is not finitely generated Endp(M, M)-module 


. Robert Martinez-Villa explored conditions in the category of functors of the stable 


category which are equivalent to [NC]. 


Theorem 8.7 (Robert Martinez-Villa). Assume €.dom.dim A > n. Then for any k < 
n, Dom, = {4M| €.dom.dim M > k} is contravariantly finite in the stable category 
mod-A of the module category. 


We set 
F, = {F € mod(mod-A)|F(M) = 0 for any M € Dom,} 
J, = {G € mod(mod-A)|G(M) = 0 for any M € F;} 
Then we know (Tx, Fx) isa hereditary torsion theory with a torsion radical t,. We 


foe) x co _ 
denote Dom = (| Dom, and F = () Fx. 

On k=0 k=0 
Let (J, F) be a corresponding torsion theory with a torsion radical t. 


Robert Martinez-Villa gave the following conjecture. 


Conjecture 10 (MC: Martinez Conjecture [10]). For any M « mod(mod-A), it holds 
that 


(1) t¢(M) = () tk(M) 
k=0 
(2) t(M) is finitely presented 
Theorem 8.8 (Martinez-Villa Roberto [9]). [MC] implies [NC]. 


Cheng Chang Xi [16] showed that dominant dimension is not invariant under de- 
rived equivalences. 
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Ram Parkash Sharma and Meenakshi 
On construction of global actions 
for partial actions 


Abstract: Every partial action a on a set has a unique minimal globalization (up to 
equivalence [4]). In [2], the authors proved that {(G, X¢), i} is a unique minimal glob- 
alization of a which is equivalent to left coset action (G, G/G,) for any x €« X,ifaisa 
transitive partial action. In this paper, we construct a unique minimal global action of 
a given partial action which is equivalent to (G, UsesG/G;), where S is a G-transversal 
in X without resorting to transitivity so that a minimal global action can be construc- 
ted for a larger class of partial actions on sets. We also study the Hausdroff topology 
on a minimal globalization. 


Keywords: Patial Actions; Global Actions; Actions of Topological Groups. 


1 Introduction 


Throughout this paper, we assume that G is a group under multiplication gh (g, h € G) 
with the identity denoted by e. Recall that a group action of G ona set Y is a function 
GxY — Y, (g,x) » g-x such that e-x = x and g- (h-x) = (gh)- x forall g,h € G, 
x € Y.A partial action a of G ona set X is a pair a = {{DghecG, {Ag} gcc}, where for 
each g € G, Dg is a subset of X and ag: Dg-1 — Dg is a bijective map, satisfying the 
following three properties: 

(i) De = X and a, = Idx, the identity map on X, 

(ii) Ag(Dg-1 N Dh) = Dg N Den, 

(iii) @g(@n(X)) = Agn(X) for x € Dp-1 N Dp-i gt, for each g, h «€ G. 

If ais a partial action of G on X, then we say that X is a partial G—set and the partial 
action a will be denoted by (a, X). Similarly, the group action of G on Y is denoted by 
(G, Y). 

Following [2], for convenience we write ig - x to mean that g - x is defined; more 
precisely, 4g - x means x ¢ D,-1 and g-x € Dg. Thus, we have an equivalent definition 
as follows: 

The partial action a of G on X defines a partial function from G x X to X which 
satisfies the following conditions: 

(PA1) Fe - x forallx « Xande-x =x; 
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(PA2) Ag - x implies that dg"! - (g- x) and g"! - (g- x) =x; 
(PA3) Ag: (h- x) implies that A(gh - x) and g- (h- x) = (gh) -x. 

When a partial action on some structure is given, then one of the most relevant 
problem is the question of the existence and uniqueness of a globalization; that is, a 
global group action (enveloping action) whose restriction to the original object gives 
the initial partial action. The definition of a global action of a partial action and the 
exact solution of the problem depend upon the category under consideration. For ex- 
ample, in the category of K—algebras and semialgebras partial action a has a unique 
global action if and only if each Dg is a unital algebra and unital semialgebra respect- 
ively (i.e. each Dg is generated by a central idempotent) [3, 5]; whereas in the category 
of the topological spaces, for each partial action there always exists a unique global 
action (see [4]). 

On the other hand, for a given action of Gonaset Y,Gx Y > Y,(g,x) » g-x 
and a non-empty set X c Y, each element g € G induces a partial bijection of X whose 
domain is given by D,-1 = {x « X|g-x € X} and hence there is a natural partial action a 
of G on X defined by ag: Dg-1 — X, ag(x) = g-x. In this case, the partial action arises 
by restricting the global action. 

The following definitions are essential for the development of this paper which 
are taken from [2]. 


Definition 1.1. Two partial actions a and a’ of a group G on the sets X and X' are said 
to be equivalent if there exists a bijection f : X — X' such that for each x € X, Ag -xin 
X if and only if Ag - f(x) in X' and in this case f(g - x) = g- f(x). Such a map f is called an 
isomorphism between G—actions a and a’. 


Definition 1.2. A partial action a of a group G ona set X has a globalization (G, Y) if 
there exists an injection i: X — Y such that the partial action a and the induced partial 
action of G on X are equivalent. 


Definition 1.3. A globalization {(G, X), i} of the partial action a is said to be minimal 
if for any globalization {(G, X'), i'} of a, there exists an injection A: X — X' such that 
Mg -x) =g-AQ) forallg ¢ Gandx € X. 


J. Kellendonk and M. V. Lawson in [4] proved that every partial action on a set has a 
unique minimal globalization (up to equivalence). In [2], K. Choi and Y. Lim proved 
that {(G, XG), i} is a unique minimal globalization of a up to equivalence, where XG 
consists of the equivalence classes with the equivalence relation ~ defined on G x X 
by (g, x) ~ (h, y) if and only if 4(h-1g) - x and (hg) -x = y. The action of G on Xg 
is given by (h, [g, x]) +> [hg, x] andi: X — Xg is given by x + [e, x]. Further, they 
proved that for a transitive partial action a on X, the action (G, XG) is equivalent to 
the left action (G, G/G,) for any x € X, where G, = {g € G| dg- x and g- x = x}. This 
helps in constructing a minimal global action of a transitive partial action. We started 
this paper with the aim to obtain a generalization of these results for any partial action 
without resorting to transitivity so that for a larger class of partial actions, a unique 
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minimal globalization can be constructed naturally using left coset actions. For this, 
we want to know the exact size of an orbit O, in (G, XG) for x € X in terms of the 
corresponding orbit in the partial action a using the elements of G* = {g € G| Ag - x} 
(for G* see [2]). In the process of this globalization, we also prove the orbit stabilizer 
theorem for partial actions; that is, for each x € X, (a, 0%) is equivalent to (a’, G*/G,y) 
and (a, X) is equivalent to (a@’, UsesG*°/G;), where S is a partial G— transversal in X; that 
is, a subset of X which meets each partial orbit exactly once. Hence |O2| = |G*|/|Gyl, if 
G is finite. Finally, we study partial actions of topological groups and prove that there 
exists a Hausdroff topology on X¢ such that the action of G on Xg is continuous if and 
only if each G; is closed in G fors € S. 


2 Global Actions of Partial Actions on Sets 


Choi and Lim [2] proved that a minimal globalization of each transitive partial action 
is equivalent to a group coset action. In this section, we show that the minimal glob- 
alization of each partial group action a on a set X is equivalent to a group action of G 
on Uses(G/Gs), where S is a G—transversal in X. We need the following results. 


Proposition 2.1. Let (a, X) be a partial action of G. Suppose that u,v € X are in the 
same orbit and let Gy, and G, be their respective stabilizer subgroups. Then there exists 
an element g € G such that G, = gGyg"t. 


Proof. Suppose (G, Y) be a minimal global action of (a, X). Then by [1], Of = 0, N X, 
where O% and O, are the orbits of xin X and Y respectively. Further the stabilizer of x in 
Gis same in (a, X) and (G, Y), so the result follows for (a, X) as it is true for (G, Y). 


As a consequence of the above result, we have 


Corollary 2.1. Let G act on X partially and u, v € O% for some x € X. if G, is not normal 
in G, then Gy, is also not normal in G. 


We also get a similar result to that of the orbits in group actions on sets. 


Proposition 2.2. Two orbits in a partial action are either identical or disjoint. Moreover, 
ify1,y2 € Of, then OF, = OF.. 


Let X’ be a subset of X. Then we say that (a, X’) exists (a is a partial action of G on X’) 
if for y ¢ X’, dg"! - y implies that g-1 - y ¢ X’. A natural example of such a subset is 
provided by the following result. 


Lemma 2.1. Let (a, X) be a partial action of a group G. Then for each x «€ X, (a, O%) 
exists. 
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Proof. Let y ¢ O% such that 4g - y. Then g"! - y € Oy, where O, is the orbit of x ina 
minimal global action (G, Y) of (a, X), which always exists. But by ([1], Proposition 4), 
O% = 0, NX. Hence g}-y € O2. 


In order to generalize the main result of this paper from a transitive partial action to 
any partial action, we need a relation between orbits and stabilizers of a partial action 
analogous to orbit stabilizer theorem for group actions. But first we note that the orbit 
stabilizer theorem is not true, in general, for partial actions as observed below: 


Example 1. Let X = {x1, x2, x3, X4} be a set and G = {g|g® = 1} be a cyclic group of 
order 8. Consider a partial action a of G on X given by: 

Fe - xfor all x, 4g? - x1, 4g? - x2, 4g? - x3, dg* - x1, dg* - x2, dg® - x1, dg® - x2 and 3 
g® . x, such that e-x = x Vx € X; 87 -X1 = Xo, 82 -X2 = 4, 87 -X3 = Xqs Bt -xX1 =X, 
gtx = Xz, 9° - x1 = X2, 8°- x7 = X1, © - xq = X3. Therefore, we have Gx, = {e, 3°} 
so [G: Gy,] = 4, but |OY, | = 2 as OF, = {X1, Xa}. Similarly, Gy, = {e} and OY, = {x3, X4}. 
Hence, no element of X satisfies the orbit stabilizer theorem. 


Note that, if there is some x € X such that Hg - x for all g € G, then the orbit stabilizer 
theorem holds for that x, as in this case O, = O% and G, is same in partial action (a, X) 
and minimal globalization action (G, Y). Thus, consider the subset G* = {g7! ¢ G| 
ag! . x} of G (see [2]) and define G*/G, = {g7-!G,|4g7! - x}. Then a natural question 
arises: Does there exist any partial action y induced by a such that (a, 0%) and (y, 
G*/G,) are equivalent? 

We observe that there is a natural partial action of G on G*/G, which is a restric- 
tion of the left coset action (G, G*/G,) for any x ¢ X. Further, it is also shown that 
G*/G, is partially isomorphic to O%. These results are used to prove that the given par- 
tial action (a, X) is the restriction of left coset action (G, UsesG/G,). First we prove that 
G*/G, is a partial G—set. 


Lemma 2.2. Let x € X and G*/G, be as above, then (a’, G*/G,) exists where a’ is a 
partial action of G such that for g-1G, € G*/G, (that is, g~1 - x), Sh - (g-!G,) if and 
only if ag~1 - x and Shg™' - x. In this case h- g-1 Gy = hg"! Gy. 


Proof. For x € X, there exists a natural group action of G on G/Gy,, that is, h-(g-1G,) = 
hg-1G, for any g, h ¢ G. This left coset action of Gon G/G, induces a partial action on 
its subset G*/G, as follows: Each element h € G induces a partial bijection of G*/G, 
whose domain is given by {g-!G, € G*/G,|hg7! - Gy € G*/G,} and there is a natural 
partial action a’ of G (induced by a) on G*/G, defined by 


a: {g *Gylhg! «x € G*/Gx} > G*/Gx, 


g'G, + hg! - Gy. Note that aj, acts on those elements g~'G, of G*/G, for which 
Shg-' - x. Hence, the result follows from the definition of G*/Gy. 


Now we prove 


On construction of global actions for partial actions ——= 247 


Theorem 2.1 (The Orbit Stabilizer Theorem). Let (a, X) be a partial action of a group G 
on X. Then for each x € X, (a, O%) is equivalent to (a', G*/G,x) and (a, X) is equivalent 
to (a’, UsesG*/Gs). Hence |O2%| = |G*|/|Gyl, if G is finite. 


Proof. Define a map f: O% — G*/G,,x € X, by f(g-!x) = g°!G,, for 4g! - x. Note 
that dg"! - x implies g-'G, € G*/G,. Suppose that Sg! - x and Sh"! - x such that 
g!-x =h'!-x, Now by using (PA2), 3h-(h-! - x), that is, dh-(g-!-x) and h-(g™!-x) = 
h- (h-! - x) = x which implies that 5h - (g-'G,) and h - (g-!G,) = hg-!Gy = Gy, so 
that g-!G, = h-'G,, proving that f is well-defined. Reversing the steps, f is one-one. 
Obviously, f is onto. Since X = UsesO% (disjoint union of partial orbits), it follows from 
the above lemma that (a, X) is equivalent to (a’, UsesG°/Gs). 


Example 2. Consider the partial action a of G on X given in Example 1. Here Of, = 
{%1,X2} and OY, = {X3,X4}. Let S = {x1,x3} be a G-transversal in X. Then G* = 
{e, g7, g*, g°} and Gy, = {e,g*}. Since g*Gy, = Gy, and g°Gy, = g*Gy,, we have 
G*/ Gx, = {Gx,, 87 Gx,} = O% under the map x1 > Gx, and x2 + g* Gx,. 

Similarly, G? = {e, g*} and Gx, = {e}. So G?/ Gy, = {Gx,, g7Gx,} = Ox, under 
the map x3 +> Gy, and x4 > g?Gy,. Therefore, we have f : X — UsesG5/Gs with S = 
{x1,x3}, which is a bijection. Consider UsesG°/Gs = {Gx,, 87 Gx,, Gx, 87 Gx, }. Using the 
given partial action a, we have Je - Gy, Vx € S, Ag « Gx,, 4g* - Gy,, 4g® - Gy,, de - 
(g*Gy,), 4g -(g? Gx,), Ag*-(g? Gx, ), 4g?-Gx,, de-(g? Gx, ), 48?-Gy3. The action on these 
elements will be according to the rule given above. Now, for g € G, we have f(g? (g*Gx,) = 
f(g*Gx,) = f(Gx,) = x1 and g?f(g? Gx,) = 94 -x1 = x1. Thus, f(g?(g? Gx,) = 8 - flg?Gx,). 
Similarly, it can be verified for the other elements of G, proving that (a, X) is equivalent 
to (a’, UsesG*/Gs). 


Recall from [2] that G*/G, = {g-'G,|4g7! - x}. So (G*/G,)g consists of equivalence 
classes [h, g-'G,] such that 4g~! - x and action of G on (G*/G,)g is given by h’[h, 
g!G,] = [h’h, g-'G,]. By Lemma 2.1 of [2], h[g-!, Gy] = [hg7!, Gy] = [h, 971 Gx], as 
ag! . x. Hence [e, g-!G,] = [g7!, Gy] € (G*/G,y)g and we have 


Lemma 2.3. Let (a, X) be a partial action of a group G on X and x € X. Then 
(G, (G*/G,)g) is a minimal globalization of (a’, G*/G,). 


Proof. Since a’ is transitive on (G*/G,), the result follows from ([2], Theorem 2.2). 


Lemma 2.4. Let (a, X) be a partial action of a group G on X. Then (G, (Uses G*/Gs)g) is 
a minimal globalization of (a, X). 


Proof. Note that for any (a, X;) and (a, X;), if X;N.X; = @ then (Xj)gN(Xj)g = 0, because 
for [g, x] € (Xi)g and [h, y] € (Xj) such that [g, x] = [h, y], that is, h-1g-x = y, we 
have the contradiction, i.e., X; 9 Xj # 9. Therefore the disjointness of G*!/G;, and 
G°?/Gs, for s1 # Sz gives that (G*'/G;,)¢ and (G*?/Gs, )g are also disjoint from which 
it easily follows that (G, (UsesG*°/Gs)g) is equivalent to (G, Uses(G°/Gs)g). Now define 
amapi: Uses G5/Gs > Uses(G5/Gs)¢, 2 1Gs — [e, g-1Gs], where dg! - s. 
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In view of the orbit stabilizer theorem, it suffices to show that the partial action 
induced by restricting the action (G, Uses(G5/Gs)g) on (G, i(X)) is equivalent to (a, X). 
For any h € Gand [e, g-!Gs] € Uses(G5/Gs)¢, we have Jh-[e, g-!Gs] in i(Uses(G5/Gs)) 
ifand only if Sh-[e, g-1Gs] € i(Uses(GS/G;))if and only if [e, hg-!Gs] € i(Uses(G5/Gs)) 
if and only if dhg™' - s. Hence the result follows from Lemma 2.2. 


Theorem 2.2. Let (a, X) bea partial action of a group G on X. Then(G, Xq), the minimal 
globalization of (a, X), is equivalent to (G, UsesG/Gs), where S is a G—transversal in X. 


Proof. Since a’ is transitive on G*/G, and (G, (G*/G,)g) is the minimal global ac- 
tion of (a’, G*/G,) (unique up to equivalence), therefore by ((2],Theorem 2.6), we 
have (G, (G*/G,)g) is equivalent to left coset action (G, G/G,) for any G*/G,. As for 
Si # S2 € S, G/Gs,,G/Gs, are disjoint. Thus, (G, (UsesG°/Gs)g) is equivalent to 
(G, UsesG/G;). By the orbit-stabilizer theorem, it follows that (G, Xg) is equivalent to 
(G, UsesG/Gs). 


As an application of the orbit stabilizer theorem for partial actions, we have the fol- 
lowing result which is useful in construction of a minimal global action. 


Corollary 2.2. Let G be a finite group and (G, Y) be a minimal global action of (a, X). 
Then for each x € X, 


|Ox| = |0%| + (G*))/(Gxl), 


where G* = {g € Glg ¢ G*}. 
Proof. By the orbit stabilizer theorem for partial actions, we have 
|O%| = |G*1/IGxl. 

Since |G,| | |G| and |G,| | |G*|. Therefore |G,| | |G| — |G*|, that is, |Gx| | | G*|, as | G*| = 
|G| — |G*|. So using the orbit -stabilizer theorem for global actions, we get 
|Ox| = |G|/|Gx| 

= (1G*| +1 1)/IGxl 
= |G"1/|Gx| + |G*/|GxI 
= |O%| + |G*I/|Gyl . 


The above corollary together with Theorem 2.2 discribes the minimal global action of 
a partial action. 


Example 3. Consider the partial action given in Example 1. We have |Gx,| = 2, |O¥,| = 
2,|G%| = 4 and hence |G*1| = 4. Therefore, |Ox,| = |O¥,| + |G|/|Gx,| yields |Ox,| = 
2+2 = 4, Similarly for x3, |OY,| = 2,|G°| = 2, |Gx,| = 1 and |G*3| = 6. Therefore, we 
have |O,,| = 2+ 6 = 8. Taking S = {x1, x3}, we have |Ox,| = 4 and |O,,| = 8. So G/G,, = 
{Gx,58Gx,, g°Gy,, 2° Gx,} and G/G,, = {Gx,, gGx,; a°Gy,, £°Gx,, #'Gy; eG; B°Gy.; 
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g’ Gy,}. Since G*/G,, = Ox, under the map Gx, +> X1, Gx, > X2 and G?/G,, = OX, 
under the map Gy, +> X3,g*Gx, 2 X4, we can identify the elements of G/G,, by 
X1,X5,X2, X6 respectively and the elements of G/Gx, by X3, X7,X4,Xg,X9 X10» X115 X12 
respectively and thus the coset action (G, UsesG/Gs) gives the table. 


Bg Be Bas Bea Bes Bye Baz Ba 

Xp > X5 Xz > X2 X1r> X6 Xp ROX Xp > X5 Xyr> X2 X1 > X6 Xp ROX 
X2 > X6 X2-> X1 X2 > x5 X2 > X2 X2 +> X6 X24 X11 X27 KX5 X2 > X2 
X34 X7 X3 > X4 X3 > Xg X3 > X9 X39 X10 XZB OX X3 > X12 X3 > X3 
X4 b> Xg X4 +> X9 X4 > X10 X4 tr X11 X4t— X12 X4 b> X3 X4 > X7 X4 b> X4 
X5 > X2 X5 +> X6 X5 > X1 X5 > X5 X5 > X2 X5 +> X6 X5 > X1 X5 > X5 
X6roxXy X6 > X5 X6 > X2 X6 > X6 X6 > X1 X6 > X5 X6 > X2 X6 +> X6 
X7 > X4 X7 > Xg X7 > Xo X7+> X10 XZ RO X11 XT FO X12 X7 > X3 X7 > X7 
Xgt— X9 Xg '— X10 Xgh 7X11 XBR > X12 XB b> XB Xg b> X7 Xg br xX Xg r-> Xg 
X9 t— X10 Xghr> X11 Xg9r>X12—- XQ > XB X9 b> X7 Xg > X4 X9 F— Xg Xg F—> X9 
X10 X11 X10 > X12—«COdX19 A> XZ X10 A> X7Z_ X10 > XH X10 > XB X10 +> X9 X10 +> X10 
Xz 7 X12 X11 > XB Xie 7X7 X11 >X4 X11 >Xg X11 b> X9 X11 X10 X11 > X11 
X12 17> X3 X12 > X7 X12 > Xq X12 >Xg X12 >X9 X12 X10 X12 X11 X12 > X12 


The global action given in above table is the unique minimal global action (up to equi- 
valence) of the partial action given in Example 1. 


3 Partial actions of topological groups 


If X;, X2,... are topological spaces with topologies T), T2,... respectively. Then ob- 
viously, UT; may not be a topology on UX;. However, we can define a topology tT on X = 
UX; through the canonical injections ¢;: X; — X. A subset U of X is said to be open in 
X if 6; ‘(U) is open in X; for each i. Since gu U;) = Ug; *(Ui) and 5" (Mi=t,2...0 U;) = 
Ni=1,2...n0; (Ui) for each j; T is a topology on X. If X; n X; is non empty for some i + j, 
then X; or X; may not belong to T, For example, if X = {a, b, c, d} = X; U X2, where 
X, = {a, b,c} and X2 = {c, d} with T, = {@, {a}, {b}, {a, b}, Xi} and T2 = {@, {c}, X2}, 
then by definition, the topology Tt on X is given by T = {0, {a}, {b}, {a, b}, {a, b, c}, X}. 
Here X2 ¢ Tas $1 (X2) = {c} ¢ T;. However, we have 


Lemma 3.1. Jf all X; are mutually disjoint, then each X; is inT. 


Proof. This follows because $; | (Xi) = X; and ; (Xi) = @ for i # j. 


Remark 3.1. If x, y € Xj; are separated by two disjoint open sets in T;, then x, y may 
not be separated by two disjoint open sets in t. For example, if X = {a,b,c,d} = 
X1 U X2, where X, = {a,b,c} and X2 = {c,d} with tT, = {@, {a}, {b}, {a, b}, X1} 
and T2 = {@, {c}, {d}, X2}; then by definition, the topology t on X is given by: T = 
{0, {a}, {b}, {d}, {a, b}, {a, d}, {b, d}, {a, b, d}, X}. Here c and d are separated by open 
sets {c} and {d} in T2, but there are no disjoint open sets containing these elements in T. 


250 —— = R.P. Sharma and Meenakshi 


However, we have 


Lemma 3.2. If all X; are mutually disjoint, then X; is a Hausdroff space for each i if and 
only if X = UiesX; is a Hausdroff space. 


Proof. Suppose that each X;(i € J(indexing set)) is a Hausdroff space and x, y € X (x # 
y) are in X; and X; respectively, where i # j, then by Lemma 3.1, x and y are separated 
by two disjoint open sets X; and X; in t. If x,y € X; for some i, then SU,, Uy € Tj 
containing x and y respectively such that U,n Uy = 0. Since Xs are mutually disjoint, 
U, and Uy are also open sets in T. 

Conversely, let U;<jX; (disjoint union) be a Hausdroff space. Then for any distinct 
elements x, y € Xj © UjesX;, there exist two open sets U, and Uy int containing x and 
y respectively such that UynUy = 6. Then ; (Uy) = UynX; and @;*(Uy) = XinUy are 
open sets in T; containing x and y respectively such that (Uy 9 Xi) N (XiN Uy) = 9. 


Now for the remaining of the section we assume that G is a topological group. Then 
the subset G*of G is a topological space having subspace topology and hence G*/G, is 
a topological space having quotient topology on it. By the previous section, we have 
(a, X) is equivalent to (a’, UsesG°/G;) where S is a G-transversal. Thus X become a 
topological space with respect to topology tT defined above, that is, any set U is in Tt if 
,;'(U) is open set of G*/G, for eachs «¢ S. 


Proposition 3.1. The following statements are equivalent. 

(i) There exists a Hausdroff topology on Xg such that the group action of G on Xg is 
continuous. 

(ii) G, is closed for eachs «€ S. 

(iii) G, is closed for all x € X. 


Proof. Since G is a topological group, each translation by an element of G is a homeo- 
morphism. Then by ([2], Proposition 4.1), we have (ii) and (iii) are equivalent. 
(i) => (ii): Suppose that there exists a Hausdroff topology on Xg such that the group 
action of G on Xg is continuous, that is, UsesG/Gs is a Hausdroff topological space 
and the action of G on UsesG/G; is continuous. Since this union is mutually disjoint, 
by Lemma 3.2, each G/G; is a Hausdroff space for each s € S. Therefore, G; must be 
closed for each s ¢€ S. 
(ii) => (i): Suppose that G; is closed for each s € S, then the coset space G/G; isa 
Hausdroff space and the disjoint union is also a Hausdroff space. So it only remains to 
show that the action of G on UsesG/Gs is continuous. For, define a map gs: GxG/G; > 
G/Gs, (g, hGs) > ghGs. Then each @g is continuous (see [2], Proposition 4.1), that is, 
if U; is a open set in G/G;, then 1 (Us) is also a open set in G x G/G; 

Now, define a map @: Gx UsesG/Gs — UsesG/Gs by o(g, hGs) = Ms5(g, hGs). Let U 
be any open set in UsesG/Gs. Since p~1(U) = Usesy5'(U), therefore, p~1(U) is a open 
set in G x UsesG/Gs. 
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Further we have 


Theorem 3.1. Suppose that there exists s € S such that G; is a closed subgroup of G. 
Then 

(a) i(X) is open (respectively, dense) in Xg if and only if GS is open (respectively, dense) 
in G. 

(b) If the set X has a topology and G* is openin G then the inclusioni: X — Xgisanopen 
mapping if and only if the evaluation mapping ev;: G*° > g +> g-s € X is continuous. 


Proof. Consider the following maps: 17: G > G/Gs, gs: G/Gs — UsesG/Gs, : Uses 
G/Gs; — Xg andi: X — Xg. Then, we have m-1(y;!(@-1(i(X)))) = GS. 
(a) Since 7 is a quotient mapping, G‘ is open if and only if y;!(@"1(i(X))) is open 
in UsesG/G, if and only if 6 1(i(X)) is open in G/G, if and only if i(X) is open in Xg. 
Since 7 is an open and continuous onto mapping, the set G* is dense in G if and only 
if p;'(@" 1 (i(X))) is dense in UsesG/Gs if and only if p-1(i(X)) is dense in G/G, if and 
only if i(X) is dense in XG. 
(b) Suppose that X is a topological space and G5 is open in G. For any open subset U 
of X, we have m1-1(p51(p"1(i(U)))) = evs!(U). Therefore, since G5 is open in G, the set 
ev,'(U) is open in GS if and only if ev;(U) is open in G. 

Thus by using (a), we have the injection i: X — Xg is an open mapping if and only 
if ev,1(U) is open for an open set U in X, that is, evs is continuous. 
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Meenakshi Pralhadrao Wasadikar and Karuna Tulshiram Gaikwad 
On 2-absorbing and Weakly 2-absorbing 
Ideals in Product Lattices 


Abstract: In this paper, we study some properties of 2-absorbing and weakly 2-absorb- 
ing ideals in the direct product of lattices. We show that for proper ideals I; and I, of 
L, and L> respectively, if I = I, x In is a 2-absorbing ideal of L = Ly x Lz, then I, and 
I, are 2-absorbing ideals of L; and Lz respectively. We prove this property for weakly 
2-absorbing ideals also. We give some characterizations of 2-absorbing and weakly 
2-absorbing ideals in the direct product of lattices. 


Keywords: Ideal; prime ideal; weakly prime ideal; 2-absorbing ideal; weakly 2-absorb- 
ing ideal; product lattice. 


1 Introduction 


Anderson and Smith [1], defined a weakly prime ideal in a commutative ring, as a 
proper ideal J of R with the property that, ifO0 # ab € I fora,b ¢é R then either 
aélorbel. 

Badawi [2] defined a proper ideal J of a commutative ring R to be a 2-absorbing 
ideal, if abc € I fora, b,c € R then either ab € Ior ac €Iorbce I. 

Badawi and Darani [3] defined a proper ideal I of a commutative ring R to bea 
weakly 2-absorbing ideal, if 0 # abc € I fora, b,c € R then either ab € I orac € Ior 
beel. 

Wasadikar and Gaikwad [5] introduced a 2-absorbing and a weakly 2-absorbing 
ideal ina lattice. A proper ideal J ofa lattice L is called a2-absorbing ideal, if anbAc ¢€ I 
fora,b,c ¢ LtheneitheraANbelIoraAcelorbaAcel. 

A proper ideal I of a lattice L with zero is called a weakly 2-absorbing ideal, if 
O#aAbAc €lfora,b,c¢eLtheneitheraNbelIorancelorbacel. 

In this paper we study 2-absorbing and weakly 2-absorbing ideals in the direct 
product of lattices. 

In the second section we give some basic definitions and results from lattice theory. 
The third section deals with 2-absorbing and weakly 2-absorbing ideals in the direct 
product of lattices. We assume throughout that all the lattices are lattices with zero. 

The undefined terms are from Gratzer [4]. 
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2 Preliminaries 
Definition 2.1. Let L be a lattice with zero. A proper ideal I of L is called weakly prime 
if0#aANbé€Ifora,b € L theneithera¢€lIorbel. 


Example 1. Consider the lattice shown in Figure 1. The ideal I = (f] is a weakly prime 
ideal. 


1 1 
d f d f 
a c a Cc 
0) 0) 
Figure 1 Figure 2 


Every prime ideal in a lattice with zero is weakly prime. However, the converse 
need not hold. 


Example 2. Consider the ideal I = (a] of the lattice shown in Figure 2. I is a weakly 
prime ideal. However, d\ e = 0 € I, but neither d € Inore € I. 


Definition 2.2. Let L be a lattice. A proper ideal I of L is called a 2-absorbing ideal if 
aNbaAcélfora,b,c¢LtheneitheranbelIorancéelorbacel. 


Example 3. Consider the lattice shown in Figure 3. The ideal I = (f] is 2-absorbing. 


Figure 3 
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Definition 2.3. Let L be a lattice with zero. A proper ideal I of L is called a weakly 2-ab- 
sorbing ideal if0O # aNbAc € Ifora,b,c € L theneitheraNb<¢IoraaAc€tTlor 
bacel. 


Example 4. Consider the lattice shown in Figure 3. The ideal I = (e] is weakly 2-absorb- 
ing. 
Every 2-absorbing ideal in a lattice with zero is weakly 2-absorbing. However, the con- 


verse need not hold. 


Example 5. Consider the lattice shown in Figure 4. The ideal I = (b] is weakly 2-absorb- 
ing but it is not 2-absorbing since i Aj Al= 0 € I but neitheriAj =a éInoriAl=eel 
norjAl=del 


Figure 4 


Remark 2.1. If the width of a lattice L is less than or equal to two then every ideal of L 
is 2-absorbing. 


3 Results on Direct Product of Lattices 
In this section we prove some results on 2-absorbing and weakly 2-absorbing ideals in 
lattices. The notion of the product lattice is from Gratzer [4, p. 27] 


Theorem 3.1. Let L = L, x L2, where L; and L are lattices. Let I, and I, be proper 
ideals of L, and Lz respectively. Then the following statements hold: 
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1. If I = I, x In is a 2-absorbing ideal of L then I, and I, are 2-absorbing ideals of L, 
and L> respectively. 

2. If I = I, xIz is a weakly 2-absorbing ideal of L then I, and In are weakly 2-absorbing 
ideals of L; and L2 respectively. 


Proof. (1) Suppose that I = I, x Ib is a 2-absorbing ideal of L. Leta N bac € I; for 

some a,b,c € L;. Then (aAbaAc,0) € I, x lh. As , x Iz is a 2-absorbing ideal, we 

have either (aA b, 0) € ly xb or (aAc, 0) € 1, xh or(baAc, 0) € i, x In. Hence either 

aNbel,orancéelorbaAc € 1]. Thus J; is a 2-absorbing ideal of L1. 
Similarly, Iz is a 2-absorbing ideal of L. 

(2) The proof is similar as in (1). 


The following example shows that the converse of the two statements of the The- 
orem 3.1 need not hold. 


Example 6. Consider the lattices L1, Lz and L = L, x Lz as shown in Figure 5. Consider 
the ideals I, = (b], In = (0] of the lattices L, and L2 respectively. Thus I, x Iz = ((b, 0)]. 
The ideals I, and In are 2-absorbing and weakly 2-absorbing ideals of L, and L> respect- 
ively. However, (1, 0)A(c, g)A(d, g) = (b, 0) € I, xh, but neither (1, 0) A(c, g) = (c, 0) € 
I, x In nor (1, 0) A (d, g) = (d, 0) € I, x In nor (c, g) A (d, g) = (b, g) € I, x In. Thus 
I, x Iz is not 2-absorbing and weakly 2-absorbing. 
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Figure 5 


The following Theorem is the generalizations of the Theorem 3.1. 
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Theorem 3.2. Let L = L,xL2x...xLy, where Lj, Lo,...,Ln are lattices. Let I,, In,...,In 
be proper ideals of Ly, L2,...,Ly respectively. Then the following statements hold: 
1. Ifl =1,xInx...x I, is a2-absorbing ideal of L then I;, In...,In are 2-absorbing 
ideals of L1, Lz...,Ln respectively. 
2. Iff = 1, xInx...xIn is a weakly 2-absorbing ideal of L then I), Iz...,In are weakly 
-absorbing ideals of L1, L2...,Ly respectively. 


Proof. (1) Without loss of generality, we show that J; is a 2-absorbing ideal of L;, where 
j=1,2,3,...,n.LetaANbaAce Jj, fora, b,c € L;. Thus, 
(0,0,...,0,aAbAc,0,...,0)€h xlyx...xUj-1x]j x Tar x... x In. 

As I, xIz7x...x Gj-1 x Jj x Ij41 X ... x In is a 2-absorbing ideal, we have, either 
(0,0,...,0,aAb,0,...,0)€ xx... x1 x Jj x Tjy1. x... x In or 
(0,0,...,0,aAc,0,...,0)€h xInx... xa x Jj x Tjy1 x... x In or 
(0,0,...,0,bAc,0,...,0)€1, xInx... x ja x Jj x Tju1 x... x In. Hence either 
aNbeTjoranceTorbace jj. 
(2) The proof is similar as in (1). 


Definition 3.1. Let L be a lattice with O and a,b «€ L. Ifa” b = O implies that either 
a =Oorb =O, then L is called an Integral lattice. 


Every 2-absorbing ideal is weakly 2-absorbing. Now, in the next result we show that 
these are equivalent in the product of two lattices if one of the two lattices is an integral 
lattice. 


Theorem 3.3. Let L = L, x L2, where L; and L> are lattices with zero. Let L; be an 
integral lattice and let I be a proper ideal of L,. The following statements are equivalent: 
1. Ix Lz is a weakly 2-absorbing ideal of L. 
2. I x L2 is a 2-absorbing ideal of L. 
3. Lis a 2-absorbing ideal of L}. 


Proof. (1) => (2). Suppose that I x Lz is a weakly 2-absorbing ideal of L. 

Case 1: Let 0 # (a1, bi) A (a2, D2) A (a3, D3) € Ix Lz for a; € Ly, bj € Lz (i = 1, 2, 3). 
Then clearly either (a,, bi) A (az, bz) € I x Lo or (a1, bi) A (a3, b3) € Ix Lp or 
(a2, b2) A (a3, b3) €IxLp. 

Case 2: Let O = (a1, b1) A (a2, D2) A (a3, D3) € Ix Lz for a; € Ly, bj € Lo (i = 1, 2, 3). 
This implies that a; A az A a3 = O. As L, is an integral lattice, a; = O for some i. 
Without loss of generality, we may assume a, = 0. Then (a1, D1) A(a2, b2) A(a3, b3) = 
(0, bi) A (a2, b>) A (a3, b3) e€ I x Ly. Hence (0, bi) A (a2, b2) = (0, b, A b>) e€e Ix 
and (0, b;,) A (a3, b3) = (0, by A b3) € Ix Lz. Thus I x Lp is a 2-absorbing ideal of L. 
(2)= (3). Follows from Theorem 3.1 (1). 

(3) = > (1). Suppose that I is a 2-absorbing ideal of L,. We show that I x L2 is a 2-ab- 
sorbing ideal of L. Let (a,, b1) A (az, b2) A (a3, b3) € Ix Lz. Then ay Aan Aa3 € I. As 
I is a 2-absorbing ideal of L,, either a, A a2 € I or ay Aa3 € Tor az Aa3 € I. Without 
loss of generality, suppose that a; A a2 € I. Then (a,, by) A (a2, bz) € I x Lz. Hence 
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I x Lz is a 2-absorbing ideal of L. As every 2-absorbing ideal of L is weakly 2-absorbing 
ideal of L, we have I x Lz is a weakly 2-absorbing ideal of L. 


Theorem 3.4. Let L = L,xL2, where L; and L> are bounded lattices and L, is anintegral 
lattice. Let I be anonzero proper ideal of L, and J be a nonzero ideal of L2. The following 
statements are equivalent: 
1. Ix J is a weakly 2-absorbing ideal of L. 
2. J = Lz and I is a 2-absorbing ideal of L, or I is a prime ideal of L, and J is a prime 
ideal of Lp. 
3. Ix J is a2-absorbing ideal of L. 


Proof. (1) => (2). Suppose that I x J is a weakly 2-absorbing ideal of L. If J = L2 then 
I x J becomes I x Lz. As I x J is a weakly 2-absorbing ideal of L we have I x Lz isa 
weakly 2-absorbing ideal of L and hence J is a 2-absorbing ideal of L,, by Theorem 3.3. 
Suppose that J # L2. We show that J is a prime ideal of L and I is a prime ideal of 
L,. Let a, b € Lp suchthat a” b ¢€ J, and let O # i € I. Then (i, 1) A (1, a) A (1, b) = 
(i, aA b) € IxJ —{(0, 0)}. As Tis a proper ideal of L;, (1, a) A(1, b) = (1, aNb) ¢€ Ix. 
Hence either (i, 1) A (1, a) = (i, a) €¢ Ix J or (i, 1) A (1, b) = (i, b) € Ix J. Thus either 
aéJorb<€J.Hence J is prime ideal of L>. Similarly, I is a prime ideal of Ly. 
(2) => (3). IfJ = Lz and J is a 2-absorbing ideal of L, then I x J = Ix Lz. Then I x L2 
is a 2-absorbing ideal of L by Theorem 3.3. 

Suppose that I is a prime ideal of L; and J is a prime ideal of Lz. We show that 
I x J is a 2-absorbing ideal of L. Suppose that (a1, bi) A (a2, b2) A (a3, b3) € Ix J for 
some Q, A2, a3 € L; and for some bj, b2, b3 € Lz. As Tis a prime ideal of L, then 
at least one of the ais is in J, say a, and as J is a prime ideal of L2 then at least one 
of the bis isin J, say b2 (i = 1, 2,3). Therefore a; A a2 € Iand b, A b2 « J, implies 
(a, A a2, b, ANb2) € Ix J. Thus (a1, by) A (a2, bz) € Ix J. Hence I x J is a 2-absorbing 
ideal of L. 
(3) => (1). Obvious as every 2-absorbing ideal is weakly 2-absorbing. 


Theorem 3.5. Let L = L; x Lz be a bounded lattice. Let I be a nonzero proper ideal of 
L, and J be an ideal of L2. The following statements are equivalent: 
1. Ix J is a weakly 2-absorbing ideal of L, that is not a 2-absorbing ideal. 
2. Lis a weakly prime ideal of L1, that is not a prime ideal and J = {0} is a prime ideal 
of L2, that is Lz is an integral lattice. 


Proof. (1) => (2). Suppose that I x J is a weakly 2-absorbing ideal of L, that is not a 
2-absorbing ideal. Now we have to show that: 

(i) Tis a weakly prime ideal of L,; 

(ii) Tis not a prime ideal of L,; 

(iii) J = {0}; 


(iv) J is a prime ideal of L>. 
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We first show (iii) and (iv). 
(iii) Suppose that J + {0}. Then by Theorem 3.4, I x J is a 2-absorbing ideal of L, which 
contradicts to our hypothesis. Thus J = {0}. 

(iv) Now we show that J = {O} is a prime ideal of Lz (and hence L> is an integral lattice). 
Suppose that for some a, b € L7, aN b € J = {0}. As I is a nonzero proper ideal of L;, 
let O #i € J. Since (i, 1) A(1, a) A (1, b) = (i, aN b) € Ix J — {(0, 0)} and as I is proper 
ideal of L;, (1, a)A(1, b) = (1, aNb) ¢ IxJ we have either (i, 1) A(1, a) = (i, a) € IxJ 
or (i, 1) A (1, b) = (i, b) € Ix J. Hence either a € J or b € J. Thus J = {0} is a prime 
ideal of Ly and L> is an integral lattice. 

Now we show (i) and (ii). 

(i) We show that I is a weakly prime ideal of L;. Suppose that for some a,b € Ly, 
ab € I — {0}. Then (a, 1) A (b, 1) A (1,0) = (@A b,0) € Ix {0} — {(0, 0)} and 
(a, 1) A(b,1) = (anb,1) ¢ Ix {0}. We have either (a, 1) A (1, 0) = (a, 0) € I x {0} or 
(b, 1) A(1, 0) = (b, 0) € I x {0}. Thus either a € orb I. 

(ii) We show that I is not a prime ideal of L;. Suppose that I is a prime ideal of L;. As 
J = {0} and J is a prime ideal of L> and IJ is a prime ideal of L,, we have I x {O} isa 
2-absorbing ideal of L by Theorem 3.4, a contradiction to the hypothesis. 

(2) = > (1). Suppose that I is a weakly prime ideal of L;, that is not a prime ideal 
and J = {0} is a prime ideal of L2. We show that I x {0} is a weakly 2-absorbing ideal 
of L. Suppose that for some a,c,e € L; and b,d,f € Lz, (a,b) A(c, da) A (e,f) = 
(ancAe,bAdAf) € Ix {0} — {(0, 0)} then a Ace € I. Since I is a weakly prime 
ideal of L};, wemay assume a €¢ I. Since L> is an integral lattice, we may assume d = 0. 
Hence (a, b) A (c, d) = (a, b) A (c, 0) = (ac, 0) € Ix {0}. Thus I x {0} is a weakly 
2-absorbing ideal of L. We show that I x {0} is not a 2-absorbing ideal of L. Since I 
is a weakly prime ideal of L,, that is not a prime ideal, there are a, b € L, such that 
afb =O but neither a €¢ Inor b «€ I. Since (a, 1) A (b, 1) A (1, 0) = (aA b, O) = (0,7 0) 
and neither (a, 1) A (b, 1) = (aN b, 1) € Ix {0} nor (a, 1) A (1, 0) = (a, 0) € I x {0} nor 
(b, 1) A (1, 0) = (b, 0) € Ix {0}, we conclude that I x {0} is not a 2-absorbing ideal of 
L. 


The following Lemma is from Wasadikar and Gaikwad [5]. 


Lemma 3.1. Let P, and P2 be two distinct prime ideals of a lattice L, then P, N P2 is a 
2-absorbing ideal of L. 


In the following Theorem we prove that an ideal of a lattice which is a product of three 
lattices is either zero or 2-absorbing. 


Theorem 3.6. Let L = L, x L2 x L3 where L;, L2 and L3 are bounded lattices. Then 
an ideal I of L is a weakly 2-absorbing ideal if and only if either I = {(0, 0, 0)} or lis a 
2-absorbing ideal of L. 


Proof. Let I = I; x Iz x I3 be a weakly 2-absorbing ideal of L. We may assume that 
I # 0. Suppose that (0, 0,0) # (p,q,r) € I. Then (p,1,1) A (1,q9,1) A (1,1,7r) = 
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(p, q, r) € I. As Tis a weakly 2-absorbing ideal, either (p, 1, 1) A(1, g, 1) = (p, g, 1) € I 
or (p,1,1)A(1, 1,7) = (p,1,7r) € Tor (1,q,1) A (1,1, 7) = (1, q,r) € I. Without loss 
of generality suppose that (p, q, 1) € I. Then 3 = L3. Thus I = I; x In x L3. 

We show that I; x In is a 2-absorbing ideal of L; x £2, hence I is a 2-absorbing ideal 
of L. 

We first show that I, is a prime ideal of L, and Jy is a prime ideal of Lp. 

LetaANbeI,andcAd €h, fora,b € L; andc,d € Ly. Then (a,1,1)A(1,cA 
d,1)A(b,1,1) =(anb,caAd,1) €l=1, xb xL3. Ash #¢ Lp, (a,1,1)A(b, 1,1) € I. 
Hence either (a, 1,1) A (1,c A d,1) = (a,c Ad,1) € Ior(1,cAd,1)A(b,1,1) = 
(b, cAd,1) € I. That is either a € I, or b € I,. Thus J, is a prime ideal of L,. Similarly 
(aA b,1,1)A (1, ¢,1)(1,d,1) = (anb,cAd,1)¢€I=I,xhxL3andasI, # Lj, 
(1, c, 1)A(1, d, 1) ¢ I. We conclude that either (aA b, 1, 1)A(1, c, 1) = (aNb, c, 1) € I 
or (aA b,1,1)A(1, d,1) = (anb,d, 1) € I. That is either c € Ih or d € In. Thus Jy is 
a prime ideal of L2. Let P = I, x Lz and Q = [, x In. As I; is a prime ideal of L; and 
I, is a prime ideal of L>, P and Q are prime ideals of L; x Lz. Thus PNQ=I, xIhisa 
2-absorbing ideal of L, x Lz by Lemma 3.1. Thus I = I; x In x L3 is a 2-absorbing ideal 
of L = L, x L2 x L3. Similarly, if (p, 1, r) € I, we can show that I = I, x Lz x I3 isa 
2-absorbing ideal of L = L, x Lz x L3 andif (1, q, r) €« Ilwecanshow that I = 1; xhxI3 
is a 2-absorbing ideal of L = L, x Lz x L3. 

Converse is trivial. 


By using the Theorem 3.6, we prove the following Theorem. 


Theorem 3.7. Let L = L, x Ly x L3 where L1, L2 and L3 are bounded lattices. Let I, bea 
proper ideal of L1, Iz be anideal of L and I3 be anideal of L3 such that I = 1, xIn xI3 # 
{(0, 0, 0)}. Then the following statements are equivalent: 
1. 1=1, x Ih x]I is a weakly 2-absorbing ideal of L. 
2. I= 1, x In x I; is a2-absorbing ideal of L. 
3. T=1, x Lz x L3 and I, is a 2-absorbing ideal of L, or I = I, x In x L3 such that I, is 
a prime ideal of L, and Ip is a prime ideal of Lz or I = I, x Lz x I3 such that I, is a 
prime ideal of L; and I; is a prime ideal of L3. 


Proof. (1) = > (2). Since I is a nonzero weakly 2-absorbing ideal, I is a 2-absorbing 
ideal of L by Theorem 3.6. 
(2) => (3). Suppose that I = I, x In x I3 is a 2-absorbing ideal of L. 
Since I; is a proper ideal of L; andif I = I, xI; x13 isa2-absorbing ideal of L then I, isa 
2-absorbing ideal of L;.SinceI + {(0, 0, 0)}, there is an element (0, 0, 0) # (a, b,c) € I. 
Then (a,1,1) A (1, b,1) A (1,1, c) = (a,b,c) € I, and hence (a,1,1) A (1, b, 1) = 
(a, b,1) € Tor (a, 1,1) A (1,1, c) = (a,1,c) €or (1, b, 1) A(1, 1, c) = (1, b,c) € I. 
If (a, b,1) € =I, xh xI3 then 1 € J; thatisI3 = L3.If(a,1,c) «l=xhxl3 
then 1 € Ih thatis lh = Lp. If (1, b,c) € l= 1, x In x13 then 1 € J, thatis I, = Lj. 
As I, is a proper ideal of L;, we have I, # L;. Hence either In = Lp or I3 = L3. 
(a). Assume that Ip # Lz and I3 = L3, hence I = I, x Iz x L3. We show that J, is a prime 
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ideal of L; and I, is a prime ideal of Lz. Let a, b € L, be such that a b € I; and let 
c,d € Lo besuch that cAd ¢€ In. Then (a, 1, 1)A(1, cAd, 1)A(b, 1, 1) = (aNb, cAd, 1) € 
I. As In # Lz, we have (a, 1,1) A(b,1,1) ¢ I. Hence either (a, 1,1) A(1, cA d,1) = 
(a,cAd,1) € Ior(1,cAd,1)A (b,1,1) = (b,c A d,1) € I. Thatisa eI, orbe ly. 
Thus J, is a prime ideal of L;. Similarly, I, is a prime ideal of Lo. 
(b). Assume that In = Lp and I3 # L3, hence I = J, x L2 x I3. We show that I; isa 
prime ideal of L, and J3 is a prime ideal of L3. Let a,b € L; suchthataNbe I, 
and let c,d € L3 such thatc Ad € I3. Then (a,1,1) A (1,1,c Ad) A (b,1,1) = 
(aAb,1,cAd) € I. AsI3 # L3, (a, 1,1)A(b, 1, 1) = (anb, 1, 1) ¢ I. We conclude that 
either (a, 1, 1)A(1, 1, cAd) = (a, 1, cAd) € Ior(1, 1, cAd)A(b, 1, 1) = (b, 1, cAd) € I. 
That is either a € I, or b € I,. Thus J, is a prime ideal of £1. Similarly, I3 is a prime 
ideal of L3. 
(3) = > (1). Suppose that I = I, x Lz x L3 and J, is a 2-absorbing ideal of L, or I = 
I, xI2xL3 such that I, is a prime ideal of L; and Jy is a prime ideal of Lz or I = I, xL2xI3 
such that J, is a prime ideal of L, and J; is a prime ideal of L3. 
Case 1: Suppose that I = I, x Lz x L3 and J, is a 2-absorbing ideal of L;. We show 
that I is a 2-absorbing ideal of L. Suppose that for a; € L1, bj € Lz and c; € L3 where 
i = 1,2,3 with (a4, bi, c1) A (a2, b2, C2) A (43, b3, 03) € I = I, x Lz x L3. Then 
(a, A a2 Na3, by AN b2 A b3,C1 AC2 AC3) € L = Ip x Lz x L3. Since I, is a 2-absorbing 
ideal of L1, either ay Naz € I, or ay Aa3 € I, or a2 AQ3 € I,. Without loss of generality, 
suppose that a; A a2 € I. Then (a; A a2, by A b2, C1 AC2) € T= 1, x L2 X L3. That is 
(a1, by, C1) A(@2, b2, C2) € 1 = 1, x L2 x L3. Thus! = I; x Lz x L3 is a 2-absorbing ideal 
of L. 
Case 2: Suppose that I = I, x In x L3 such that I; isa prime ideal of L; and Iz isa prime 
ideal of Lz. We show that I is a 2-absorbing ideal of L. Suppose that for aj € Li, bj € 
L>, cj € L3 wherei = 1, 2, 3 with (aj, by, c1)A(a@2, b2, C2)A(a3, b3, 3) € L= 1, xInxL3. 
Then (a; A a2 A a3, by A b2 A b3, C1 A C2 AC3) Since J; is a prime ideal of L,, one of 
the ais isin I,, say a; and since J, is a prime ideal of L2, one of the bis isin Iz, say bo. 
Therefore ay Aa2 € I, and bi Abo € In, implies (a; Aaz, bi Ab2, C1 AC2) € 1, xn xL3. 
Hence (a1, b1,€1) A(@2, bo, C2) € 1 =I, X In x 13. 

Thus I = I, x In x L3 is a 2-absorbing ideal of L. 
Case 3: Suppose that I = I, x L2 x I; such that I; isa prime ideal of L; and I3 isa prime 
ideal of L3. Similarly as in case 1 we can show that I is a 2-absorbing ideal of L. 

That is if L is one of the given three forms, then we have I is a 2-absorbing ideal of 
L. 

As every 2-absorbing ideal is a weakly 2-absorbing ideal, I is a weakly 2-absorbing 
ideal of L. 


Now we give a characterization of a 2-absorbing ideal in the product of lattices. 


Theorem 3.8. Let L = Ly; x L2, where L; and L2 are lattices with one. Let I be a proper 
ideal of L. Then the following statements are equivalent: 
1. lis a 2-absorbing ideal of L. 
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2. Either I = I, x Lz for some 2-absorbing ideal I, of L; or I = Ly x In for some 
2-absorbing ideal In of L2 or I = I, x In for some prime ideal I, of L; and some 
prime ideal Ip of Lp. 


Proof. (1) => (2). Suppose that J is a 2-absorbing ideal of L. Then I = I; x Iz for some 
ideal I, of L; and some ideal Jy of La. If In = Lz then I, # L,. ThusI = I, x Lp. As 
I = I, x L2 is a 2-absorbing ideal of L, I, is a 2-absorbing ideal of L,, by Theorem 3.3. 
If I, = L, then In # Lo. ThusT = Ly x Ih. AST = Ly x In is a 2-absorbing ideal of 
L, Iz is a 2-absorbing ideal of Lz, by Theorem 3.3. Now suppose that I = I, x In and 
I, # 11, In # L2. Suppose that J, is not a prime ideal of L,, then there area, b € Ly 
such that aNb € I, butneither a € I, nor b € I,. Let x = (a, 1), y = (1, 0) andc = (b, 1). 
Then xAyAc = (aAb, 0) € I but neither x Ay = (a, 0) € InorxAc = (aAb, 1) € Inor 
y Ac = (b, 0) € I, which is a contradiction. Thus J, is a prime ideal of L;. Similarly, Ip 
is a prime ideal of L>. 

(2) = > (1). Case 1: Suppose that I = I, x L2 for some 2-absorbing prime ideal I; of L1. 
Let (a1, b1) A(@2, b2) A(@3, b3) € 1, x Lz. Then ay Aa2Aa3 € I,. As J, is a 2-absorbing 
ideal of L;, we have either a, A a2 € I, or a, A a3 € I, or a2 A a3 € I;. That is either 
(a1, b1) A(z, bz) € 1, xL2 or (a1, by) A(a3, b3) € 1, xL2 or (a2, br) A(a3, D3) € 1, XLp. 
Thus I = I, x Lz is a 2-absorbing ideal of L. 

Case 2: Similarly, L, x Iz is a 2-absorbing ideal of L. 

Case 3: Suppose that I = I; x Ip for some prime ideal J, of L; and some prime ideal I, 
of Lz. Then P = I, x Lz and Q = [, x In are prime ideals of L. Hence PN Q = Jy x In. 
Thus I = I x In is a 2-absorbing ideal of L, by Lemma 3.1. 


The following Theorem is a generalization of the Theorem 3.8. 


Theorem 3.9. Let L = L, x Lo--- x Ln, where 2 <n < co, and Lj, L>,---Ly are lattices. 
Let I be a proper ideal of L. Then the following statements are equivalent. 

1. lis a 2-absorbing ideal of L. 

2. Either I = []/_, I¢ such that for some k € {1,2,---n}, Ix is a 2-absorbing ideal of 
Ly, and I, = Ly for every t € {1, 2,-+-n}\{k} or I = []}L, Ip such that for some 
k,m € {1, 2,---n}, I, is a prime ideal of Lx, In is a prime ideal of Lm, and I; # Lt 
for every t € {1, 2, ---n}\{k, m}. 


Proof. (1) <= (2) We prove this Theorem by induction method on n. Assume n = 2. 
Then by Theorem 3.8, the result holds. Thus suppose that 3 < n < oo and assume 
that the result is valid when K = L, x L2---Lyn_1. Now we prove the result when L = 
K x Ln. By Theorem 3.8, I is a 2-absorbing ideal of L if and only if either J = Ax L, 
for some 2-absorbing ideal A of K or I = K x Ay for some 2-absorbing ideal Ay, of 
Ly or I = A x Ay for some prime ideal A of K and some prime ideal Ay, of Ln. Now 
observe that a proper ideal B of K is a prime ideal of K if and only if B = ipa if 
such that for some k ¢€ {1, 2,---n — 1}, J, is a prime ideal of Lx, and I; # Ly for every 
t € {1,2,---m—1}\{k, m}. 
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Robert Wisbauer 
Separability in algebra and category theory 


Abstract: Separable field extensions are essentially known since the 19th century and 
their formal definition was given by Ernst Steinitz in 1910. In this survey we first recall 
this notion and equivalent characterisations. Then we outline how these were exten- 
ded to more general structures, leading to separable algebras (over rings), Frobenius 
algebras, (non associative) Azumaya algebras, coalgebras, Hopf algebras, and eventu- 
ally to separable functors. The purpose of the talk is to demonstrate that the develop- 
ment of new notions and definitions can lead to simpler formulations and to a deeper 
understanding of the original concepts. The formalism also applies to algebras and 
coalgebras over semirings and S-acts (transition systems). 


Preliminaries 


The investigation of the interplay between (roots of) polynomials over the rationals 
and (automorphisms of) extensions of the rationals was started by Joseph-Louis Lag- 
range (1736 -1813). Through the work of Evariste Galois (1811-1832) it became evident 
that this was the key to an interesting deep relationship between finite extensions of 
the rationals and the theory of finite groups. The first presentation of Galois’ ideasina 
textbook was given 1866 by Joseph Alfred Serret (1819-1885). At that time, the abstract 
notion of a field was not yet available in algebra. The (German) name K6rper (Engl. 
body) was coined by Richard Dedekind in 1871, meaning substructures of the complex 
numbers. His intention of choosing this name was to signify — as in the natural sci- 
ences, geometry, and human society — a system with certain completeness, seclusion, 
and perfection. He provided the fundamentals for linear algebra over a K6rper like 
linear dependence, basis, dimensions as well as trace and norm of finite extensions. 

In 1893, Heinrich M. Weber [78] defined the abstract notion of a Kérper (as a set 
allowing for addition and multiplication subject to certain conditions) to give the right 
frame to Galois theory. Eliakim H. Moore used in [59] the English word field as synonym 
for endliche Kérper in the sense of Weber. Nowadays field and Kérper are synonyms 
without finiteness restrictions. 

The abstract theory of fields was initiated by Ernst Steinitz in 1910 [72]. Systematic- 
ally developing the axioms of (commutative) fields he introduced the notions of prime 
field, algebraic closure, and field extensions of first (resp. second) kind which later on 
were called separable (resp. inseparable) extensions in van der Waerden’s textbook 
from 1930. 
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New perspectives in the study of field extensions were obtained by applying tensor 
products. These arose (under different labels) in the late 19th century in physics and 
mathematics for vector spaces over the real or complex numbers (e.g. Gibbs [5]). The 
crucial step in extending tensor products to abelian groups was made by Hassler Whit- 
ney in [79], 1938. From this, tensor products of modules over rings (and fields) are 
obtained by suitable coequalisers. 

In this survey, we shall first recall the properties of separable field extensions, and 
then generalisations deduced from them. Recall that a field extension L : K is called 
separable provided every element of L is a root of an irreducible polynomial with coef- 
ficients in K which does not have multiple roots. 

For any normal extension L : K, the automorphism group G := Aut(L : K) acts on 
L thus making L a module over the group algebra K[G] and a comodule over the dual 
coalgebra K[G]*. Then L : K is separable provided L = K[G] as K[G]-module. 

For any field extension L : K, L is a vector space over K and any L-vector space 
Y is given by a K-linear map 9: L ®x Y — Y. Furthermore, for any K-vector space X, 
L ®x X is an L-vector space by the action 


meX:LexLexX ~LerxX, agebexrabex, 


where m: L ®x L — L denotes the multiplication in L. Denoting by V; the category of 
vector spaces over any field k, this gives rise to the functors 


Le@x-: Ver-Vr, XP LOX, 
dr: Veo Vr, XH (LexX,me@X), 
Ur: Wr- Vx, (Y,L@eeKY- Yr yY, 


and @y (the free functor) is left adjoint to U; (the forgetful functor). Now, separability 
of L : K is equivalent to require that, for any V, N € V;, the canonical map 


Hom ,(V, N) — Homx(U;z(V), UL(N)) 


is a (naturally) splitting monomorphism. 

The setting just described can readily be transferred to general categories, repla- 
cing the functor L @x — by a monad on any category A and defining separable and 
Frobenius functors (and (co)monads). This is done in Section 2 and, for the conveni- 
ence of the reader, basic notions from category theory are recalled in Appendix 7. In 
the ensuing sections, the categorical notions are applied to generalise field extensions 
by replacing 

(i) the field L by a (non-) associative algebra A (Section 3); 

(ii) the base field K by a (non-) commutative ring R (Subsection 3.7); 
(iii) the field L by a coalgebra C (Section 4); 
(iv) the base field K by a semiring R (Section 5); 

(v) the base field K by a set A (Section 6); 
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(vi) the bialgebra K[G] by any Hopf algebra (Subsection 4.3). 


In the theory of separability for algebras, derivations also play a mayor role (e.g. in [22, 
46]). However, this aspect is not addressed in the present survey. 


1 Separable and normal fields 


A field is a triple K = (K, +, -) where K isa set, (K, +) is an abelian group with neutral 
element 0, 
~:KxK-K (1) 


is a bilinear map making (K \ {0}, -) an abelian group with unit 1, and the relation 
between + and - is given by distributivity. 

K[X] will denote the ring of polynomials with coefficients in K. 

A morphism between two fields K, K’ isa map K — K’' respecting addition, multi- 
plication, the neutral element, and the unit. 

As prototypes of fields we have the rationals Q and the factor rings Z/pZ of the 
integers Z, for any prime number p. There are no field morphisms between these two 


types. 


1.1 Field extensions 


A subset K of a field L is called a subfield, if K contains 1 and is closed under subtrac- 
tion and division in L. This setting is also called a field extension and denoted by L: K. 
By an intermediate field M of L : K we mean asubfield of L containing K as a subfield. 
For a subset S c L, the smallest intermediate field of L : K containing S is denoted by 
K(S), and for a € L we write K({a}) = K(a). 

L : K is called a finite extension, if dimgL < oo and this dimension is the degree 
[L : K] of the extension. 

Anelement a € L is called algebraic over K, if there is a non-vanishing polynomial 
f € K[X] with f(a) = 0. The monic polynomial of smallest degree with this property 
is called the minimal polynomial of a over K, denoted by Min(a : K); its degree is 
[K(a) : K]. 

The extension L : K is called algebraic, if all a ¢ L are algebraic over K. The field 
K is called algebraically closed, if K has no proper algebraic extension. 


1.2 K-morphisms 


IfL : KandQ: K are field extensions, and g: L — Qisa field homomorphism such 
that p(k) = k for all k € K, then @ is called a K-morphism (also K-isomorphism, e.g. 
in [13]). 
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A theorem of Dedekind (from 1871, [47]) says that a family of pairwise distinct K- 
morphisms L —> Q are linearly independent over Q (as elements of Homx(L, Q)). 

Evidently, the bijective K-morphisms L — L form a group, the automorphism 
group of L: K, 


Aut(L : K) = {g: L > L|g isa K-isomorphism} , 


which acts on L. If L : K is algebraic, its orbits on L are finite (consisting of roots of 
some irreducible polynomial). 
For any subset (subgroup) H ¢ Aut(L : K), the invariant elements 


Fix(L : H) := {a € L| h(a) = a for anyh € H} 


form an intermediate field of L : K. 
The main concern of studying field extensions is to find roots for polynomials and 
the next two results give a basic answer to this problem. 


1.3 Splitting fields 


Let K be a field. 


(i) (Kronecker 1887): For any polynomial f ¢ K[X], there is a smallest extension 
L : K such that f splits completely in L into a product of linear polynomials and 
a constant. 
Lis generated as a field by the roots of f and is unique up to K-isomorphisms. It 
is called the splitting field of f over K. 

(ii) (Steinitz 1910): For any set of polynomials S ¢ K[X], there is a smallest exten- 
sion L : K such that any f ¢€ S splits completely in L into a product of linear 
polynomials and a constant. 

For S = K[X], this gives an algebraic extension K of K which is algebraically 
closed. 
As easily seen, the number of roots of an irreducible f ¢ K[X] may be smaller then 
the dimension of the splitting field L : K. These numbers are equal for the 


1.4 Separable polynomials 


An irreducible polynomial f € K[X] is called separable, if it has no double roots in 
an algebraic closure K of K. An algebraic field extension L : K is said to be separable 
provided, for every a € L, the minimal polynomial Min(a : K) is separable. 

For an irreducible f € K[X], the following are equivalent: 


(a) f is separable; 
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(b) for any field extension L : K and a € L, (X — a)* does not divide f in L[X); 
(c) there is an extension L : K such that f has deg(f) roots in L; 
(d) the number of distinct roots of f is equal to the degree of f. 


1.5 Normal extensions 


An algebraic field extension L : K is called normal if, for every a € L, the minimal 
polynomial Min(a : K) splits completely into linear factors over L. In this case, L : M 
is normal for each intermediate field M of L: K. 
Let K be a field with algebraic closure K and L an intermediate field of K : K. Then 

the following are equivalent: 

(a) L : Kis normal; 

(b) L is the splitting field of a set of polynomials in K[X]; 

(c) forany g ¢€ Aut(K : K), g(L) cL. 


Combining the preceding notions, we get extensions of particular interest: 


1.6 Galois extensions 


A field extension L : K is said to be Galois provided it is separable and normal; Aut(L : 
K) is called its Galois group. For a finite field extension L : K, the following are equival- 
ent: 

(a) L: K is Galois; 

(b) L is the splitting field of a separable polynomial in K[X]; 

(c) [L: K] = |Aut(L: K)|; 

(d) Fix(L : Aut(L: K)) = K. 

In view of the observations made above it is not difficult now to prove our next 
result. It shows the close connection between the structures of groups and field exten- 
sions. For example, it implies that polynomials of degree 5 need not be solvable by 
radicals since the corresponding Galois groups need not be solvable, that is, need not 
have a subnormal series with abelian factor groups. 


1.7 Galois correspondence 


For a finite Galois extension L : K, there is an (order reversing) bijection between the 
sets (lattices) 
FE := {intermediate fields of L : K}, 


G := {subgroups of Aut(L: K)} , 
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given by 
Aut(L:-):F—-G, Mr Aut(L:M), 
Fix(L:-):G—>F, Hr Fix(L,H). 

Notice that a Galois extension L : K need not be finite dimensional. In case it is 
not, there is a bijective correspondence between EF, the intermediate fields of L : K, 
and those subgroups of Aut(L : K), which are closed in the topology on Aut(L : K) 
induced by the pointwise convergence on L. Then Aut(L : K) is a projective limit of the 
finite groups Aut(M : K), where the intermediate fields M are finite Galois extensions 
of K (see [44]). 


1.8 Trace form 


For any finite field extension L : K, the K-endomorphism ring of the vector space L, 
Endx(L), is isomorphic to the n x n-matrix ring over K, n = [L : K]. The trace function 
on this ring (sum of diagonal elements) is K-linear and thus provides a K-linear map 
Tr: Endx(L) — K satisfying 


Tr(f og) = Tr(g of) for any f, g € Endg(L). 
The (left) multiplication by any a « L, 
Agi: LoL, xrwax, 


is in Endx(L) and for a,b € L, Agp = Ag © Ap, thus yielding an (injective) K-algebra 
morphism 
A: L—Endg(L), arag. 


Composing these maps we get the K-linear map 


tr: L 2 Endg(L) > K, (2) 
with the properties 
tr(ab) = Tr(Ag ° Ap) = Tr(Ap o Ag) = tr(ba) . GB) 


For separable extension L : K, with algebraic closure K:K,andaelL, 
tr(a) = Y {o(a) |o: L > Kisa K-morphism} , (4) 


and it follows from Dedekind’s theorem (see 1.2) that tr(a) # 0. 
If L : K is Galois, ae L, and G = Aut(L: K), 


tr(a) = Y o(a). (5) 


ocG 
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1.9 The dual space 


For any field extension L : K, L* = Homx(L, K) is an L-vector space with the action of 
béLonf ¢€ L* given by b- f(-) := f(b-). 
Fixing a € L, tr(a-): L— K, x » tr(ax), isin L* and the map 


y:L—-L*, ar tr(a-), 
is L-linear since b - tr(ax) = tr(b(ax)) = tr((ab)x), that is, 
b-tr(a—) = tr(ba-) . 


If L : K is finite and separable, tr(a) is nonzero for a € L (see (4)) and hence wp is 
injective, and in fact bijective, since dimgL = dimxL”*. 
These are the ingredients for the 
Proposition 1.1. For a finite field extension L : K, there are equivalent: 
(a) L : K is separable; 
(b) tr: L — K is not zero; 
(c) w: L > L*, a+ tr(a-), is an isomorphism (and is L-linear). 
Notice that so far our results are essentially obtained with the techniques available in 


the 19th century. The way of looking at the material was greatly expanded when the 
following notion came into play. 


1.10 Tensor product of modules 


Let R be a commutative ring. The tensor product of R-modules N and M is a pair (N ®r 
M, 7) where N®r Mis an R-module and 7: Nx M —> L@pg M isan R-bilinear map such 
that, for any R-module G and R-bilinear map B: N x M — G, there exists a unique 
R-module homomorphism B: N zg M > Gwith commutative diagram 


NxM —>NerM 
i e, 
G. 


The tensor product of R-linear maps f: N — N' and g: M — M' between R-modules, 
is defined as f @ g: N@®r M — N!' @p M' by putting 


feg(nem) :=f(n)eg(m), forneN, meM, 


and showing that this defines in facta map on N ® x M. For the identity 1): N — N, it 
is customary just to write 1) @g = N@g. We often delete the suffix of ® , (in particular 
in formulas) and just write @ if no ambiguity arises. 
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1.11 Tensor product and field extensions 


For a field extension L : K, the product m: L@x L > L and unit i: K — L are K-linear 
maps with commutative diagrams 


Gere tet Keto iet etek (6) 
tom| |n ee 
LeL—™ +1, L . 


For two field extensions L : K and Q : K, a multiplication on Q ®x L is defined by 
putting, for qi,q2 € Qandl,,l, € L, 


(41 @l1)- (92 @l2) = qigz ehh. 


This makes Q ®x L a K-algebra which need not be a field, in particular, it may allow 
for nilpotent elements. 

The set of all nilpotent elements of a commutative finite dimensional K-algebra 
A is called the nil radical and is denoted by Nil(A). The structure theorem says that 
Nil(A) = 0 if and only if A is a (finite) direct product of fields. The relevance of nilpo- 
tency for separability becomes evident in the following result (e.g. [87, Section 28]). 


Proposition 1.2. Let L : K be an algebraic field extension and assume a €«€ L is not 
separable over K. Then there exists some field extension Q : K such that L ®x Q has 
non-zero nilpotent elements. 


Proof. Since over fields with zero characteristic all extensions are separable, we have 
to consider the case char(K) = p # 0. Let f € K[X] be the minimal polynomial of a 
over K and Q its splitting field. Then there exists a polynomial 


h(X) = Y7_, biX' with bj ¢ Q,b, #0, and f(X) = h(X)?. 
Since r < n, the elements 1, a, --- , a” are linearly independent over K, hence 


r 
0#c=) adebjeLexQ, and 
jal 


r r r 
cP = (Ya @ bj)? = Ya? ob? = Leyes =h(a)P?@1=0. 
jel jel jz 


Soc € L x Qis non-zero and nilpotent 


Remark. A more general version of Proposition 1.2 can be given in terms of radicals, 
e.g. [69, Chapitre 2]: for any K-algebra A, define the prime radical rad(A) as intersec- 
tion of all prime ideals of A. Then, for any field extension L : K, 


rad(A @x L)NA=rad(A), 
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and if L : K is separable, 
rad(A ®x L) = rad(A) @xL. 
Notice that for commutative algebras A, rad(A) = Nil(A). 
From these observations we get: 
Proposition 1.3. For a finite field extension L : K, the following properties are equival- 
ent: 
(a) L: K is separable; 
(b) for any field extension Q : K, Nil(L ®x Q) = 0; 
(c) Nil(L @x L) = 0; 
(d) Lis projective as an L ®x L-module; 
(e) m: L ®x L — Lis split by some (L, L)-bimodule morphism 
6: Lo LexL; 
(f) there exist e ¢ L®x L with ae = ea, foranya «€ L, and m(e) = 1 (choose e = 6(1), 


separability idempotent). 


By the structure theorem mentioned above, Nil(L @x L) = 0 implies that L ex Lisa 
semisimple algebra and hence all L ®x L-modules are projective. The last two charac- 
terisations are just module theoretic variations of projectivity in the category of L @ L- 
modules. 


The map 6 in (e) opens the view to a new structure: 


1.12 Coproduct on L 


If L : K is separable, then 6: L — L ®x L in (e) of the above proposition is left and 
right L-linear and this is expressed by commutativity of the diagrams 


Ay ee ees fete reren (7) 
sel.) 3 m| | mex 
Lore” @ het. et 


These relations between m and 6 are called Frobenius conditions. 
Moreover, mcd = 1,, and an easy argument shows that these imply commutativity 
of the diagram (coassociativity) 


L ——~—+ LeL (8) 


hero Sieter. 


There is yet another way to define a coproduct on L. 
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1.13 Dual of an algebra (coalgebra) 


For any finite field extension L : K, applying (-)* = Homg(-, K) tom: L@xL > L 
andi: K — L, yields K-linear maps 


bes Geel sitet sk: 


Given a K-isomorphism w: L — L* leads to K-linear maps 


6: LO LexL, e:LoK, (9) 
by the diagrams 
fa Seer L (10) 
| Jurev v| NS 
PoE. eI", genes 


and exploiting associativity of m and unitality yields commutativity of the diagrams 
(dual to (6)) 


ret RPO gf at (11) 
| |t0s eye 
5@L 
LelL—+LeLeL, L : 


which describe coassociativity and counitality, respectively. 
In case p: L — L* is even L-linear (e.g. Proposition 1.1), the Frobenius conditions 
(7) are satisfied for (L, m, 6). 


1.14 Tensor functor 


For a field extension L : K, the L-vector spaces can be defined as K-vector spaces V 
with K-linear maps 9: L ®x V — V subject to associativity and unitality conditions, 
that is, commutativity of the diagrams 


LSLeV ee Sie LEVEES 


“Pk a 


fev —"—-. 7 Kev 
In particular, L @« V is always an L-vector space by 


meV: LeLeV-LeV, 
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and this leads to the extension of scalars functor 
@,: Vx - V1, Vr LexV,meY), 
ViVi Oo LegV > LegV’; 
there is a restriction of scalars (or forgetful) functor 
Ur: Vi > Vx, (Vay Vv, 


leaving morphisms unchanged. These form an adjoint pair of functors by the bijection, 
forVeVxr,N€EVz, 


Hom,(L ®x V,N) = Homx(V,UL(N)), fH fe(@V). 


It is customary to write U,(N) = N if no confusion occurs. 


Splitting of U,. Let L : K bea finite separable field extension. For (V, 9), (N, 0’) in Vz, 
the forgetful functor U;: Vz — Vx provides the canonical map (writing U,(V) = V 
etc.) 

PY, y: Hom;(V, N) > Homx(Uz(V), UL(N)) = Homx(V,N) . (12) 


Since (L, m, 4) satisfies the Frobenius conditions, it is not difficult to show that for the 


L-linear map 


6 L 
GP SPV Le he Vs eV, (13) 


one has 9 0 w = 1y. Now define the map (natural in V and N) 
Viv: Homx(V,N) > Hom, (V,N), 
L ! 
USN ce. V2 tec’ > Leen “3, 


If f happens to be L-linear one easily sees that ve wif) = f. This proves one implication 
of the 
Proposition 1.4. For a field extension L : K there are equivalent: 

(a) L : K is separable; 


(b) OY, y is anaturally split monomorphism. 


1.15 Group algebra and its dual 


Let G be any group with unit e and K a field (or commutative ring). The group algebra 
K[G] is defined as a K-vector space with basis set G and product (multiplication) with 
unit 


mc: K[G] ®x K[G] — K[G], g@ahwgh, t:K—->K[G],kuoke, 
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K[G] also allows for a coproduct with counit 
6G: K[G] > K[G] ®x K[G], go ge@g, Ee: K[G] —K, gr ége, 
where 6¢,e denotes the Kronecker symbol. One has 
(1x[g] @ €)6g = Ixia] = (€ @1xK[G))5c 5 
and for u, v € K[G], 6g(uv) = 6g(u) - dg(v). 


This shows that (K[G], mg, 6g) is a K-bialgebra. 


If G is a finite group, product and coproduct of K[G] are - by the functor ( )* = 
Homx(-, K) - transferred to (the dual) coproduct and product on K[G]* (compare 1.13) 
thus making (K[G]*, m@, 6G) also a K-bialgebra. 


1.16 Action induced by Aut(L : K) 


For a field extension L : K, put G = Aut(L : K). By the action of G, L becomes a 
K[G]-module, 
o: K[G)@xL-L, gearga). 


If [L : K] is finite, then G is finite, say with elements g1,..., 8, which form a basis 
for K[G]. Choosing p1,..., Dn € K[G]* as a dual K-base for the bialgebra K[G]* (see 
1.15) yields a morphism 


A: K > KG)" ex KIG], 14) piesgi, 


and leads to the K-linear map (coaction) 


K[G]*@@ 
————-> 


A@L 
w: L — K[G]* @K[G] @L K[G]"@L, avy piegi(a). 


1 


Composing w @ L with K[G]* @ m yields the map 


B: LexL—> KG)" exL, a@br) piegi(ayb. 


These constructions can be applied to prove: 
Proposition 1.5. Let L : K bea field extension with [L : K] =n,n € IN, andG = Aut(L: 
K). With the notation from above, the following are equivalent: 
(a) L : K is separable and normal (Galois extension); 
(b) for some a € L, {g(@)}ec is a K-basis of L; 


(c) forsomea € L, the map K[G] — L, g+ g(a), is anisomorphism of K[G]-modules 
(Normal basis theorem); 


(d) Bis an isomorphism. 
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The assertions are essentially derived from the fact that finite separable extensions can 
be generated by a single (primitive) element (e.g. [57, 8.1.2]). For a detailed presenta- 
tion of (Hopf) Galois extension the reader may consult [77, Chapter 4]. 


Summarising, to any field extension L : K, we have attached the endofunctors 
L®x-and the adjoint pair of functors (@,, Uz) and, as shown in Proposition 1.4, L : K 
is separable precisely when for Uz, the canonical map 


®y,y: Hom,(V, N) > Homx(U;(V), Uz(N)) 


is anaturally split monomorphism. In the next section we shall consider functors and 
endofunctors for any categories and follow the above pattern to define separable (and 
Frobenius) functors. 


2 Separable and Frobenius functors 


In this section, A and B denote any categories. For basic definitions and notations we 
refer to the Appendix. 


Definition 2.1. A functor F: A — B between categories is said to be separable 
provided, for any A, A’ € A, the canonical map 


©), 4: Homa (A, A’) > Homp(F(A), F(A')) 
is anaturally split monomorphism, that is, there is a map 
P44: Morp(F(A), F(A')) > Mora (A, A’) , 


natural in A, A’, with YF 


F 
A,A! ° PD) a) = 1a. 


Clearly, for a separable functor F, oi, is always injective, that is, F is a faithful func- 
tor. Of course, every equivalence functor F is separable. In this context, adjoint pairs 
of functors are of particular interest (e.g. [12, 18, 68]). 


2.1 Adjoint pairs 


Let L4 R: B > A be an adjoint pair of functors with unit 7: 1, — RL and counit 
é: LR 1p. 
(i) Lis separable if and only if # is a split monomorphism; 
(ii) R is separable if and only if € is a split epimorphism. 
The situation for field extensions is subsumed by (co-)monads (see [12, 2.9]). Re- 


call that fora monad F, of 4 Ur with counit e-: @rUr — 14,, and for a comonad G, 
US 4 f° with unit 7°: 1,6 > PFU". 
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Definition 2.2. A monad (F,m,1t) on A is called separable if the forgetful functor 
Ur: Ar — A is separable. 

Acomonad (G, 6, €) on A is called coseparable if the forgetful functor US: A& > 
A is separable. 


2.2 Separability for monads and comonads 


(1) Fora monad (F, m, 1) on A, the following are equivalent: 
(a) (Fm, 0) is separable; 
(b) there exists a natural transformation 6: F — FF with m-6 = 1, and 
(Frobenius condition) 
Fm-6F =6-m=mF-F6; 
(c) €-: OrUF — 14, is asplit epimorphism. 
(2) For a comonad (G, 6, €) on A, the following are equivalent: 
(a) (G, 6, €) is coseparable; 


(b) there exists a natural transformation m: GG — Gwithm- 6 = 1g and 
mG-G6=6-m=Gm-6G; 


(c) n&: 1,46 — @°US isa split monomorphism. 


2.3 Separability of adjoints 


Consider an adjoint pair of endofunctors G 4 F: A > A with unit 7: 14 — FG and 
counit €: GF — 1,4. Assume (G, 6, €) to be a comonad on A and denote by (F, m, 1) 
the corresponding monad (see Appendix). Then there are pairs of adjoint (free and 
forgetful) functors, 


U, 
os Ar, Ar — A, with unit yp and counit e,, 


G 
Ace. A, A os A, with unit 7° and counit €°, 
(1) @°% is separable if and only if @r is separable; 
(2) U% is separable if and only if Ur is separable. 


The isomorphism wy: L — L”* for finite separable field extensions L : K in Pro- 
position 1.1 can be understood as natural isomorphism between the functors @; and 
Homx(L, —) from Vx to V_z. This is the basic property of Frobenius algebras. More gen- 
erally, the role of adjoint pairs of functors for Frobenius extensions was highlighted 
by K. Morita in [60]. The key to this approach is the 
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Definition 2.3. A functor F: A — B is said to be Frobenius provided it has a right 
adjoint G: B — A whichis also left adjoint to F. 


Similar to separability, Frobenius (co)monads are defined by properties of the corres- 
ponding forgetful functors. 


Definition 2.4. A monad (F, m, t) on A is said to be a Frobenius monad provided the 
forgetful functor Ur: Ar — A is Frobenius. 

A comonad (G, 6, €) is said to be a Frobenius comonad provided the forgetful func- 
tor U°: A® — A is Frobenius (see 2.3). 


As a first characterisation we note (see [54, Proposition 3.11]): 


Proposition 2.1. A monad (F,m, 1) on A with a right adjoint comonad (G, 6, €) is 
Frobenius if and only if the functors F and G are isomorphic as left F-module functors. 


Obviously, every Frobenius monad may also be seen as a Frobenius comonad and 
hence it suffices to talk about Frobenius monads. We collect various characterisations 
of such functors (e.g. [73], [54, Theorem 3.13]). 

Recall from 7.10 that, in the situation of Proposition 2.1, the categories of F- 
modules and of G-comodules are isomorphic. 


2.4 Frobenius monads 


For a monad (F, m, t) on A, there are equivalent: 
(a) (Fm, 0 is a Frobenius monad; 
(b) the free functor dr: A — Ar is Frobenius; 
(c) F admits a comonad structure (F, 6, €) and — equivalently — 
(i) Fm- 6F = 6-m=mEF - Fé (Frobenius conditions); 
(ii) F 4 F by unit and counit, 


6 
dig SF SERS OPP SPSS tes 


(iii) an isomorphism of categories 
Q:Ar— Af with UF.Q=Urpand Q: dr ~ Gf. 

The following shows how close separable monads are to Frobenius monads. 
Corollary. Let (F,m, 1) be a monad on A and 6: F — FF a coassociative coproduct 
such that (F, m, 6) satisfies the Frobenius condition (e.g. 2.2). Then: 

(1) (Fm, t, 6) is a separable monad if and only if m- 6 = 1,4. 
(2) (Fm, t, 6) is a Frobenius monad if and only if (F, 6) allows for a counite: F — 1,. 
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3 Separable and Frobenius algebras 


We sketch the application of the categorical results from the preceding section for vari- 
ous special cases, beginning with the categories Mr of modules over a commutative 
ring R. Unless stated otherwise our algebras will be associative with unit. 


3.1 R-algebras 


A triple (A, m, J) is called an R-algebra provided A is an R-module and there are R- 
linear maps (product and unit), 


m:A®rpA-A, t: ROA, 


satisfying the conditions to make the functor A@g-: Mr — Mramonad. Theinduced 
module category is just the category 4M of left A-modules with the free and forgetful 
functors, 64: Mr — aMand Uy: 4M > Mp. 

The functor —@gA leads to the category My of right A-modules and corresponding 
constructions. 


The functor A ®z — has a right adjoint Homr(A, -): Mr — Mag, with unit and 
counit, for X, Y « Mp, 
yn: X— Homp(A,A@rX), xr [av aex], 
é: A@HomeR(A,X)>X, aefrfla), 


and the bijection 
Homp(A ®X, Y) > Home(X, Home(A, Y)), fv [x f(-@x)]. (1) 


By 7.10, Homg(A, —) is acomonad on Mg with coproduct and counit, 


H = 
Homp(A, ~) 2", Homa(A @ A, -) = Hom(A, Homp(A, -)) 
Hom(t,—) 
Homp(A, -) ——— 1m, - 

If A is finitely generated and projective as an R-module, Homp(A, —) = A* ®r-. 
In this case, A* ®z — is left and right adjoint to A @ p -. 

Comonads based on tensor functors are usually called coalgebras. 

For an R-algebra A, the opposite algebra A° is defined as the same R-module with 
opposite multiplication. Then the (A, A)-bimodules can be considered as (left) mod- 
ules over the algebra A® := A @p A®. In particular, A is a left A°-module by the action 


Ha: (A®@A°)@A>A, aebecracb. (2) 


and its endomorphism ring End,e(A) is just its center Z(A). 
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Now Definition 2.1 yields: 


Definition 3.1. An R-algebra (A, m, 1) is called separable if the induced monad on Mr 
is separable, that is, U4: M4 — Mp is a separable functor, which means that, for 
M,N € 4M, the canonical map 


Oy: Homa(M, N) > Homr(Ua(M), Ua(N)) 


is a (naturally) split monomorphism. 


This generalises the characterisation of separable field extensions in 1.14 and we de- 
rive from 2.2: 


3.2 Separable algebras 


For an R-algebra A, the following are equivalent: 
(a) A is a separable algebra; 
(b) m: A®p A — A splits as an A ®z A°-module morphism 
(by some 6: A > A®R A); 
(c) there exists e ¢ A®p A° with (a@1)e=(le@ajeforacA 
and m(e) = 1 (choose e = 6(1), separability idempotent); 
(d) every A-epimorphism which splits as R-module map splits as an A-module map 
(A is (A, R)-semisimple). 
To show (b)=(a), the splitting of Hom,(M, N) — Homr(M, N), for M, N € 4M, is 
given by sending any R-morphism g: M — N to the composite 


A A 
um —2“. zom 2% AgAoM 8 AoM Ss AoN “SN. 
Characterisation (c) is possible, since the A®-linear map 6 is uniquely determined 
by the image of 1,4 yielding the separability idempotent 6(1,) which is often used to 
prove properties of these algebras. 


The condition in (b), reducing the property to the splitting of a single linear map, 
was used by M. Auslander and O. Goldman in their paper [5] and before a special case 
of this was considered by G. Azumaya in [6]. 


Definition 3.2. A separable R-algebra (A, m, 1) is said to be strongly separable if the 
separability idempotent e € A @p A° (in Theorem 3.2(c)) is symmetric, that is, 


e=) eefi=) five. 


Such algebras were considered by A. Hattori in [32] and more observations on these 
were made, among others, by L. Kadison and A. Stolin [37], and M. Aguiar in [4]. 


282 — R.Wisbauer 


One question of interest is which of the properties of field extension can be ob- 
tained for algebras A over a field K. For a finite dimensional A, the K-endomorphism 
ring Endx(A) is a matrix ring, canonically isomorphic to A ®x A*, and so we get the 
K-linear map 


tr: AS Endg(A)=A@A* “5K, arTrid), (3) 


where ev denotes the evaluation map, and Endx(A) — K just gives the trace map Tr. 
For a, b, c € A, we have 


tr(ab) =tr(ba), tr(a(bc)) = tr((ab)c) , 


that is, tris a symmetric and balanced linear form. It is called non-degenerate provided 
the K-linear map 
A—A*, awtr(a-), 


is a K-linear isomorphism. 
We note that this construction can also be made for algebras A over commutative 
rings R provided A is finitely generated and projective as R-module. 


3.3 Separable algebras over fields 


Let A be a finite dimensional algebra A over a field K. 
(1) The following are equivalent: 


(a) A is a separable K-algebra (Definition 3.1); 
(b) for every field extension L : K, A®x Lis a (finite) direct product of simple algebras. 
(c) for any field extension L : K, rad(A ®x L) = 0: 
(d) A ®x A° is a direct product of simple algebras. 
(2) Furthermore, the following are equivalent: 
(a) A is a strongly separable K-algebra (Definition 3.2); 
(b) tr: A > K is anon-degenerate linear form. 


The equivalence of (b) and (c) in (1) is due to the fact that for any finite dimen- 
sional algebra the prime radical is zero if and only if the algebra is semisimple. For the 
equivalences stated in (2) we refer to [4, Theorem 3.1]. Notice that here it is not enough 
to require tr to be non-zero (as it is for field extensions). 


Definition 3.3. A separable R-algebra A with center Z(A) = R is called central separable 
or Azumaya algebra. 


The class of these structures can be characterised in the following way. 
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3.4 Azumaya algebras 


For a central R-algebra (A, m, 1), there are equivalent: 
(a) Ais a separable R-algebra; 
(b) there is an A®-linear map 6: A > A®pr Awithm.6 =1,; 


(c) A induces an equivalence of categories, 
A @p-: IMr — aeM, Xp (A @p X,m@X); 


(d) Aas a left A°-module is a generator in ,eM. 


We note that in any full module category over a ring, generators are finitely generated 
and projective over their endomorphism rings (e.g. [88, 18.8]). Thus an equivalence as 
given in (c) always forces this kind of finiteness condition on the R-module structure 
of A. 

On the other hand, there are simple algebras over rings (and fields) which are not 
finitely generated over their centers (which are fields). To include this type of algebras 
in our theory we proceed in the following way. 

The basic idea of the above characterisations is to relate internal properties of an 
algebra A (as given in (a)) with properties in a suitable category (as in (e)). The category 
AeM has coproducts and cokernels, products and kernels (Grothendieck category). We 
restrict our considerations to a (smallest) subcategory with similar properties which 
contains the A°-module A: So we form a full category o4e[A] by taking as objects all 
direct sums of copies of A, all homomorphic images and submodules of the resulting 
modules. This gives us again a Grothendieck category (see [87]). 


Definition 3.4. A central R-algebra (A, m, 1) is called an Azumaya ring provided the 
A®-module A is a projective generator in o4e[A]. 


These algebras were also investigated by J.P. Delale in [21] under the name algébres 
affines, by G. Azumaya in [7] under the name separable rings, and D.G. Burkholder 
called them Azumaya rings in [16]. The notion was extended to non-associative algeb- 
ras in [84]. Any simple algebra A is a simple A°-module and hence every module in 
O4e[A] is semisimple, in fact a direct sum of copies of A, and hence A is a projective 
generator in o4¢[A], i.e., A is an Azumaya ring. 

Generators in o4e[A] are flat as modules over their endomorphism rings and we 
get the following characterisations (see [87, 26.4]). 


3.5 Azumaya rings 


For a central R-algebra (A, m, 1), the following are equivalent: 


(a) Ais an Azumaya ring; 
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(b) A induces an equivalence of categories, 
A@r-: Mr > O4e[A], Xp (A @r X,Mq @X) 5 


(c) A is a generator in o4e[A] and A is faithfully flat over R; 
(d) Homae(A, —) : O4e[A] — Mp is an equivalence of categories. 
As easily seen, a central algebra A is an Azumaya algebra if and only if A is an 
Azumaya ring and A is finitely generated as an R-module. In this case one has o4e[A] = 
AeM. 


So far we have considered algebras with unit. The missing of an identity element 
changes the picture in some aspects. 


3.6 Algebras without units 


For a non-unital R-algebra (A, m), A ®g — is no longer a monad, A® may have no unit 
and hence need neither be projective nor a generator in 4eM. Furthermore, End ,e(A) 
is no longer the center of the algebra A, it is called the centroid C(A) of A (e.g. [87, 
2.7]). If A = A?, then C(A) is a commutative R-algebra and A is a C(A)-algebra which 
is called central if C(A) = R. The definition of Azumaya rings also hold for non-unital 
algebras. However, their characterisations considered above are to be modified (see 
[87, Chapter 7]). Non-unital separable algebras may be defined by the (A, A)-bimodule 
splitting of m: A® — A. They are investigated, for example, by Taylor in [76] to study 
a bigger Brauer group. 

Most of the preceding results in this section depend heavily on the commutativity 
of the base ring (or field) R, which allows the twist map X@r Y > Y@rX, x@yryex. 
This is, for example, needed to define multiplication on the tensor product A @p A°. 
Yet some constructions are still possible in more general situations. 


3.7 Non-commutative base ring 


Let (A, m, 1) be a ring (Z-algebra). For a ring extension B — A, A ®g -: 3M > gM 
defines a monad on gM, and if this is separable, the extension is said to be separable. 
As for algebras, this is the case ifm: A ®g A — A splits as an (A, A)-bimodule map. 
The investigation of this case was initiated by K. Hirata and S. Sugano in [34]. Several 
properties of separable algebras are maintained but here A ® g A need not have a ring 
structure and hence the results from subsection 3.2 need modification. 

For example, for the separable extension, A need not be a projective generator for 
the (A, A)-bimodules. To replace this, K. Hirata in [33], suggested a stronger condition 
for separability (and K. Sugano coined its name [74]): 
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Definition 3.5. A ring extension B — A is called H-separable if, forsomen € N, A@gA 
is a direct summand of A” as an (A, A)-submodule. 


As observed in [33, Theorem 2.2], any H-separable extension is a separable extension. 
These structures are investigated in a series of papers by K. Hirata, K. Sugano, T. Na- 
kamoto, Y. Kurata, S. Morimoto, S., F. Kasch and B. Pareigis [33, 39, 45, 61, 74], and 
others. 


3.8 Separability and modules 


The notion of separability applies to any functors. In particular, one may ask when 
functors related to bimodules have this property. Early papers considering this ques- 
tion were Sugano [75] and Cunningham [19]. 


Definition 3.6. A bimodule 4Mz over any rings A, B is said to be separable provided 
the functor 
Homa(M,-): sAM—> pM, X+ Hom,(M,X), (4) 


is a separable functor. 
Since M ®, - is left adjoint to Hom,(M, —), it follows from 2.1 that the latter is 
separable if and only if, for any X € 4M, the evaluation map 


evx: Meg Homa(M,X) > X, mefrf(m), 


is anaturally split epimorphism. 
If M is finitely generated and projective as an A-module, the condition can be re- 
duced to require that the evaluation 


eva: Meg Homa(M,A) >A, mefrf(m), (5) 


is naturally split as an (A, A)-bimodule map. This situation was investigated in [75] 
and further results in this direction are given in [19] and [86]. 


Remark. The functor Hom,(M, —) in (4) can be restricted to the category o[,M], the 
full subcategory of 4M subgenerated by 4M (e.g. [88]). Then it still has the functor 
M ®g -: BM — o[M] as a left adjoint and the results from Section 2 apply. However, 
separability of Hom,(M, —) does not imply that ev, from 5 is surjective (unless A ¢€ 
o[4M]). Compare also Theorem 3.5. 

This kind of studies were also pursued by M. Sato in [70] where some properties 
of tilting and static modules are anticipated (e.g. [89, 90]). 


For non-associative R-algebras (A, m), the endofunctor A ®r — is no monad and to 
study the relevance of separability in this case, one looks at the structure of closely 
related associative unital algebras. 
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3.9 Multiplication algebra 


For any R-algebra A, not necessarily associative nor with unit, the left and right mul- 
tiplications with elements a € A yield R-linear endomorphisms of A, 


Ag: A> A, XH aX, Pq: AA, XH xa, 


Denote by M(A) the subalgebra of Endr(A) generated by all {Ag, pq |a € A} and the 
identity map of A. M(A) is called the multiplication algebra of A and since A isa module 
over End p(A), it is also a module over M(A), in fact an (M(A), R)-bimodule. The M(A)- 
submodules are just the two-sided ideals of A and hence the M(A)-module structure 
of A reflects its ring theoretic properties. 

In case A is an associative unital algebra, there is a surjective algebra homomorph- 
ism 

A®°=A@A° SMA), a@brAgpn, 

and hence the A®-module structure and the M(A)-module structure of A coincide. In 
fact, the attached categories o4¢[A] and oy4)[A] can be identified and large parts of 
our results for separability and generating properties as A°-modules can be formu- 
lated in terms of M(A)-modules. For example, A is an Azumaya algebra if and only if 
itis a generator in y4)M since, in this case, A° = M(A) = Endp(A). 


3.10 Non-associative algebras 


The description of properties of non-associative algebras A by their multiplication al- 
gebras M(A) was already considered by A.A. Albert and N. Jacobson (e.g. [36]). They 
observed that a finite dimensional algebra A over a field K is separable if and only if 
M(A) is a separable (associative) K-algebra. 

Considering the category oy(,4)[A] introduced in 3.9, one obtains a rich theory 
for non-associative algebras over rings without a priori finiteness restrictions. For ex- 
ample, characterisations of nonassociative Azumaya rings are obtained by simply re- 
placing in 3.5 the algebra A® by M(A). This is elaborated in [87]. In this context, the 
algebra A°, known as enveloping algebra in the associative case, is not relevant. In- 
stead, for certain classes of non-associative algebras, e.g. alternative, Jordan or Lie al- 
gebras, the corresponding (associative) enveloping algebras can enter the picture (e.g. 
[10, 11, 28, 36, 87, 29.10]). For the study of regularity and radicals for non-associative 
algebras we refer to [85] and [82]. 

In 3.3, strong separability of associative algebras is characterised by a non- 
degenerate associative linear form A ®g A — R. This can also be achieved for some 
non-associative algebras, for example, certain composition algebras (e.g. [83]). For 
Lie algebras, separability is given by nondegeneracy of the Killing form (e.g. [20, 65]). 
In [80], a Killing form is also defined for Hopf algebras. 


For associative algebras over a commutative ring R, Definition 2.4 yields: 
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Definition 3.7. An R-algebra (A, m, 1) is said to be a Frobenius algebra provided the 
forgetful functor Ug: 4M — Mg is Frobenius. 


The categorical characterisations of this notion in 2.4 read now: 


3.11 Frobenius algebras 


For an associative R-algebra (A, m, 1), there are equivalent: 
(a) (A, m, 0) is a Frobenius algebra; 
(b) the free functor 64: Mr — 4M is Frobenius; 
(c) A admits a comonad structure (A, 6, €) and — equivalently — 


(i) (A, m, 6) satisfies the Frobenius conditions, that is, 
Am-6A=6-m=mA-A6; or 
(ii) A @g -: Mr > Mg is adjoint to itself with unit and counit, 
ig SAS AeA). AeA AS ie 


(d) A @p — ~ Homp(A, -) as left A-module functors on Mr; 


(e) A is finitely generated and projective as an R-module and A = A* as left (or right) 
A-modules. 


The isomorphism in (d) means that A ®p — preserves direct products and mono- 
morphisms (as right adjoints do), that is, Ar has to be flat and finitely presented, hence 
finitely generated and projective as an R-module. In this case Homp(A, —) = A* @p -. 

For an R-module A with an algebra and a coalgebra structure, one may attach the 
categories of left A-modules 4M and left comodules “M. Then A yields a Frobenius 
algebra if and only if there is an isomorphism of categories (see 2.4, [54, Theorem 3.13]) 


Q:4M—>4M with U4-Q=U, and Q-da= 4. 


By Proposition 1.1, finite separable field extensions L : K allow for an L-isomor- 
phism L ~ L*. This may have been one of the motivations for F. Frobenius to invest- 
igate (in [30], 1903) finite dimensional algebras A with the corresponding property. 
In [26] (1955), Eilenberg and Nakayama observed that the notion makes sense for al- 
gebras A over commutative rings R, provided A is finitely generated and projective 
as an R-module. These turned out to be of considerable interest in various areas of 
mathematics and theoretical physics. 


Corollary. Let A be afinitely generated and projective R-module allowing for an algebra 
structure (A, m, 1) and a coassociative coproduct 6: A — A ®r A such that (A, m, 6) 
satisfies the Frobenius conditions. Then: 
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(1) A is a separable algebra if and only if m- 6 = 1,. 
(2) A is a Frobenius algebra if and only if (A, 6) allows for a counit €: A — R. 


Definition 3.8 (Frobenius extensions). For ring extensions B — A with non-commu- 
tative rings A, B, the functor A @g —: gM — 2M allows for a monad structure (see 
3.7) and if this is Frobenius, the extension is called Frobenius extension, that is, the 
forgetful functor U4: 4IM — 3M is Frobenius. 

The theory of such extensions was initiated by F. Kasch [38], T. Nakayama and T. 
Tsuku [62], K. Morita [60] and the literature around it is abundant. 


4 Coseparable and Frobenius coalgebras 


The categorical setting readily provides properties of coseparable comonads. In clas- 
sical algebra, mainly comonads based on a tensor functor are considered and then are 
called coalgebras. We sketch the resulting framework for the category Mr of modules 
over a commutative ring R. 


4.1 Coalgebras 


A triple (C, 6, €) is called an R-coalgebra provided C is an R-module and there are R- 
linear maps 
6:C—>CerRC, €:CR, 


satisfying the conditions to make the functor C ®g -: Mr — Mr acomonad on Mr 
(see 7.6). 

Notice that every free R-module V, with basis x;, i € I any set, has a comodule 
structure by defining 


b:XjO XOX, E:Xjr1, foriel, 


and extending this linearly to all of V. 

From 7.6 we derive the notion of C-comodules obtaining the category of left comod- 
ules ©M (in which monomorphisms need not be injective and morphism need not have 
kernels). The morphism sets in “IM are denoted by Hom®. We have the adjoint pair of 
forgetful and free functors, 

Uc: °M— Mr, (M,w)eM, 
C@r-:Mr—-°M, X+ (C@rX,6@X), 
by the bijection 
Hom‘(M, C@r X)— Hom(M, X), 
MS Capk SMS Cope 22x, 
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leading, in particular, to the isomorphisms 
End°(C) = Homp(C, R) = C*, 
Hom‘ (M, C) ~ Homp(M, R) = M* . 

Of course, fora coalgebra (C, 6, €), the setting of 7.6 also applies to the endofunctor 
— ®p C: Mr — Mg leading to the category of right C-comodules M©. Clearly, C itself 
is a left as well as a right C-comodule. 

The functor C ®g — has as right adjoint the functor Homr(C, —): Mr — Mp and 
the coalgebra structure on C®r — induces a monad structure on Homp(C, —). The mod- 
ules for this monad are also called C-contramodules (e.g,[12, 27, 93]). Following Defin- 
ition 2.2 we have: 


Definition 4.1. An R-coalgebra (C, 6, €) is said to be coseparable if the forgetful functor 
U°: ©M — Mg is separable. 


From 2.2 we derive (see also [15, 3.29]): 


Proposition 4.1 (Coseparable coalgebras). For an R-coalgebra (C, 6, €), the following 
are equivalent: 
(a) Cis a coseparable R-coalgebra; 
(b) 6: C > C@C splits as a left and right C-comodule map 
(by some m: C®rC > C); 
(c) every C-monomorphism which splits as an R-module map splits as a C-comodule 
map (C is (C, R)-semisimple). 


As an application of 2.3 we obtain: 


Proposition 4.2. An R-coalgebra (C,6,€) is coseparable if and only if the induced 
monad on HompR(C, -) is separable. 

If C is finitely generated and projective as an R-module, this means that C* (with 
the convolution product) is a separable R-algebra. 


For the investigation of R-coalgebras we have heavily used that the tensor product of 
two R-modules is again an R-module, that is, Mr allows for a tensor product (mon- 
oidal category). For a non-commutative ring A, endofunctors for the category of left 
A-modules can be provided by (A, A)-bimodules M, that is, 


M®a-:~aAM->y4aM, XP»Me,4X. 
This is the basis for our next definition. 


Definition 4.2 (Corings). Let A bearing. A triple (C, 6, €) is called an A-coring provided 
Cis an (A, A)-bimodule and there are (A, A)-linear maps 


6:C>Cea,aC, é: CHA, 


satisfying the conditions to make the functor C @4 —: 4M — 4Macomonad on 4M 
(see 7.6). 
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Left comodules over (C, 6, €), the category of left comodules “M, the free and forget- 
ful functors @°: 4M > ‘M, UC: ‘M — 4M are defined by the corresponding defin- 
itions for comonads. In particular, coseparable corings are defined as coseparable co- 
monads (see Definition 2.2). The results for coalgebras — with obvious modifications — 
apply widely to corings and this is outlined in detail in [15]. 


An interesting class of corings is obtained by tensoring an R-algebra A with an 
R-coalgebra C, R a commutative ring: 


4.2 Entwining algebras and coalgebras 


Consider an R-algebra (A, m, 1), an R-coalgebra (C,6,¢€) and a mixed entwining 
between the functors A @g — and C @p -, that is, an R-linear map 


A: A@pC—> CRA 


with commutative diagrams as in 77. This makes C @z A a left A-module by 


A@c C 
A@RC OPA "> COnASpA — > ConA> 


Together with the canonical right A-module structure, C @p A is an (A, A)-bimodule 
and the coproduct and counit, 


Cen A Cap C@p A ~ (CORA) Ga (CORA), CoA, 


create a comonad on 4M, that is, an A-coring (see 4.2). 


We end this section with a further view on group actions. Recall that in 1.16, a 
K[G]*-comodule structure on L is considered. This is a special case of a Hopf algebra 
H coacting on an algebra, namely an 


4.3 H-comodule algebra 


Let H be an R-Hopf algebra and (A, m, 1) an R-algebra with coaction w: A —> A ®p 
H. A is said to be an H-comodule algebra provided m and 1 are H-colinear. Then the 
coinvariants of H in A, defined as 


A! = {a € Al w(a) =a@14}, 


form a subalgebra of A. The extension A” ¢ A is called (right) H-Galois whenever 
the map 
B: A@jcxr A> A®RH, (A814) uW(b), 


is bijective. These structures are addressed, for example, in [57], [77, Chapter 4], and 
reconsidered for corings, e.g., in [15, 91]. A comprehensive survey is given in [58]. 
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5 Application to semirings 


In the last decades, semirings have turned out to be of considerable interest in various 
fields of pure and applied mathematics. For example, bialgebras over semirings offer 
an advantageous framework for automata and formal language theory (see [96]). For 
a survey and an introduction to this field of research the reader is referred to the book 
of J.S. Golan [31]. Aspects of linear algebra over semirings are nicely presented in D. 
Wilding’s thesis [81]. We recall the basic notions in a form suitable for our setting. 

A commutative monoid (M, +) isa set M together with an associative and commut- 
ative composition (addition) 


+:MxM—M, (m,m')»HWm+m', 


and a neutral element 0 € M, that is, 0 + m = m, for all m € M. The prototype for this 
structure are the non-negative integers, denoted by No. 

Morphisms between two (commutative) monoids are maps f: M — N respecting 
the addition and the neutral element. These data define the category MON of commut- 
ative monoids. 

A tensor product between two objects M, N € Mon is defined as a bilinear map 
tT: Mx N > M@N, for some M @N € Mov, with the universal property: For any 
L € Monand bilinear map 8: MxN — L, there isa unique monoid map 8: M@N > L 
with commutative diagram 


eo, ee 


Le 


MeN 
The existence of such a tensor product is shown by taking the free commutative 
monoid F generated by the set MxN, and then the quotient monoid by the congruence 
relation on F generated by all pairs of the form 


((m+m!',n);(m, n) +(m',n)); ((m,n+n’); (m,n) +(m,n’)) , 


with m, m' « M,n.n' € N. (e.g. [2, 8, 40, 67]). 


Any object R « Mon defines a functor R @-: MON — Mon, X + R@X, and itis 
called a semiring if this functor allows for a monad structure, that is, an (associative) 
product m: R@R > Randaunit1: No — R.A morphism f: R — S of semirings isa 
map respecting the defining operations. 

A left R-semimodule is a module for the functor R ® -: MON — Mov, that is, an 
M € Mow together with a morphism p: R ® M — M in Mon, and morphism of left 
R-semimodules M — N are the module morphisms for R ® -, that is, monoid morph- 
isms respecting the scalar multiplication, we denote them by Homr(M, N). These data 
define the category rMon of left R-semimodules. 
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Right R-semimodules and their category MON, are derived from the functor —-@R : 
Mon —> Mon. 

Given two semirings R and S, a commutative monoid U with a left R-semimodule 
and a right S-module structure is said to be an (R, S)-bisemimodule provided these 
actions commute. 

The tensor product between a right R-semimodule 9g: M@R — M anda left R- 
semimodule 9’: R ® N — N is defined by the coequaliser in Mon, 


o@N 
MeR@N —_—=z M@N ——=M @gN. 
Meg! 
If R isa commutative semiring, left R-semimodules M may be considered as right 
R-modules by putting rm = mr, form € M,r € R. Then M @p N obtains a canonical 


structure as an R-semimodule. 


For an (R, S)-bisemimodule U, the functors 
U @s5 —: sMON — gMON and Homp(U,—-): RMON > sMON 


are adjoint by the (canonical) bijection, for M € sMON, N € rMon, 
Homp(U ®s5 M, N) — Homs(M, Homg(U, N)), ht» [mr h(-@m)]. 

Let R be any semiring. An (R, R)-bisemimodule A yields an endofunctor A ®r 
—: RMON — RMon, and A is said to be an R-semiring provided this functor allows 
for a monad structure. Similarly, an (R, R)-bisemimodule C is called an R-semicoring 
if this functor allows for a comonad structure. 

In case R is a commutative semiring, left (right) R-semimodules are considered 
as R-bimodules (as mentioned above), and the R-semirings are called R-semialgebras 
and R-semicorings are named R-coalgebras. 

The categorical background leads to the definitions and properties of the corres- 
ponding categories of modules and comodules, respectively, and the appropriate free 
and forgetful functors. 


Definition 5.1. Let R be any semiring. An R-semiring A is called separable (Frobenius) 
if the forgetful functor U,: 4MON — gMon is separable (Frobenius). An R-semicoring 
C is called coseparable (Frobenius) if the forgetful functor U“: “Mon — Mon is sep- 
arable (Frobenius). 


Properties of theses structures can be derived from the results in Section 2. Further 
investigation on these notions may be of interest. Separable and central separable 
cancellative R-semialgebras (R a commutative semiring) are considered by R.P. Deore 
e.a. in [23, 24]. 

In the setting considered above, the definition of bimonads and Hopf monads 
in [50] provides the definition of bisemialgebras and Hopf semialgebras. This is worked 
out by J. Abuhlail and N. Al-Sulaiman in [3] where also separability for Hopf semial- 
gebras is discussed. Semialgebras, semi-coalgebras and bi-semialgebras are used by 
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J. Worthington as tools for automata theory in [96]. The Sweedler dual of a bialgebra 
over semirings is considered by G.H.E. Duchamp and C. Tollu in [25]. An extension of 
the Myhill-Nerode theorem to base semirings is subject of [49]. 


5.1 Near-semirings 


For aset S, a quadruple (S, +, -, 0) iscalled a (right) near-semiring (also semi-nearring) 
if 

(i) (S, +, 0) isa monoid, (S, -) isasemigroup, 

(ii) O-a=Oand(a+b)c =ac+bcforalla,b,ceéS. 

A near-semiring (S, +, -0) is a nearring if (S, +, 0) is a (not necessarily commutat- 
ive) group, and it is a semiring, if (S, +, 0) is commutative and, in addition, a- 0 = 0 
and c(a+b) =ca+cb foralla, b,c € S. 

The interest in these structures comes from the following observation: for any 
monoid (N, +, 0), the maps from N to N, write Map(N, N), form a near-semiring with 
respect to pointwise addition and composition of mappings. If (N,+,0) is a group, 
then Map(N, N) is a nearring. Note that the terminology may differ in the literature. 

These notions are also of interest in automata theory and computer science. To get 
an adjount pair of functors between categories of interest observe that for an object 
A in any category A, there is a functor Mor,(A, —): A — SET. A functor T: SET > 
A that is left adjoint to it exists, provided for every family of copies of A there isa 
coproduct in A. Based on this observation, a generalisation of nearrings and related 
tensor products are considered in [29]. Representations of near-semirings are investig- 
ated in [43]. 


6 Application to S-acts 


In the preceding section we considered semiring actions on commutative monoids. 
More generally, one may also study the action of monoids on any set. This is the appro- 
priate setting for the theory of automata and we recall the basic definitions (e.g. [41]). 

Let S be any monoid, that is, a set S with associative product m: S x S > S and 
unit element 15. Then the endofunctor 


Sx-:SET— SET, XrPSxX, 


is a monad on SET. The (Eilenberg-Moore) modules of this functor (see 7.5) are called 
(left) S-acts. These are sets A with an associative and unital S-action 


o:SxA-A, (Ss,a)r sa. 
We denote the category of S-acts by sSET. 
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Induced by S x -, we get the free and forgetful functors 


ds: SET > sSET, X+>(SxX,my), 
Us: sSET > SET, (X,0)»>X. 


Right S-acts are determined by the endofunctor — x S: SET — SET and yield the 
category SETs. For monoids S, T, (S, T)-biacts are given by commuting left S- and right 
T-actions. 

In the literature, S-acts also show up under the name S-sets, S-polygons, transition 
system, S-automata, indicating the area where they are of interest. 

Given any (A, 0) € SETs, (B,g') € sSET, their tensor product is defined as the 
coequaliser in SET, 

oxB 


AxSxB——=AxB 


Axo! 


T 


A ®s B, 


and thus is characterised by the universal property: for any set Y and S-balanced map 
B:AxB-—Y (ie., Blas, b) = B(a, sb), for a € A, b € B, s € S), there is a unique map 
B: A@s B > Y with commutative diagram 


axp—!s ¥ 


Wa 


A®sB 


Evidently, the formalism and the basic properties for this tensor product are the 
same as for the tensor product for modules and semimodules. 
Given two monoids S and T, any (S, T)-biact A induces the adjoint pair of functors 


A®z7-: TSET— sSET, XrAe@rx, 
Homs(A, —): Sser — TSET, Yt Homs(A,Y), 


with the canonical bijection 
Homs(A @7 X, Y) — Homy7(X, Homs(A, Y)), hw [x h(-@x)]. 


Remark. For any monoid (S, m, 15), Sx—isamonad witha coproduct given by d: S > 
SxS, S + (s,s). An easy argument shows that (S, m, d) does not satisfy the Frobenius 
conditions unless S consists only of one element. Furthermore, m- d = 1s if and only 
if all elements of S are idempotent, i.e., S is a Boolean monoid. 

On the other hand, d: S — S x S respects the product and thus m and d are 
compatible in the sense of 7.8. Also, the map €: S —> Isgr, Ss + [w], where [w] is 
a singleton, makes (S, d, €) acomonad such that (S, m, 1s, d, €) becomes a bimonad. 
This is a Hopf monad if and only if the monoid S is a group (e.g. [92, 5.19]). 

For the use of distributive laws in the theory of automata we refer to [17]. 
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7 Appendix: Categorical background 


For the convenience of the reader and to fix notation we recall some basic notions from 
category theory. 


7.1 Categories 


A category A consists of a class of objects Obj(A), and for any objects A, B, C, there 
are morphism sets Mor,(A, B) and Mor,(B, C) with associative composition 


Mor, (A, B) x Mor,g(B, C) > Morg(A, C), (f,g) & gf. 


Sometimes the composition gf is also denoted by g-f or g of. 

Aset Mor, (A, B) may be empty, except for A = B, since Mor, (B, B) always should 
contain an identity morphism 1, satisfying g1p = g and 1zf = f, for g € Mor,(B, C), 
f € Morg(A, B). 

It is customary to write A ¢ A instead of A € Obj(A), and Mor(B, C) instead of 
Mor, (B, C) if no uncertainty can arise. 

The connection between two categories is given by 


7.2 Functors 


A covariant functor F: A — B between two categories consists of assignments of 
Obj(A) — Obj(B), A > F(A), and of morphisms Mor(A, B) — Mor(A, B), f > F(f), 
such that 

F(14) = 1,4) and F(fg) = F(/)F(g). 


By definition, one has a map of sets, 
@!, 4: Mora(A, A’) > Morp(F(A), F(A’) , 


and the functor F is called faithful if Di, a. is injective, full if oF, aris surjective, and 
fully faithful if D/, ,, is bijective. 

Contravariant functors F reverse the composition of morphisms, that is, F(fg) = 
F(g)F(f) 


The relation between two functors is described by 


7.3 Natural transformations 


Let F, F': A — B be covariant functors. A natural transformation a: F — F' is given 
by a family of morphisms 
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aa: F(A) — F'(A) in B, A € Obj(A), 
such that any f: A — Bin A induces commutativity of the diagram in B, 


Fay FB) 


F(A) —® prcpy, 


7.4 Adjoint pairs of functors 


A pair (L, R) of functors L: A — Band R: B — A between categories A and B is 
called adjoint if there are bijections, natural in A €¢ Obj(A) and B € Obj(B), 


94,B: Morp(L(A), B) > Mora(A, R(B)) . 


Such a pair can be characterised by the associated natural transformations 
unit n: 14 — RL and counit ¢: LR > 1. 
with the trianglular identities 
Ro RR Re Ce Set 


Vector spaces with products, that is, algebras, lead to the consideration of functors 
with products. The products here are given by natural transformations and the rules 
for them are taken from the relevant properties for algebras. 


7.5 Monads and their modules 
A monad on A is a triple F = (F, m, ), where F: A —> A isa functor and 
m: FF>F, (t:1, >F, 


are natural transformations with commutative diagrams 


FFF —~> FF | ae 3 3 
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An F-module is an object A in A with a morphism 9,4: F(A) — A inducing com- 
mutative diagrams 


FF(A) —“> F(A) A —4-» F(A) 
ra] |e aXe |e 
F(A) =e A, A. 


Morphisms between two F-modules (A, @) and (A’, 9’) are given by a morphism 
h: A > A’ in A implying commutativity of the diagram 


FO ee reas 


I ly 


Ace Ne 


With this morphisms, the F-modules form a category, denoted by Ar. 

Clearly, for any object A, F(A) has aan F-module structure given by m4: FF(A) > 
F(A) and for any morphism h in A, F(h) is an F-module morphism. This leads to the 
free functor and the forgetful functor, 


gr: A—>Ap, A & (F(A), ma), Ur: Ap > A, (A,Q) KA, 
and (¢f, Uf) form an adjoint pair by the bijections for A « Obj(A) and B € Obj(Ag), 
Mor,,(F(A), B) > Mora(A, Uf(B)), frefeta. 


Notice that Ur@r = F. 


7.6 Comonads and their comodules 


A comonad is a triple G = (G, 6, €), where G: A — A is a functor with coproduct and 
counit, that is, natural transformations 


6:G—>GG, €:G—1,, 
with commuting diagrams 


Gna Ge Gas Ge 
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A G-comodule is an object A ¢ Obj(A) with a morphism p4: A — G(A) in A, 
inducing commutativity of the diagrams 


| oar G(A) sf x SE G(A) 
n| [+ Po |e 
Gp4 - 
G(A) ——+ GG(A), A. 


Morphisms between comodules (A, p), (A’,p’) are morphisms h: A > A! inA 
with commutative diagrams 


h 


A os 
p p! 
Gay GAG, 


The resulting category of G-comodules is denoted by A®. 
Similar to the module case, for any A € A, (G(A), 64) is a G-comodule and one 
has the (cofree) functor and the forgetful functor, 


po: A> A, A+ (GA), 64), UF: APSA, (Ap) HA, 
and (U®, @°) form an adjoint pair of functors by the bijections 
Morac(B, G(A)) > Mora(U°(B), A), freacf, 


for any A ¢ Obj(A) and B € Obj(A°). Notice that U°p® = G. 

Composing two monads one expects to get — under certain conditions — againa 
monad. New structures arise when a monad is combined with a comonad. For this one 
considers 


7.7 Mixed distributive laws 


Let (F, m, 1) be a monad and (G, 6, €) a comonad on the category A. Then a natural 
transformation 
A: FG — GF 


is said to be a mixed distributive law or entwining provided it induces commutativity 


of the diagrams 
al | ok | 
Gu 
AF 


PGR "Gre". Ge GF, 
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pe vere" se: GSE et 


ane 


GF ——_—__——_+GGF, GF 


In this setting, it is of interest to consider mixed bimodules, that is, objects A « A 
with an F-module structure 9: F(A) — A and a G-comodule structure w: A — G(A) 
with commutative diagram 


Ray =" Ga 


ron| |e 


FG(A) —_— > GF(A). 
Morphisms between two mixed bimodules are required to be F-module and G- 
comodule morphisms. 


Formally one can also consider entwinings GF — FG. These, however, do not 
relate in the same way to mixed bimodules (involves Kleisli categories, e.g. [12]). 

Of particular interest are endofunctors which are both a monad as well as a co- 
monad. In this case the question for the compatibility of the two structure arises. 


7.8 Bimonads 


Let B: A — A bea functor allowing for a monad (B, m, 1), a comonad (B, 6, €), and 
a mixed distributive law A: BB — BB. These data are called a bimonad provided they 
induce commutativity of the diagram 


op" BS" spe (1) 


n| tn 


| re 1p 

It is customary to call the mixed (B, B)-bimodules Hopf modules and we denote 
them by AB. Commutativity of (1) implies that, for every A ¢ A, B(A) is a Hopf module 
with 

coaction 64: B(A) — BB(A) and action my: BB(A) — B(A). 
Thus one obtains a functor 
pp: A>ABR, Av (BIA), ma, 6a). 
A natural transformation S: B — B is called an antipode if 
m-SB-6=1gp-€=m-BS-6, 

and the bimonad (B, m, 6, A) is called a Hopf monad provided such an antipode exists. 


Under mild restrictions, this is the case if and only if ge is an equivalence of categories 
(e.g. [92], [50, 5.6]). 
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Over a commutative ring R, an R-bialgebra H is a Hopf algebra provided the bi- 
monad H @p - is a Hopf monad. If the Picard group of the ring R is zero, then any 
Hopf algebra H, with H finitely generated and projective as an R-module, has also the 
structure of a Frobenius algebra (see [66]). 


Remark. The notion of distributive laws (of mixed type) goes back to Beck [9] and 
we refer to [12, 15, 92] and the references given there for further information. In more 
general situations, (simple) distributive laws are used by B. Klin in [42] in his study 
of operational semantics. He shows how stream systems and Mealy machines can be 
described by comodules and distributive laws. 

For any monoid S, the monoid algebra K[S] over a field K is a bialgebra and 
provides the setting for the Myhill-Nerode Theorem in the theory of formal languages 
and (finite) automata (e.g., [64, 77]). 


Monads and comonads are closely related to adjoint pairs of functors (e.g. [27]): 


7.9 Adjoint pairs and (co)monads 


Let L: A — Band R: B — A bean adjoint pair of functors (see 7.4) with 
unit 7: 14 — RL and counit é: LR > 1p, 
Then RL: A — A has amonad structure with 
product wp = Rez: RLRL > RL and unity: 1,4 — RL, 
and LR: B — B has acomonad structure with 
coproduct 6 = Lynr: LR > LRLR and counit €: LR > 12. 


Our view on monads and comonads may suggest to consider comonads as dual to 
monads and vice versa. As a special case one has the dual A* of a finite dimensional 
algebra A. However, this only works because of the finite dimension since then the 
endofunctors A* ®x« — and Homx,(A, -) are isomorphic. Without finite dimension we 
nevertheless get that the functor Hom,(A, —) isa comonad. This can be formulated in 
full generality. 


7.10 Adjoint endofunctors 


Let (F, G) be an adjoint pair of endofunctors on a category A with bijection 
px,y: Mor,(F(X), Y) > Mora (X, G(Y)) , 


andy: 14 — GF, €: FG > 1,4 as unit and counit. 
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Assume (F, m, 1) to be a monad. Then, for X, Y € A, there are diagrams 


Mora(F(X), Y) > Mora(X, G(¥)) 


: Mor(X,2) 
7 Y 
Mor, (FF(X), Y) ——> Mor,(X, GG(Y)), 


Horm} 


Mora(F(X), Y) > Mora(X, G(Y)) 


gr MorX??) 


Mora(X, Y) ’ 


in which the dotted morphisms exist by composition of the other morphisms (@ is 
invertible). By the Yoneda Lemma it follows that they are induced by morphisms 


tor. 


by: GY) > GG(Y) and ey: G(Y) > Y, 


and these are explicitly given by the natural transformations 


G GnFG 
0G Gre > GGRee. “3 Gore = Ge, 


GREE Ty 


yielding a comonad (G, 6, €). 
Based on this kind of arguments one obtains (e.g. [12, 2.8]): 


(1) F has a monad structure if and only if G allows for a comonad structure. In this 
case, the category of F-modules is isomorphic to the category of G-comodules by 
the functors 


OAS. a) SA AGHA Gays 


OAs ew aS cas Fa) ety As 


(2) F has a comonad structure if and only if G allows for a monad structure. In this 
case the corresponding Kleisli categories are isomorphic. 


More about these structures may be found, for example, in [12, 92]. For an expli- 
cit outline for the Hom-tensor functors in module categories in this context we refer 
to [94]. 


Acknowledgement: The author is grateful to Bachuki Mesablishvili for proof reading 
and helpful comments. 
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Nihan Baydar Yarbil and Nurcan Argac¢ 
Annihilators of power values of generalized 
skew derivations on Lie ideals 


Abstract: Let R be a prime ring and L be a noncommutative Lie ideal of R. Let a be an 
automorphism of R and f be a generalized a-derivation of R. If a is a fixed element of 
R such that af(x)" = 0 for all x € L, where n is a fixed positive integer, then af(x) = 0 
for all x € R, unless dimcRC = 4. 


Keywords: Prime ring; Lie ideal; generalized skew derivation; generalized derivation; 
automorphism; right Martindale quotient ring; two-sided Martindale quotient ring; 
generalized polynomial identity. 


1 Introduction, Notation, and Statements 
of the Results 


Throughout this paper unless specially stated, R always denotes a prime ring with 
center Z(R), extended centroid C, right Martindale quotient ring Q;, and two-sided 
Martindale quotient ring Q. For any x, y € R, we set [x, y] = xy — yx. 

By a derivation of R we mean an additive map d from R into itself satisfying the 
rule d(xy) = d(x)y + xd(y) for all x, y € R. Let a be an automorphism of R. An a-deriv- 
ation of R is an additive mapping d satisfying d(xy) = d(x)y + a(x)d(y) forall x, y € R. 
a-derivations are also called skew derivations. When a = 1, the identity map of R, a 
-derivations are merely ordinary derivations. If a # 1, then 1-a@ is an a—derivation. An 
additive mapping f: R — R is called generalized a-derivation if there exists an a-de- 
rivation d: R > R such that f(xy) = f(x)y + a(x)d(y) for all x, y € R. Ifa, b ¢ Rand 
a # 1 is an automorphism of R, then f(x) = ax — a(x)b is a generalized a—derivation. 
Moreover, if d is an a-derivation of R, then f(x) = ax + d(x) is a generalized a-deriva- 
tion. 

In [11], A. Giambruno and I. N. Herstein proved that if R is a semiprime ring and 
d is a derivation of R such that d(x)" = 0 for all x ¢ R, where n > 1 isa fixed integer, 
then d = 0. A variety of results generalizing Herstein’s theorem have been obtained 
by a number of authors. M. BreSar [2] proved that if R is a prime ring with a nonzero 
derivation d and a is an element of R such that ad(x)" = 0 for all x € R, wheren > 1 
is a fixed integer, then a = O provided charR # (n — 1)!. Later in [17], Lee and Lin 
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obtained the same conclusion assuming that ad(x)" = 0 for all x in some noncentral 
Lie ideal of R without the assumption on characteristic. 

In [6] J. C. Chang proved that if R is a prime ring and f is a right generalized skew 
derivation of R such that f(x)" = 0 for all x ¢ L where L is anoncommutative Lie ideal 
of R and nis a fixed positive integer, then f = 0. T. K. Lee and K. S. Liu extended this 
result to a nonzero ideal I of a prime ring R in [18]. Simply, they proved that if R isa 
prime ring and g is a generalized skew derivation of R such that g(x)" = 0 for all x € I, 
where J is a nonzero ideal of R and nis a fixed positive integer, then g = 0. 

In [3], C. M. Chang and T. K. Lee proved the following: Let R be a prime ring, L bea 
noncommutative Lie ideal of R, d be a nonzero derivation of R and 0 # a € R. Suppose 
that ad(x)" € Z(R) for all x ¢ L, where nis a fixed positive integer. Then dimcRC = 4. 

Later, J. C. Chang [4] showed that if R is a prime ring, a is an automorphism of 
R and f is a nonzero generalized a-derivation of R such that f(x)” € Z(R) for all x € 
I, where I is a nonzero ideal of R and n is a fixed positive integer, then R is either 
commutative or is an order in a 4-dimensional simple algebra. 

More recently, J. C. Chang [5] proved the following: Let R bea prime ring and a «€ R. 
Let a and B be automorphisms of R and f is a generalized (a, f)-derivation; that is 
f(xy) = foda(y) + BOOd(y), where d is an (a, B)-derivation(i.e., d is an additive map of 
Rand d(xy) = d(x)a(y) + B(x)d(y) for all x, y € R). If af(x)" = 0 for all x € R, where n 
is a positive integer, then af(x) = 0 forall x € R. Moreover if d # 0 or f # 0, then a = 0. 

In what follows unless stated otherwise, R will bea prime ring. We denote the right 
Martindale quotient ring of R by Q, and the two-sided Martindale quotient ring of R by 
Q. Let C be the center of Q, which is called the extended centroid of R. The definitions, 
the axiomatic formulations and the properties of these quotient rings can be found 
in [1]. Note that Q and Q, are also prime rings with identity and C isa field. It is known 
that automorphisms, derivations and a-derivations of R can be uniquely extended to 
Q, and Q. In [4], we know that generalized a-derivations of R can be also uniquely 
extended to Q, and Q. Indeed, by Lemma 2 in [4], if f is a generalized a-derivation of 
R, then f(x) = f(1)x + d(x) for all x € R, where d is an a-derivation of R. 

We use frequently the theory of generalized polynomial identities and differential 
identities with automorphisms (see [1, 7, 8, 9, 13, 15, 19]). 

An a-derivation d of R called X-inner if d(x) = bx — a(x)b for some b € Q, and dis 
called X-outer if it is not X-inner. An automorphism a is called X-inner if a(x) = qxqu1 
for some invertible element g € Q and a is called X-outer if it is not X-inner. 

Before presenting the results we will state the following useful remarks: 


Fact 1.1 ([7], Theorem 1). Let R be a prime ring. If 6 is a nonzero skew derivation 
of R and p(x1,..-,Xn, 6(%1),-.-, 6(Xn)) is a skew differential identitiy for R then, 
either 6 is an inner skew derivation or R satisfies the generalized polynomial identity 
p(x, sea XnyV1y00- Yn) 


Fact 1.2 ((21], Remark 2.1). Let R be a prime ring, U be the Utumi quotient ring of R, I 
be a nonzero ideal of R and a, b € U/{0}. Let n be a fixed positive integer and 6 be a 
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nonzero generalized derivation of R. Suppose that a(6 (x)b)" = Oforallx € I. Then there 
exist a,, b, € U such that 6(x) = a,x + xb, forall x € Rand b,b = 0. Moreover, either 
ba, =Ooraa, =0. 


We are now ready to state the main result: 


Theorem 1.1. Let R be a prime ring, Q be its Martindale quotient ring, C be its extended 
centroid and a is an automorphism of R. Let f be a generalized a-derivation of R, L bea 
noncommutative Lie ideal of R. Suppose that af(x)" = 0 for all x € L, where n is a fixed 
positive integer, then af(x) = 0 for all x € R, unless dimcRC = 4. 


2 The results 


We need the following lemmas in the sequel. In the light of Corollary in [16], we give 
the ensuant lemma as a consequence: 


Lemma 2.1. Let R be a noncommutative prime ring, n is a fixed positive integer and 
a,beR. 

(i) If a([x, y]b)" = 0 forall x, y € R, then a = Oorb =0. 

(ii) If a(b[x, y])" = 0 for all x, y € R, then ab = 0. 


Lemma 2.2. Let R be a prime ring and a, b,c, q € R with q invertible in R such that 
a(b[x, y] — Ix, ylq7*c)" = 0 


forall x,y € R. If R does not satisfy any nontrivial generalized polynomial identity, then 
a=Oorg'c€Canda(b-c)=0. 


Proof. Assume that a ¥ 0. If q~tc € C, then a((b — c)[x, y])" = 0 forall x, y € R. This 
implies that a(b — c) = 0 by Lemma 2.1. So we may assume that q-‘c ¢ C. 

Let T = Q *¢ C{X, Y} be the free product over C of the C-algebra Q and the free 
C-algebra C{X, Y}, with the non-commuting indeterminates X, Y. Since R does not 
satisfy any nontrivial generalized polynomial identity (GPI for short), we have that 


G(X, Y) = a(b[X, Y] - q[X, Y]q7tc)" =O €T. 


Suppose for the moment that aq and q~!cq are C— independent. Then a(q[X, Y]q-‘c)" 
occurs nontrivially in G(X, Y). If ag and q-'cq are linearly C-dependent, then there 
exits some A ¢ C such that q7'cq = Aaq and so treating the same monomial 
a(q[X, Y]q~'c)", we obtain the monomial a(q[X, Y]Aa)". Assume that Aa(q[X, Y]a)" = 
0 ¢ T. Since aq # O then R is commutative, a contradiction. So a(q[X, Y]q7'c)" occurs 
nontrivially in G(X, Y). 
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Lemma 2.3. Let R be a prime ring and L be a noncommutative Lie ideal of R. Let 
a, b, c,q €¢ R with q invertible in R. Suppose that a(bx — qxq-'c)" = O forall x ¢ L, 
where n is a fixed positive integer. Then a = 0 or g-!c € Cand a(b — c) = O, unless 
dimcRC =4, 


Proof. If R isa domain or a = 0, then there is nothing to prove. So we may assume 
that R is not domain and a # 0. Set I = R[L, L]R, then in view of [12] 0 # [I, R] ¢ L. By 
the assumption, we have 

a(bx — qxq-'c)" =0 (1) 


for all x € [J, R]. Since I, R and Q satisfy the same generalized polynomial identities 
over Q, (1) still holds for all x < [Q, Q] by [7]. Hence we may assume that R = I = Qand 
R is centrally closed prime ring. If R is not a GPI-ring, then by Lemma 2.2 we are done. 
So we may assume that R is a GPI-ring. Thus R is primitive ring which is isomorphic 
to a dense ring of linear transformations of vector space V over a division ring D. If 
dimpV = ov, then in view of Lemma 2 in [20], we arrive at a(bx — qxq™'c)" = 0 forall 
x € R. In particular, a(bq-!x — xq-‘c)" = 0 for all x ¢ Rand so a(bq-!x — xq-‘c) =0 
for all x ¢ R by Theorem A in [5]. Thus we have abq-!x — axq-'c = 0 for all x ¢ R. It 
follows from [19] that g-'c € C. Hence a((b — c)x)" = 0 for all x € Rand a(b-—c) =0 
by Theorem 2 in [10]. 

Now consider the case dimpV < oo. Hence R is isomorphic to Dm, the matrix ring 
over D for some m. If Cis finite, then D (being finite dimensional over C) is a finite ring 
and thus is a field by Wedderburn’s theorem. In this case R = Cy. On the other hand 
if C is infinite and F is the maximal subfield of D, then by a standard argument (see, 
for instance proposition in [14]), a(b[x, y] — q[x, ylq7tc)" = 0 for all x, y ¢ R@c F. But 
R @c F = Dm ®c F = (D ®c F)m = Fx for some k. In either case, we may suppose that 
R = F, for some k > 1. 

Assume dimcRC # 4 then we may consider that k > 3. Let V be a k-dimensional 
F-linear transformations of V. For any given v € V, we claim that v and q-!cv are 
F-dependent. Suppose, on the contrary that v and q-'cv are F-independent. Since 
dimrV > 3, wecan choose w €¢€ V such that v, q-!cv and w are F-independent. By the 
density of R, there exists x, y ¢ R such that 


xq icv =0,xv =0 
yq icv=w,yv =0,xw=q''v. 
This implies that [x, y]v = O and [x, y]q-tcv = q-1v. Thus 
0 = a(b[x, y] - glx, ylq"*c)"v = (-1)"av 


and so av = O. Hence we prove that if av # 0, then v and q~'cv are C-dependent. Since 
a # 0, there exists vo € V such that avo # 0. Thus q™!cvo and vo are F-dependent 
and q-tcVo = Avo for some A ¢€ F. We claim that v and qg~!cv are F-dependent for all 
v € V. For v é V, by the previous proof, we may assume that v and vo are linearly 
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independent over F and av = 0. Since dimrV > 3, we can choose v, Vo and w are 
linearly independent over F. Suppose first that aw # 0. Then a(v + vo) = aVo # Oand 
a(v + w) = aw #0. So there exist 8, y and 9 € F such that q-!cw = Bw, q-!c(v + vo) = 
y(v+vo), and q-!c(v+w) = o(v+w). Comparing the equations above with q~!cvo = Avo 
we have A = B = y = o. This implies that q’tcv = Av and so v and q''cv are F- 
dependent. 

Now suppose that aw = 0. Replacing w by vo + w and using the independence 
of {v, Vo, w} we get a contradiction. Hence aw + 0. By the proof above, v and q-!cv 
are F-dependent. So in any case, v and q~!cv are F-dependent for all v < V. By the 
standard argument, it is easy to see that q-!c ¢ F. In this manner a((b — c)[x, y])" =0 
for all x, y € R. It follows from Lemma 2.1 that a(b - c) = 0. 


Lemma 2.4. Let R be a prime ring and L be a noncommutative Lie ideal of R. Let 
a,b,c € Rand a be an automorphism of R. Suppose that a(bx — a(x)c)" = 0 for all 
x € L, where n is a fixed positive integer. Then either a = 0 or a(bx — a(x)c) = 0 for all 
x € R, unless dimcRC = 4. 


Proof. If R isa domain or a = 0, then there is nothing to prove. So we may assume 
that R is not a domain and a # 0. Set J = R[L, L]R and by [12] 0 # [I, R] ¢ L. So we 
have 
a(f(x))" =0 (2) 

for all x € [I, R], where f(x) stands for bx — a(x)c. In the light of Theorem 1 in [9], (2) 
holds for all x € [Q, Q]. So we may assume thar R = I = Q and R is centrally closed 
prime ring. If a is an X-inner automorphism of R, that is there exists 0 # gq € Q such 
that a(x) = qxqu' for all x € R, then we are done by Lemma 2.3. In the case that a is 
X-outer, also we have 

a(bx — a(x)c)" =0 (6}) 
for all x ¢ [R, R]. If b or c is zero, we are done by Lemma 2.1. So we consider that b 
and c are nonzero. By the main theorem in [8], R is a GPI-ring. Thus R is a primitive 
ring with nonzero socle by Theorem 3 in [19]. Since R is not a domain, R has nontrivial 
idempotents. Let e be a nontrivial idempotent of R. Applying (3) we have 


0 = a(b[a1(1 - e)xe, a 1(1 - e)ye] 
~ [(1 - e)a(x)a(e), (1 — e)a(y)a(e)]c)"(1 - e) 
= a([(1 — e)a(x)a(e), (1 - e)a(y)a(e)]c)"(1 - e) 
= a(1 - e)((a(x)a(e)(1 — e)a(y) - a(y)a(e)(1 — e)a(x))a(e)c(1 - e))” 
for all x, y € R. This implies that 
0 = a(1 - e)((xa(e)(1 — e)y — ya(e)(1 — e)x)a(e)c(1 - e))" (4) 


for all x, y ¢ R. We may assume that a(e)(1 — e) # 0. By Remark 2.1 in Xu et al. [21] it is 
clear that 
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a(e)(1 — e)Ra(e)c(1 — e) € Ca(e)c(1 — e) and either 
a(1 - e)Ra(e)(1 - e) ¢ Ca(1 - e) or 
a(e)c(1 — e)Ra(e)(1 — e) € Ca(e)c(1 — e). Hence by (4) we obtain 
0 =a(1 - e)(xAa(e)c(1 - e) — yua(e)c(1 - e)) 
(xa(e)(1 — e)y — ya(e)(1 - e)x)a(e)c(1 - ayer (5) 


for some A, pt € C. Continuing the same process in (5) we have 
a(1 — e)((Ax — py)a(e)c(1 — e))" = 0 


for all x, y € R. Hence 
a(1 — e)(RCa(e)c(1 — e))" =0 


Since RC is a prime ring then either a(1 — e) = 0 or a(e)c(1 — e) = 0. Nowassume that 
e is an idempotent of R with a(e)(1 — e) = 0, then we see again from (3) that 


0 = a(b[a“*(1 - e)xe, ye] - [(1 - e)a(x)a(e), a(y)a(e)}c)"(1 - e) 
= a(1 -e)(a(x)a(e)a(y)a(e)c(1 - e))” 


for all x, y € R. By Theorem 2 in [10] we arrive at a(1 — e) = 0 or a(e)Ra(e)c(1 — e) = 0. 
By the primeness of R we get a(1 — e) = O or a(e)c(1 — e) = O. We will adopt the 
proof of Lemma 4 in [5] with some modification. Assume that a(1 - e) = O for some 
nontrivial idempotent e € R. Since e + (1 - e)xe is also an idempotent for all x € Rand 
a(e +(1-e)xe) = ae=a# Othen 


a(1-e-(1-e)xe)c(e + (1 -e)xe) =0 (6) 


for all x € R. Besides, if a(e)c(1 — e) = O for all idempotents in R then (6) holds for all 
idempotents in R. Expanding (6) we obtain 


a(1-—e)ce—a(1—e)a(x)a(e)ce+a(1—e)c(1—e)xe—a(1—e)a(x)a(e)c(1—e)xe =0 (7) 

for all x, y € R. In particular, we have a(e)ce = ce. Hence (7) reduces to 
(1 — a(e))c(1 — e)xe — (1 — a(e))a(x)ce — (1 - a(e))a(x)a(e)c(1 —e)xe=0 (8) 
for all x € R. Linearizing (8) we obtain 
(1 — a(e))(a(xja(e)c(1 - e)y + a(y)a(e)c(1 - e)x)e=0. 
Since a is an X-outer automorphism of R, then 
(1 - a(e))xa(e)c(1 — e)xe = O 

by [13]. Using the primeness of R we get a(e)c(1 — e) = 0 and thus (8) implies 


c(1 - e)xe —- (1 - a(e))a(x)ce = 0 
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for all x € R. Again, in the light of [13] 
c(1 - e)xe — (1 - a(e))a(x)ce = 0 


for all x, y € R. Hence c(1 — e) = 0 which implies c = 0. Eventually a(bx)" = 0 for all 
x € [R, R] and the proof is completed by Lemmaz2.1. 


Proof of the Main Theorem. If a = 0, then there is nothing to prove. So we may assume 
that a # 0. Set I = R[L, L]R. Then 0 ¢ [I, R] ¢ L by [12]. It is known that there exists 
s = f(1) € Q, such that f(x) = sx + 6(x) for all x € R, where 6 is an a-derivation of R by 
Lemma 2 in [4]. By the assumption, we have 


a(sx + 6(x))” =0 (9) 


for all x ¢ L and hence for all x ¢ [J, R]. By Theorem 2 in [7], I, R and Q, satisfy the 
same GPIs with single skew derivation over Q, and hence (9) holds for all x € [Q,, Q,]. 
So we may assume that R = I = Q,. If 6 is X-inner, then 6(x) = bx — a(x)b for all x € R, 
where b € Q and ais an automorphism of R. We rewrite (9) as 


a((s + b)x — a(x)b)" =0 


for all x € [R, R]. So we are done by Lemma 2.4. Finally we consider the case that 6 is 
X-outer. Using (9) we arrive at 


0 = a(s[x, y] + 6[x, y])” 
= a(s[x, y] + 6(xy) — 6(yx))” 
= a(s[x, y] + 6(x)y + a(x)d(y) — 6(y)x - a(y)6(x))” 


for all x, y € R. By Fact 1 we have 
a(s[x, y] +zy + a(x)u — ux - a(y)z)" =0 (10) 


for all x,y,z,u € R. Setting x = O in (10), we see that a(zy — a(y)z)" = 0 for all 
y, z € R. In view of Lemma 4 in [4] we have a(zy - a(y)z) = 0 for all y,z € R. Right 
multiplying by r in the last equation yields that azyr - a(y)zr = O for allr,y,z € R. 
On the other hand, azyr - a(yr)z = 0 forall r,y,z € Q. Comparing the last two 
relations, it follows that aa(y)(a(r)z — zr) = O for all r,z,y € R. Since a # O and 
R is a prime ring, then a(r)z = zr for all r,z € R. In particular a(r) = r for all 
r € R which implies rz = zr for all r,z € R. So R is commutative, a contradiction. 


Corollary 2.1. Let R be a prime ring and L be a noncommutative Lie ideal of R. Suppose 
that a € Rand f is a nonzero generalized a-derivation of R such that af(x)" = 0 forall 
x € L, where n = 1 a fixed positive integer. Then a = 0 or f(x) = qx forall x € R, where 
q € Qand aq = 0, unless dimcRC = 4. 
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Proof. Suppose that af(x)" = 0 for all x € L, then af(x) = 0 for all x € R, unless 
dimcRC = 4 by Theorem. Thus, 


0 = af(xy) = a(f(x)y + a(x)(y)) = aa(x)d(y) 


for all x,y € R, where 6 is an a-derivation of R. Using the primeness of R, we have 
either a = 0 or 6 = 0. If 6 = O, then f(x) = qx for some q € Q, by Lemma 2 in [4] 
and hence we get a(qx) = O for all x € R. This implies that aq = 0 and the proof is 
finished. 


Since every a-derivation d of R is a generalized a-derivation of R, we conclude with: 


Corollary 2.2. Let R be a prime ring and L be anoncommutative Lie ideal of R. Suppose 
that a € Rand dis an a-derivation such that ad(x)" = 0 forall x € L. Thena = Oor 
d =0, unless dimcRC = 4. 


Example1. Let F be a field and q = € ') be an invertible element of the ring 


O 1 


uv 
R= Vs F;.S that 
{(° ”) Ju,V,w € | uppose tha 


= u -U+V+W 
a(x) = axa =( ) 


0 w 
forallx € R. 


O u-v 
G(x) = cx - a(x)d = . 6 ) 


Oo 1 0 O 
is a nonzero generalized a-derivation of R where c = ( i} d= ( ) € R. If 


1 O , oie xe ‘ 
a= ( ) € R then aG(x)" = 0 for all x € R where n is a fixed positive integer. But it 


0 O 
easy to see that 
O u-v 
G(X) == 0 
aG(x) € 6 + 


unless u = v. 


Example 2. Let F be a field with char F = 2 and 
pe - ) 
F F 


if a : A,B cF is a Lie ideal of R and let q = (3 


invertible element. Suppose that 


be aring. L = 1) € Re an 


0 1 


U+Z UtVt+Z+W 
Zz Z+w 


a(x) = qxq°* = ( 
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forall x = & is ER. 


Gtx) = ex aco = ( 2 ee) 


UuU+Z V+tZ+W 


1 1 1 1 
is a nonzero generalized a-derivation of R where c = & ) d= ( :) e R. If 


a= (° :) then aG(x)" = 0 for all x € L where n is a fixed positive integer, but 


aaix) = ("27 a" \ 40. 
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Omar Ait Zemzami, Abdellah Mamouni, and Lahcen Oukhtite 
Generalized derivations on prime rings 
with involution 


Abstract: In the present paper, we study some commutativity criteria for a prime ring 
with involution (R, «) which admits generalized derivations F and G satisfying various 
identities. Further, examples are given to demonstrate that the restrictions imposed on 
the hypothesis of our results are not superfluous. 


Keywords: Prime ring; involution; commutativity; derivation; generalized derivation. 


1 Introduction 


Throughout this paper R will represent an associative ring with center Z(R). For any 
x,y € R, the symbol [x, y] will denote the commutator xy — yx; while the symbol 
x cy will stand for the anti-commutator xy + yx. R is prime if aRb = Oimplies a = O or 
b = 0. Anadditive map «: R —> Riscalled an involution if « is an anti-automorphism 
of order 2; that is (x*)* = x forall x ¢ R. Anelement x in a ring with involution (R, *) is 
said to be hermitian if x* = x and skew-hermitian if x* = —x. The sets of all hermitian 
and skew-hermitian elements of R will be denote by H(R) and S(R), respectively. The 
involution is said to be of the first kind if Z(R) ¢ H(R), otherwise it is said to be of the 
second kind. In the later case S(R) N Z(R) # (0). An element x is normal if xx* = x*x. 
If all elements in R are normal, then R is called a normal ring (or equivalently, » is 
commuting). 

An additive mapping d: R —> Risa derivation on R if d(xy) = d(x)y+xd(y) for all 
x,y € R. Leta € R bea fixed element. Amapd: R — R defined by d(x) = [a, x] = ax- 
xa, x € R, is a derivation on R, which is called an inner derivation defined by a. In [5], 
BreSar introduced the notion of generalized derivations in rings: an additive mapping 
F: R — R is called generalized derivation if there exists a derivation d such that 
F(xy) = F(x)y + xd(y) holds for all x, y € R, and d is called the associated derivation 
of F. Obviously, the concept of generalized derivations covers both the concepts of a 
derivation and ofa left multiplier (i.e., an additive mapping satisfying f(xy) = fOxdy for 
all x, y € R). Basic examples of generalized derivations are the following: (i) F(x) = 
ax + xb for a, b € R; (ii) F(x) = ax forsomea e R. 
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Many results in the literature indicate how the global structure of a ring R is often 
tightly connected to the behavior of additive mappings defined on R. Recently many 
authors have studied commutativity of prime and semi-prime rings admitting suitably 
constrained additive mappings, as automorphisms, derivations, skew derivations and 
generalized derivations acting on appropriate subsets of the rings (see [1]-[4],[6],[10] 
and [11] for further details). 

Motivated by some results in the literature, especially recent work of S. Ali and 
al. (see [2] and [3] for further references), here we continue the line of investigation 
regarding the study of commutativity for a ring with involution of the second kind 
provided with generalized derivations satisfying various identities. 


2 Main results 


The following Lemmas are essential for developing the proofs of our results. 


Lemma 2.1 (([8], Fact 1). Let(R, *) be a2-torsion free prime ring with involution provided 
with a derivation d. Then d(h) = 0 for all h € H(R) m Z(R) implies that d(z) = 0 for all 
zé€Z(R). 


Lemma 2.2. Let (R, *) be a 2-torsion free prime ring with involution of the second kind. 
If there exists a derivation d of R such that one of the following hold: 

(1) (xy + y*x*)d(h)? € Z(R) forall x,y ¢ Randh € Z(R)N H(R) 

(2) (xy + y*x*)d(h) € Z(R) forall x,y ¢ Randh «€ Z(R) nN H(R) 

then R is commutative or d(Z(R)) = {0}. 


Proof. Assume that (xy + y*x*)d(h)* € Z(R) forall x,y « Rand 
h € Z(R) N H(R). Using the fact that R is prime, it follows that either xy + y*x* € Z(R) 

for all x,y € Rord(h)? = 0 forall h € Z(R)N H(R). 

Suppose xy + y*x* € Z(R) forall x,y e€ R; in particular taking y = s wheres ¢€ 
Z(R) M S(R)\{0}, we get (x — x*)s € Z(R). Therefore x —- x* € Z(R) forall x ¢ Rand 
thus [x, x*] = 0 forall x € R. This further implies that R is normal and ( [3], Lemma 
1) assures that R is commutative. 

If d(h)? = O forall h € Z(R) n H(R), then d(h) = O forall h € Z(R) nN H(R) in which 
case Lemma 2.1 yields that d(z)=0 forall z € Z(R). 

Now suppose (xy + y*x*)d(h) € Z(R) for all x, y € Randh € Z(R) n H(R); then using 
the primeness of R, we get either xy + y*x* € Z(R) or d(h) = 0. 

If xy + y*x* € Z(R) forall x,y e€ R, then using a similar proof as above, we may 
conclude that R is commutative. 

If d(h) = O forall h € Z(R) 1 H(R), then by virtue of Lemma 2.1 we are forced to 
conclude that d(z) = 0 forall z € Z(R). 
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Theorem 2.1. Let (R, «) bea 2-torsion free prime ring with involution of the second kind. 
If (F, d)and (G, g) are nonzero generalized derivations, then the following assertions are 
equivalent: 

(1) G(xx*) + F(X)F(x*) + x*x € Z(R) forall x € R; 

(2) G(xx*) — F(X)F(x*) +x*x € Z(R) forall x eR; 

(3) G(xx*) + F(x*)F(x) +x*x € Z(R) forall x € R; 

(4) G(xx*) — F(x*)F(x) +x*x € Z(R) forall x eR; 

(5) Ris commutative. 


Proof. It is obvious that (5) implies (1), (2), (3) and (4). So we need to prove that (1) 
=> (5), (2) = (5), (3) = (5), and (4) = (5). 
(1) => (5) By the assumption, we have 


G(xx*) + F(xX)F(x*)+x*x € Z(R) forall x eR. (1) 
A linearization of (1) yields that 
G(xy*) + G(yx*) + F(xX)Fly*) + Fly)F(x*) + x*y + y*x € Z(R). (2) 


First we assume that g = d = 0. Then substituting ys for y in (2), where 
0 #s € Z(R)N S(R), we get 


G(xy) + F(x)F(y) + yx € Z(R) forall x,yeR. (3) 
Using ( [11], Theorem 1), the last expression forces us to conclude that R is commutat- 
ive. 
If g = O and d  O, then writing y = yh in (2), where 0 # h € Z(R) N H(R), we get 
(F(x)y* + yF(x*))d(h) € Z(R) forall x,yeR. (4) 
Replacing x by xh, with 0 # h € Z(R) n H(R), the last expression leads to 
(xy +y*x*)d(h)? € Z(R) forall x,yeR. (5) 


By Lemma 2.2, we conclude that R is commutative or d(Z(R)) = {O}. 
In the latter case, setting y = ys in (2), where 0 # s € Z(R) N S(R), we arrive at 


G(xy) + F(X)F(y) + yx € Z(R) forall x,yeR (6) 


and ( [11], Theorem 1) gives that R is commutative ring. 
If g # Oandd = O, then substituting yh for y in (2), where h € Z(R) n H(R)\{0}, we 
may write 

(xy + y*x*)g(h) € Z(R) forall x,yeR. (7) 


Applying Lemma 2.2 again, it follows that R is commutative or g(Z(R)) = {0}. 
Suppose that g(z) = 0 for all z € Z(R); taking y = ys in (2), where 
0 #s € Z(R) NS(R), we obtain 


G(xy) + F(X)F(y) + yx € Z(R) forall x,yeR (8) 
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so R is commutative by ( [11], Theorem 1). 
Now we consider the remaining case g # 0 and d # 0; putting y = yh in (2), where 
0#he Z(R)N H(R), we find that 


(xy* + yx*)g(h) + (FQ)y* + yF(x*))d(h) € Z(R) forall x,yeR. (9) 
Replacing x by xh in (9), with 0 # h € Z(R) 1 H(R), we arrive at 
(xy + y*x*)d(h)? € Z(R) forall x,yeR. (10) 


Invoking Lemma 2.2, either R is commutative or d(Z(R)) = {O}. 
In the latter case equation (9) reduces to 


(xy + y*x*)g(h) € Z(R) forall x,yeR (11) 


and Lemma 2.2 implies that either R is commutative or g(Z(R)) = {O}. 
Suppose that g(z) = 0 for all z € Z(R), then replacing y by ys in (2), where 0 #5 € 
Z(R) N S(R), we get 


G(xy) + F(X)F(y) + yx € Z(R) forall x,yeR (12) 


and we are done by ( [11], Theorem 1). 

Arguing as above, with slight modifications, it is obvious to show that 
G(xx*) + F(xX)F(x*) — x*x € Z(R) forall x € R implies that R is commutative. 
(2) = > (5) We are assuming that 


G(xx*) — F(X)F(x*) +x*x €Z(R) forall x¢R (13) 

and therefore 
— G(xx*) + F(x)F(x*)+x*xeZ(R) forall xeR. (14) 
Let G’ = -G, it is obvious that G’ is a generalized derivation associated with the deriv- 


ation g’ = —g such that 
G' (xx*) + F(x)F(x*)+x*x €Z(R) forall xeR. (15) 


Since (15) is exactly the hypothesis of (1), then R is commutative. 
(3) => (5) By the assumption, we have 


G(xx*) + F(x*)F(x) + x*x € Z(R) forall xeR. (16) 
A linearization of (16) implies that 
G(xy*) + G(yx*) + F(x*)F(y) + Fly*)FO) +x*y+y*xe Z(R) forall x,yeR. (17) 
Taking yh instead of y, where 0 # h € Z(R) N H(R), we find that 


(xy* + yx")g(h) + (F(x")y + y*F(x))d(h) € Z(R) forall x,yeR. (18) 
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Replacing x by xh, where h € Z(R) nN H(R)\{0}, we get 
(xy +y*x*)d(h)? € Z(R) forall x,yeR. (19) 


Using Lemma 2.2, we conclude that R is commutative or d(Z(R)) = {0}. 
In the latter case equation (18) becomes 


(xy +y*x*)g(h) € Z(R) forall x,yeR (20) 


and Lemma 2.2 implies that R is commutative or g(Z(R)) = {O}. 
If g(Z(R)) = {0}, then replacing y by ys in (17) where 0 # s € Z(R) N S(R) we obtain 


G(xy) + F(y)F(x) +yx € Z(R) forall x,yeR. (21) 


Hence ( [11], Theorem 3) assures that R is commutative, or d = g = 0. 
If d = g = 0, then substituting xt for x in (21), where t € R, one can see that 


G(x)ty + Fy) F(t + yxt € Z(R) forall x,y,teR (22) 


that is 
G(x)ty — G(xy)t + (G(xy) + F(y)F(x) + yx)t € Z(R). (23) 


Using (21) together with (23) we conclude that 


[G(x)[t, y],t] =O forall x,y,teR (24) 
thereby obtaining 
Goo Ie y], ( +[G(x), t][t, y] =0 forall x,y,teR (25) 
which leads to 
Go| Ly tl, ( + (G(X), tlly, ] =0 forall x,y,teR. (26) 


Substituting xu for x, where u € R, we find that 
Gooul Dy tl, ( +[G(du, tlly, f]=0 forall x,y,t.ueR. (27) 
Thus we have 
GCoul Ly, tl, €] + Olu Aly, 4 + (600, tluly, € = 0. (28) 
In particular for u = G(x), according to (26), we obtain 
[G(x), t]G(x)[y, tf] =O forall x,y,teR (29) 
which reduces to 


[G(x), t]GQ)R[y, t] =O forall x,y,teR. (30) 
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In view of the primeness, the last equation assures that [G(x), t]G(x) = 0 or [y, t] = 0 
for all x, y, t ¢ R. Hence R is the union of the subgroups: 


H = {t € R|[r, t] = 0 forall r € R} and K = {t € R|[G(x), t]G(x) = 0 forall x € R}. 


Accordingly, either R = H or R = K. Since the first case implies that R is commutative, 
then we need only consider the case [G(x), t]G(x) = 0 forall x,t € Rand thus 
[G(x), t]RG(x) = O which leads to [G(x), t] = 0 for all x, t ¢ R. Therefore, because of 
g = 0, it follows that G(x)R[y, t] = 0 for all x, y, t ¢ R. Using the fact that G + 0, then 
we conclude that R is commutative. 

Using a similar proof, with slight modifications, it is obvious to show that 
G(xx*) + F(x*)F(x) — x*x € Z(R) for all x € R yields that R is commutative. 
(4) => (5) We are given that 


G(xx*) — F(x*)F(x) +x*x €Z(R) forall xeR (31) 


thereby 
— G(xx*) + F(x*)F(x) +x*x € Z(R) forall xeR. (32) 


Consider G' = —G, the last expression can be written as 
G' (xx*) + F(x*)F(x) +x*x€Z(R) forall xeR. (33) 


Since (33) is exactly the hypothesis of (3), then R is commutative. This completes the 
proof of the theorem. 


Corollary 2.1. Let (R, «) be a2-torsion free prime ring with involution of the second kind. 
If (F, d)and (G, g) are nonzero generalized derivations, then the following assertions are 
equivalent: 

(1) G(xy) + F(X)F(y) yx € Z(R) forall x,y € R; 

(2) G(xy) + F(y)F(x) t+ yx € Z(R) forall x,y € R; 

(3) R is commutative. 


Theorem 2.2. Let (R, «) bea 2-torsion free prime ring with involution of the second kind. 
If (F, d)and (G, g) are non zero generalized derivations, then the following assertions are 
equivalent: 

(1) G(xx*) + F(x*)F(x) € Z(R) forall x € R; 

(2) G(xx*) — F(x*)F(x) € Z(R) forall x € R; 

(3) G(xx*) + F(x)F(x*) + [x, x*] € Z(R) forall x eR 

(4) G(xx*) — F(x)F(x*) + [x, x*] € Z(R) forall x eR 

(5) Ris commutative. 


Proof. It is obvious that (5) implies (1), (2), (3) and (4). So we need to prove that (1) 
=> (5), (2) => (5), (3) => (5), and (4) => (5). 
(1) => (5) Assume that 


G(xx*) + F(x*)F(x) € Z(R) forall xeR. (4) 
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Linearizing equation (34), one can see that 
G(xy*) + G(yx*) + F(x*)F(y) + F(y*)F(x) € Z(R) forall x,yeR. (35) 
If g # Oand d + O, then replacing y by yh, where 0 # h € Z(R) N H(R), we obtain 
(xy* + yx*)g(h) + (F(x*)y + y*F(x))d(h) € Z(R) forall x,yeR. (36) 
Writing xh instead of x, where 0 # h € Z(R) N H(R), we get 
(xy +y*x*)d(h)* € Z(R) forall x,yeR. (37) 


Using Lemma 2.2 together with the preceding equation, either R is commutative or 
d(Z(R)) = {0}. 
In the second case, because of d(h) = 0, equation (36) can be rewritten as 


(xy +y*x*)g(h) € Z(R) forall x,yeR. (38) 


Applying Lemma 2.2 again, we obtain R is commutative or g(z) = 0 forall z € Z(R). In 
the latter case replacing y by ys in (35), where 0 # s € Z(R) N S(R), we arrive at 


G(xy) + F(y)F(x) € Z(R) forall x,yeR (39) 


and R is commutative by ( [11], Corollary 1). 
If d = g = 0, then putting y = ys in (35) with 0 # s € Z(R) nN S(R) we easily get 


G(xy) + F(y)F(x) € Z(R) forall x,yeR. (40) 
Substituting xt for x in the last expression, it follows that 
G(x)ty + F(y)F(x)t € Z(R) forall x,y,teR (41) 
in consequence of which 
[G(x)ty - G(xy)t, t] =O forall x,y,teR (42) 


that is 
[seote, y], ( =0 forall x,y,teR. (43) 


Since (43) is the same as (24), we conclude that R is commutative. 
Assume that d = O and g # 0; replacing y by yh in (35) with 
0#he Z(R)N H(R), we obtain 


(xy +y*x*)g(h) €Z(R) forall x,yeR. (44) 


The above equation, when combined with Lemma 2.2, shows that R is commutative 
or g(Z) = O for all z € Z(R). 
In the latter case, replacing y by ys in (35) with O # s € Z(R) N S(R), one can see 
that 
G(xy) + F(y)F(x) € Z(R) forall x,yeR. (45) 


324 — 0.A.Zemzami, A. Mamouni and L. Oukhtite 


Substituting xt for x in the preceding equation, we find that 
G(x)ty + xg(ty) + Fiy)F(x)t € Z(R) forall x,y,teR 


and thus 
[G(x)ty + xg(ty) - G(xy)t, t] =O forall x,y,teR 


in consequence of which 


[ swore, y], ( + [xg(ty) -xg(y)t,t] =O forall x,y,teR. 


Setting y = t? in (48), we obviously get 
[xt*g(t), t] =0 forall x,teR 


which yields 
x(t? g(t), t] + [x, t]t? g(t) =O forall x,teR. 


Writing yx instead of x, we find that 
ly, t]xt? g(t) =O forall x,y,teR 


and thus 
[y, JRt*g(t)=0 forall y,teR. 


By primeness we conclude that for each t € R either t € Z(R) or t29(t) = 0. 


Let t € Z(R), substituting yt for y in (45) we obtain 


xyg(t)<¢ Z(R) forall x,yeR 


(46) 


(47) 


(48) 


(49) 


(50) 


(51) 


(52) 


(53) 


in consequence of which, either xy € Z(R) and hence R is commutative or g(t) = 0. 


Accordingly, (52) assures that either R is commutative or t* g(t) = 0 for allt ¢ R. 


In the second condition, linearization yields that (x+y)?g(x+y) = Oforallx,y € R. 


Let us fix x a nonzero element in Z(R), then we have 
g(y)x* + y?9(x) + 2yxg(x) + 2yxg(y)=0 forall yeR. 
Replacing y by yx in (54), the fact that x € Z(R) forces 
g(y)+2yg(y)=0 forall yeR. 
Substituting y? for y in (55), we find that 
g(y’)=0 forall yeR. 


Then by virtu of ( [9], Lemma 3) we get g = 0, a contradiction. 
Now suppose d # 0 and g = 0; replacing y by yh in (35) with 
0#he€ Z(R)N H(R), we find that 


(F(x*)y + y*F(x))d(h) € Z(R) forall x,yeR. 


(54) 


(55) 


(56) 


(57) 
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Writing xh instead of x where h is a nonzero element in Z(R) nN H(R), we get 


(xy + y*x*)d(h)* € Z(R) forall x,yeR. 


which together with Lemma 2.2, yields that R is commutative or d(Z(R)) = {O}. 
In the latter case, replacing y by ys in (35) with 0 # s € Z(R) N S(R), we get 


G(xy) + F(y)F(x) € Z(R) forall x,yeR. 


Substituting xt for x in the above equation, we easily get 


G(x)ty + F(y)F(x)t + F(y)xd(t) € Z(R) forall x,y,teR. 


Therefore 
[G(x)ty -— G(xy)t + F(y)xd(t), t] =O forall x,y,teR 


that is 
[seote, yl, ( + [F(y)xd(t),t] =O forall x,y,teR. 


Replacing x with tx and y with t in (62), we find that 
[F(t)txd(t),t] =O forall x,teR. 
Putting y = ft? in (62), we get 
[F(t?)xd(t),t] =0 forall x,teR 
this equation, when combined with (63), shows that 
[td(t)xd(t),t]} =O forall x,teR. 
Substituting xt for x in the above equation, we arrive at 
[td(t)txd(t),t] =O forall x,teR. 
Left multiplying (65) by t and then subtracting from (66), we find that 
[1a@, axa, t]=0 forall x,¢€R. 
Now substituting xt for x, we get 
[edo, axed, t] =0 forall x,¢€R. 
Right multiplying (67) by t and then subtracting from (68), we get 


[ao dxla(o, dh, | =0 forall x,teR. 


(58) 


(59) 


(60) 


(61) 


(62) 


(63) 


(64) 


(65) 


(66) 


(67) 


(68) 


(69) 
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Putting x = xt, we have 
[la axtld@, 4,¢]=0 forall x,eeR 
which implies that 
t[d(t), t]xt[d(0), t]t - t?[d(t), t)xt[d(t), t] =O forall x,teR. 


Substituting xt[d(t), t]u for x in (71), we find that 


t[d(t), t]xt[d(t), tlut[d(t), t]t — t?[d(t), t]xt[d(t), tlut(d(t), t] =0. 


Comparing (71) and (72) shows that 


t[d(t), t]xt? [d(t), tlut{d(t), t] - t(d(t), t)xt[d(b), t]tut[d(t), t] = 0 


that is 
t[d(t), tlx{ thao, tl, t]uctae), t]=0 forall x,t,ueR. 


Replacing x by tx, we get 
tid(e), thex| tld(o), ¢), q]utld@®,€]=0 forall x,.ueR. 
Left multiplying (74) by t and then subtracting from (75), we find that 
[t1aco, 4, e|x{tid(o, €1, e]ucla®,€] =0 forall x,,ueR. 
Substituting ut for u in the above equation, we get 
[sao 4, ¢]x{t1d(e), ¢), e]ue?{d(o, 4] =0 forall x,t.ueR. 


Right multiplying (76) by t and then subtracting from (77), we obtain 


[Hao, tl, t]x{ ela, tl, t]uf edo, tl, ( -0 forall x,t,weR. 


(70) 


(71) 


(72) 


(73) 


(74) 


(75) 


(76) 


(77) 


(78) 


Since R is prime, then for each t € R we have [ao t], ( = 0. Hence ( [7], Theorem 


2) implies that R is commutative. 
(2) => (5) We are given that 


G(xx*) — F(x*)F(x) € Z(R) forall x eR 


therefore 
— G(xx*) + F(x*)F(x) € Z(R) forall xeR. 


Define G’ = -G, the last relation becomes 


G' (xx*) + F(x*)F(x) € Z(R) forall xeR. 


(79) 


(80) 


(81) 
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Since (81) is exactly the hypothesis of (1), then R is commutative. 
(3) = (5) Assume that 
G(xx"*) + F(X)F(x*) + [x, x*] € Z(R) forall xeR. 


Linearizing (82), we find that 


G(xy") + G(yx*) + F(X)F(y*) + F(Y)F(x*) + [x, y"] + [y, x*] € Z(R) . 


Replacing y by yh, where h € Z(R) N H(R)\{0}, we obtain 


(xy* + yx*)g(h) + (F(x)y* + yF(x"*))d(h) € Z(R) forall x,yeR. 
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(82) 


(83) 


(84) 


Substituting xh for x where h is a nonzero element in Z(R) N H(R), we arrive at 


(xy +y*x*)d(h)? ¢ Z(R) forall x,yeR. 


(85) 


Applying Lemma 2.2, we conclude that either R is commutative or d(Z(R)) = {0}. 


Assume that d(Z(R)) = {0}; then equation (84) reduces to 


(xy +y*x*)g(h) € Z(R) forall x,y¢R 


(86) 


which together with Lemma 2.2, shows that R is commutative or g(Z(R)) = {0}. 
Suppose that g(z) = 0 for all z € Z(R); replacing y by ys in (83) where s isa 


nonzero element in Z(R) n S(R), we get 
G(xy) + F(X)F(vy) + [xy y] € Z(R) forall x,yeR. 


Using ( [11], Theorem 8), we conclude that R is commutative or d = g = 0. 
Assume that d = g = 0; substituting yt for y in (87) we obtain 


G(xy)t + FOX)F(y)t + yx, th + [x, y]t¢ Z(R) forall x,y,teR. 


Commuting with t and invoking (87), it is easy to see that 
[ytx. t], 7 =O forall x,y,teR 


and thus 
y| bx, t], ( + [y, t][x,t]=0O forall x,y,teR. 


Putting y = uy in the above equation, one can verify that 
[u, tly[x,t] =O forall x,y,t,ueR. 


In light of primeness, equation (91) shows that R is commutative. 
Using a similar proof, with slight modifications, it is easy to show that 


(87) 


(88) 


(89) 


(90) 


(91) 
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G(xx*) + F(x)F(x*) — [x, x*] € Z(R) for all x € R implies that R is commutative. 
(4) = > (5) Suppose that 
G(xx*) — F(x) F(x*) + [x,x*] € Z(R) forall xeR. (92) 


Hence 
— G(xx*) + F(x)F(x*) + [x,x*] € Z(R) forall xeR. (93) 


Let G' = -G, the last relation yields 


G' (xx*) + F(x)F(x*) + [x,x*] €Z(R) forall xeR. (94) 


Since (94) is exactly the hypothesis of (3), then R is commutative. 


Corollary 2.2. Let (R, «) be a2-torsion free prime ring with involution of the second kind. 
If (F, d) and (G, g) are nonzero generalized derivations, then the following assertions are 
equivalent: 

(1) G(xy) + F(y)F(x) € Z(R) forall x,y € R; 

(2) G(xy) + F(x)F(y) + [x,y] € Z(R) forall x,yeR 

(3) R is commutative. 


Theorem 2.3. Let (R, «) be a 2-torsion free prime ring with involution of the second kind. 
If (F, d) and (G, g) are generalized derivations where d + 0 or g + 0, then the following 
assertions are equivalent: 

(1) G(xx*) + F(xX)F(x*) € Z(R) forall x eR 

(2) G(xx*) — F(x)F(x*) € Z(R) forall x¢R 

(3) G(xx*) + F(x*)F(x) + [x, x*] € Z(R) forall x eR 

(4) G(xx*) — F(x*)F(x) + [x, x*] € Z(R) forall x eR 

(5) Ris commutative. 


Proof. We need only prove (1) = (5), (2) = (5), (3) = (5), and (4) = (5). 
(1) = (5) Assume that 


G(xx*) + F(x)F(x*) € Z(R) forall xeR. (95) 
Linearizing (95), we find that 
G(xy*) + G(yx*) + F(x)F(y*) + F(y)F(x*) € Z(R) forall x,yeR. (96) 
Taking y = yh in (96), where h € Z(R) n H(R)\{O}, we get 
(xy* + yx")g(h) + (F(x)y* + yF(x*))d(h) € Z(R) forall x,yeR. (97) 
Substituting xh for x, where h € Z(R) Mn H(R)\{0}, we obtain 


(xy + y*x*)d(h)? € Z(R) forall x,yeR. (98) 


Generalized derivations on prime rings with involution —— 329 


Invoking Lemma 2.2, R is commutative or d(Z(R)) = {0}. 
In the last case, equation (97) reduces to 


(xy +y*x*)g(h) ¢ Z(R) forall x,yeR. (99) 


Applying Lemma 2.2 again, we conclude that R is commutative or g(Z(R)) = {0}. 
Assume that g(z) = 0 for all z € Z(R); replacing y by ys in (96) where s is a nonzero 
element in Z(R) N S(R), we obviously get 


G(xy) + F(x)F(y) € Z(R) forall x,yeR (100) 


hence R is commutative by ( [11], Corollary 5). 
(2) => (5) Suppose 


G(xx*) — F(x)F(x*) € Z(R) forall xeR (101) 


therefore 
— G(xx*) + F(x)F(x*) € Z(R) forall xeR. (102) 


Let G’ be the generalized derivation defined by G’ = —G, the last relation becomes 
G'(xx*) + F(x)F(x*) € Z(R) forall xeR. (103) 


Since (103) is exactly the hypothesis of (1), then R is commutative. 
(3) => (5) Suppose that 


G(xx"*) + F(x") F(x) + [x, x*] € Z(R) forall xeR. (104) 
Linearization of (104) yields 
G(xy") + G(yx") + FOC)F(y) + Fy" FOO + [x, y"] + Ly x"] € ZR) . (105) 
Replacing y by yh, where h € Z(R) N H(R)\{0}, we get 
(xy* + yx*)g(h) + (F(x*)y + y*F(x))d(h) € Z(R) forall x,yeR. (106) 
If we set x = xh where h € Z(R) N H(R)\{0}, then we obtain 
(xy + y*x*)d(h)? € Z(R) forall x,yeR (107) 


which when combined with Lemma 2.2, shows that R is commutative or d(Z(R)) = {O}. 
Assume that d(Z(R)) = {0}; putting y = ys in (106) where s is a nonzero element in 
Z(R) 1 S(R), we arrive at 


(xy +y*x*)g(h) € Z(R) forall x,yeR. (108) 


Once again using Lemma 2.2, we conclude that R is commutative or g(Z(R)) = {0}. 
Suppose that g(z) = 0 for all z € Z(R); replacing y by ys in (105) with 
0 #s € Z(R) N S(R) thereby obtaining 


G(xy) + F(y)F(x) + [x,y] € Z(R) forall x,yeR. (109) 
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Hence ( [11], Theorem 7) proves that R is commutative. 
Using a similar proof, with slight modifications, one can easily prove that 
G(xx*) + F(x*)F(x) - [x, x*] € Z(R) for all x € R implies that R is commutative. 
(4) = (5) We are given that 
G(xx*) — F(x*)F(x) + [x, x*] € Z(R) forall x eR (110) 

therefore 

— G(xx*) + F(x*)F(x) + [x, x*] € Z(R) forall xeR. (111) 
Set G’ = —G, from the last relation it follows that 


G' (xx*) + F(x*)F(x) + [x,x*] €Z(R) forall xeR. (112) 


Since (112) is exactly the hypothesis of (3), then R is commutative. 


Corollary 2.3. Let(R, «) be a 2-torsion free prime ring with involution of the second kind. 
If (F, d) and (G, g) are generalized derivations where d # 0 or g + O, then the following 
assertions are equivalent: 

(1) G(xy) + F(x)F(y) € Z(R) forall x,yeR 

(2) G(xy) + F(y)F(x) + [x,y] € Z(R) forall x,yeR 

(3) R is commutative. 


The following example proves that the condition “* is of the second kind” is necessary 
in our Theorems. 


Example 1. Let us consider R = aes |a,b,c,d€ Zt and ae = @ =e), 
c d c a -c a 


It is straightforward to check that (R, *) is a prime ring with involution of the first kind. 
Moreover, for all x € R we have 


xx" = x*x € Z(R) 


Let us define F goo =d a = ae , then F is a generalized deriv- 
c a c a -c 0 


ation associated with the nonzero derivation d. Furthermore, if we take G = F, then the 
conditions of our theorems are satisfies, but R is anoncommutative prime ring. 


The following example shows that our results cannot be extended to semi-prime rings. 


Example 2. Let us consider (R, *), F and G as in the preceding example. Let C be the 
field of complex numbers with the conjugation involution. If we set K = R x C, then it 
is obvious to verify that (K,T) is a semi-prime ring with involution of the second kind 
where 

t(r,z) =(r*,Z) forall (r,z)¢eRxC. 
It is straightforward to check that the map 


F:K 3K 
(r, Z) +> (F(r), 0) 
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is a generalized derivation associated with the derivation 


D:K—>XK 
(7, Z) +> (d(r), 0) 


On the other hand, if we put G = fF, then it is easy to verify that § and F satisfy the 
conditions of our Theorems but K is a noncommutative ring. 
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